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Abstract — Optimal k-step, 6- to 10-stage, explicit, strong-
stability-preserving Hermite-Birkhoff (SSP HB) methods of
order 7 with nonnegative coefficients are constructed by
combining linear k-step methods of order 4 with 6- to 10-stage
Runge-Kutta (RK) methods of order 4. It is seen that the 6-step
6-stage HB method has the largest effective SSP coefficient
among the 7th-order HB methods on hand. All new HB methods
have larger effective SSP coefficients and larger maximum
effective CFL numbers than Huang’s hybrid method of order 7,
on Burgers’ equations, independently of the number k of steps.

Keywords - Strong-stability-preserving method; Hermite—
Birkhoff method; SSP coefficient; time discretization; method of
lines; comparison with other SSP methods.

I. INTRODUCTION

The method of lines is often used to solve time-dependent
conservation laws,

et gyl =0, wx0)=uyalx), (1)

where the spatial derivative g(y), is approximated by a
conservative finite difference or finite element at x;j,
j=1,2,... N, (see, for example, [6], [11], [13], [1]). This
spatial semi-discretization produces a system of N ordinary
differential equations with initial conditions of the form

il
LA T RN
— = fit,uit]l,

g yito) = wo. (2)

We say that a time discretization method applied to (2) is
strong stability preserving (SSP) in a given norm or seminorm
[ -l if the numerical solution w, ; == wix;,t,.) satisfies the
inequality

Yt = llynll- 3)
Natural choices are the total variation semi-norm and the
maximum norm.
It is assumed that the first-order forward Euler time
discretization, FE,
.':,l':-'.+1 = .':-.I'r. + jfflfr. 1 .':,l"a I (4)

when applied to (2), is SSP for a sufficiently small time step,

At < Atep, (5)
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dictated by the Courant—Friedrichs—Levy (CFL) condition [2],
[9]. This condition restricts the step size ratio At/ /A of a
numerical method applied to a hyperbolic partial differential
equation such that the domain of dependence of the numerical
solution at the point P = (=;.#,) contains the domain of
dependence of the exact solution at P.

In this paper, to solve system (2), we construct new explicit,
multistep, multistage, SSP general linear time-discretization
methods of order 7 with nonnegative coefficients. These
methods, which we call SSP Hermite—Birkhoff (SSP HB)
because their construction involves HB interpolation
polynomials (see Section I1), are combinations of linear k-step
methods of order 4 and s-stage RK methods of order 4. The
objective of high-order SSP HB time discretizations is to
maintain the strong stability property (3) while achieving
higher-order accuracy in time, perhaps with a modified CFL
restriction, measured here with the SSP coefficient, c(HBks):

M < o{HBEs ) Adpe. (6)

The SSP coefficient, historically called CFL coefficient,
describes the ratio of the strong stability preserving time step
to the strongly stable forward Euler time step (see [4]). Since
our arguments are based on convex decompositions of high-
order methods in terms of the SSP FE method, such high-order
methods preserve SSP in any norm once FE is shown to be
strongly stable.

Several new explicit 6- to 10-stage SSP HB methods with
nonnegative coefficients presented here have been found by
computer search.

All new HB methods have larger effective SSP coefficients
and larger maximum effective CFL numbers on Burgers’
equations, independently of the number of steps, compared to
the 7-step Huang hybrid method of order 7 found in [7]. In
particular, the 6-step 6-stage HB method has the largest
effective SSP coefficient among the 7th-order HB methods on
hand.

Section Il introduces 6- to 10-stage SSP HB methods. Order
conditions are listed in Section Ill. Section IV derives the
Shu-Osher representation of k-step 6- to 10-stage HB methods
of order 7. Several new SSP HB methods are constructed in
Section V. In Section VI, effective SSP coefficients are
compared for several methods. Section VII presents numerical
results for several methods applied to Burgers’ equations. The
new methods are listed in the Appendix in their Shu—Osher
form.
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I1.SSP HB METHODS OF ORDER 7 WITH K STEPS AND S STAGES

Notation 1: The following notation will be used:
o k denotes the number of steps of a given method,
o s denotes the number of stages of a given method,
e HBks denotes k-step, s-stage SSP Hermite—Birkhoff
methods of order 7,
o HMKk denotes k-step SSP hybrid methods of order 7.

All methods considered in this paper are SSP and of order 7
unless specified otherwise. Therefore the denominations
“SSP” and “order 7” will often be omitted in what follows.
Notation 2: The abscissa vector & = [e1,€,08,. .., ¢y
0 = ¢; = 1. defines the off-step points fn + 25 At
An HBks method requires the following s formulae to
perform integration from f.. to t.4+1. where, for simplicity,

e1 =0 is used in the summations. By convention, ¢} = 1.
Let F = fitn + ;A8 Y;) be the jth stage derivative and
set Y1 =
An HB polynomial of degree 2k+¢—2 is used as predictor
P, to obtain the ith stage value Y,to order 4,

I,

k-1 i—1 k-1
]:"; = Zﬂijy:n—j + At [Z ﬂ-ij-F_:J +Z.‘I£i;|.fn—_-_1i|-. (7)
=0 i=1 =
i=223,...,8

An HB polynomial of degree 2k+s—2 is used as the

integration formula to obtain #=+1 to order 7:

E—1 = E—1

Un4l =Z ﬂjyn—j+ﬂf|:z 'r:-‘_-;;F_-;i+Z".-iljfn—ji|- (8)

=1 =1

I11. ORDER CONDITIONS OF HBKS
To derive the order conditions for HBks, we shall use the

following expressions coming from the backsteps of the
methods:

EIJJ—ZFL;{‘

|—f;

" wi JZf ,_”,

3_1__2__....5__

©)
i=23,..,s

As in the construction of RK methods, we impose the
following simplifying conditions on the abscissa vector
g = [rl._-:*g.rg....__r,]r;

i—1
£ = Zﬂ‘? + B;i1),
=1

j=2__3__...._.‘:'. (10)

Forcing an expansion of the numerical solution produced by
formulae (7)—(8) to agree with a Taylor expansion of the true
solution, we obtain multistep- and RK-type order conditions

that must be satisfied by HBks. To reduce the large number of
RK-type order conditions, we impose the following
simplifying assumptions, as in similar searches for ODE
solvers [10]:

i—1
z ok + KB (k+1) =

L [i=230s
E+1 ¢ " k=123

=1
(11)
Note that (11) with k = 0 is (10).
Seven sets of equations remain to be solved:
k—1
Zaﬁ; 1, i=2,3 5 (12)
3=0
k—1
Y o =1 (13)
- 1
k
Zb;t"aﬁ'yglui.'kl)—m. k=101 G (14)
H 1
Zb [Zah -?+_B|UJ:|+B||3JI_E._ (15)
] o i—1 i 1
Zb‘é[za‘? _1r+5’lu,l]+ﬂln ) == (16)
i=2 3=1
= i—1 LAE. J.
Zb=[2ﬂ= ﬁ+ﬂ'ﬁl}+5"fﬁ—ﬁ= )

i=2 =1

Zb [Zat,.[z%k—'f-+ﬂ |JJ]+E|5J} +Blrj—?l.
. (18)

where the backstep parts, B(j), are defined by

IR LS

i=1
IV.SHU-OSHER REPRESENTATION OF HBKS

|—z,|-'“ !

Bl
(7) = Sk

i=1,2,....7.(19)

We rewrite our s-stage HBks methods in the Shu-Osher
representation as convex combinations of FE to show that they
satisfy SSP conditions.

Firstly, if we let

Aw = 0,
(20)

and  pi.r = 0,

Z.“sf =1,
=1
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then formulae (7) and (8) become a
(7)and (8) Aj=a; = ey, j=01,.. k-1,
i—1 k—1 i—1 i=1
¥i= |:Z J}'-z.t‘i| i W +Z CtigHn—j + At |:Z ﬂa’;!ﬂ i—1
=1 =1 =1 By =i~ ewfy, §=01,...k-1,i=23...s
=2
k—1 .
aF —
+ f*fJﬂ-f] t=desn @) o g oS ey, G=01, k1,
=1 ) s
= k-1 i—1
U1 = [fosf]ﬂuyn +3 iy, gy =ag— Y ewag, i=34,...,8 j=2,3,....i—1,
=1 =1 -
: - (22) o
+ *ﬁf[ biF5 + » 53 fn—:] = .
:; ; g5 =b; — epagy, J=2,3,....5,
f=4+1
Repla}cmg the_ index i by m in formula (7), we express - as which follow from setting
a function of Y.
1 - . ey = Aijoun g, _j =23,....i—1, i=3,4,...,s,
Un = —{}'-,,T — Z Ot Yr—g — FaXs [Z Gm_-]-F_:J ] = _-'J:-j. P =2 3._ . any By
Emi =1 =1 £ = fag00fog0, J=2,3,....8
E—1 (23) 151 = -'j‘l:l.
+ Z Fifn __,,] } m=223,....5 '
=1 Thirdly, the representation (24)—(25), under the assumptions
_ _ that all coefficients are nonnegative, implies that the HBkp are
Fori =3.4,....sand { = 1,2....,i — 1., we replace the  SSp. In fact, one finds that the following functions are convex

variable ¥- in the terms A;eaoby in (21) by the right-hand
side of (23) with m = £. Similarly, ¥= in the terms a0l
in (22) is replaced by the right-hand sides of (23) with
m={

Secondly, we rewrite (7) with i = 2, and (21) with
i = 3,4,....5 as (24), and (22) as (25) in the Shu—Osher
equivalent form:

Y, = [i Ao ; + O i Bt-:jn_:]
=l

=0

o1 1 (24)
[Zﬁs:T}+=ﬁfng:E]._ i=23,....8
=12 =2

E—1 k—1
Yngl = [Z Aty +.ﬂ.fz B;:fn-j]
=10

= (25)

=2 j=2

where the coefficients are
i—1

A= ;— Y ewoyy, =01, k—1,i=23, s
£=0
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combinations of forward Euler steps:
e In (24) for i =2,3,..., s, the first and second bracketed

terms are sums of FE steps with step sizes f—j-:-;lr_
j=0,...,k—1 and At j=23...,i-1

respectively.
e In (25), the first and second bracketed terms are sums of

FE steps with step sizes %—slf.j =0,....,k—1, and
L At j=2.3,....s. respectively.
One can easily verify that

k-1 i-1 k-1 s
.4aj+ze§j=1.;=2_,3_,.....e,-. Z:‘-I;.+Z€;.=1
_-;|=|:| j=2 =0 _-;|=2

Provided all the coefficients 4:;,e:,-1;, €; are nonnegative,
the following straightforward extension of a result presented
in [5], [7] holds.

Theorem 1: If the forward Euler method FE is SSP under the
CFL condition Af < Adgz, then the k-step, s-stage HBks
methods (24)—(25) are SSP provided

Atb = o(HBks)Atpg.

where the SSP coefficient c(HBKks) is the minimum of the four
numbers:
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. =N , ig .
min - min —_ i=3.4,..., 8,
=315 = _';'_»_- =213, .,i-1 .';'zj

with the convention that /0 = +=c, under the assumption
that all coefficients of (24)—(25) are nonnegative.

V. CONSTRUCTION OF OPTIMAL HBKS

Since HBks contain many free parameters when k is
sufficiently large, we use the Matlab Optimization Toolbox to
search for the methods with the largest c(HBks) for different k
and s. To optimize HBks, we maximize c(HBks) of Theorem 1
by solving the nonlinear programming problem

max clHBks),

A-|I-.| ..B-:; .E[;i.s‘[;i .-J.I;.E; .E.-| .5‘3

@7)

where all the numbers in all pairs

(AL By}, G=001,.. . k-1

{4, Byl, i=23,....5 j=01,. k-1
lesog;t, 7=2.3 5

{eijugis b, i=23,4 s, j=2.3 i—1,

are nonnegative. Null pairs, {0, 0}, are not included in the
minimization process if they occur. Besides the nonnegativity
constraints on all variables, the objective function (27) is
subject to

the convex combination constraints (20),

¢ the simplifying assumptions (10) and (11) for HBks,
o the order conditions for HBks (12) to (18),

o the conditions on the
i=2,3,...,s.

abscissae
oyreg =000 < 0y = 1,

V1. COMPARING EFFECTIVE SSP COEFFICIENTS

Definition 1: (See [12]) The effective SSP coefficients of the
SSP method M is denoted by

cf M)

':"EI-I-[_ ‘:Il'j-.-l = ] L] (28)

where ¢ is the number of function evaluations of method M
per time step and c(M) is the SSP coefficient of M.

The SSP coefficients, c(HM), of hybrid methods are
defined in [7]. In this paper, £ =4, 5, ..., 10 for HB methods
and ¢ = 2 for hybrid methods. The numbers c.HB) and
cer HM) will be used below.

The effective SSP coefficients, cefr, provide a fair
comparison between methods of the same order, although, in
practice, starting methods and storage issues may also be
important. Gottlieb [3] pointed out that one looks for high-
order SSP methods M with c(M) as large as possible, taking
their computational costs and orders into account.

Huang [7] introduced a 7-step HM7 with c(HM7) = 0.234
and ce(HM7) = 0.117. We now list our best methods.

HBKk4. Our best 4-stage SSP HBk4 methods have step number
k=4,5, 6, 7. We remark that, even with a small number of
stages, these new methods are competitive with Huang’s 7-
step HM7. For example, c(HB44) = 0.141 > c4(HM7) =
0.117, where HB44 uses only four steps.

HBK5. For 5-stage methods, we found HBk5 with k = 3, 4, 5,
6, 7 and c.(HBK5) > c.(HBK4) for k = 4, 5, 6, 7. Our best
HBK5 is HB75 with ce(HB75) = 0.296. We remark that
increasing k or s in HBks improves ce(HBks) as when
increasing the number of stages in Runge—Kutta methods of
lower order.

HBk6. For 6-stage methods, we found HBk6 with k = 3, 4, 5,
6, 7, one of which requires only k = 3. Moreover, we found
HB66 with the largest effective SSP coefficient among the
seventh-order HB methods on hand. Here «{HB&6) = 1.828,
| HBBG) = 0.305 listed in boldface in Table 1. According
to our search, it seems that c.(HB66) cannot be improved up
to 10 stages and 7 steps.

The formulae of the new HBks are listed in Appendix with
their c(HBKs), c.#(HBKS) and abscissa vector o.

TABLE |

e (HBR2). Cop =34, ... 7, ASA FUNCTION OF S

Cafp| B S
NN ) T 3 5
El 0141 | 02719 | 0256 | 0257
5 0173 | 0.239 | 0282 | 0293 | 0.298
& 0.232 | 0.290 | 0.301 | 0.305 | 0.303
7 0.231 | 0.286 | 0.292 | 0.293 | 0.293
g 0.228 | 0.280 | 0.285 | 0.285 | 0.283
9 0200 | 0.262 | 0277 | 0277 | 0277
10§ 0151 | 0.240 | 0.255 ] 0.260 | 0.260
TABLE II

PEG{cer(HB e"‘g:""'i'-' (HMT)) as A FUNCTION OF S WHERE
c(HM7) =0.234 AND < (FIMT) = 0.117. compariSON IS Row-WisE

E c(fBka) | cog(ABfs) FEGr
0.564 REN T %
0.877 0.21% 87 %
1023 0.236 119 %
1.148 0.287 145 %
3 [ LN NE 45 S
1.187 0.239 105 %o
1410 0.282 141 %
1.463 0.253 150 %
1.481 0.256 153 %o
L3395 0232 55 %o
1.739 0.250 148 %
1.804 0.301 157 %
L5218 0.30% 160 %o
L&Io 0331 98 %o
2.000 0.286 144 %
21046 0.252 150 %o
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Table | lists c.(HBkKs) as a function of s fork = 3,4, ...,
7. We note that, for a given k, c(HBks) first increases with s
and then decreases. On the other hand, for a given s,
Ce+(HBKs) first increases with k and then stabilizes.

Definition 2: The percentage efficiency gain (PEG) of the
SSP coefficients ce(M2) of method 2 over c.(M1) of method
lis

cagr| M2 — cegr( M1)

PEG{ cerl M2), cem(M1)) = (29)

cag( M1)

Table Il lists c(HBks), and compares rcegiHBks) and
cag(HMT) by the PEGices(HBEs), cog(HMT))  where
c(HMT) = 0234 and c.x(HMT) =0.117. Comparison is
row-wise. It is seen that ces(HBkEs) = coe(HMT). for all
values of k and s on hand.

In Fig. 1, HBk6 and HM7 both of order 4, and HM of order
6 of Huang [7] are compared on the basis of their effective
SSP coefficients as a function of the number of steps, k. It is
seen that HBk6 have larger effective SSP coefficients than
HM fork =5, 6, 7.

0.35

0.3r
025t

0.2r

Eff. 35P coslfs

0.1 ! - !
3 4 5 & 7 8
Murnber of steps

Fig. 1. Effective SSP coefficients versus number of steps k of the following
methods: 6-stage HBk6 of order 7, HM7 of order 7 x, HMk of order 6 +

VIl. NUMERICAL RESULTS
From now on, we use the total variation semi-norm,

TV(yn) = Z |, i1 — Bmil

E

(30)

and say that a method is total variation diminishing (TVD) if

TV(yns1) < TV(y, ). (31)

We compare our new methods numerically with Huang’s
HM of order 7.
A. Starting Procedure

To maintain the TVD property (31), the necessary starting
values for HBkp were obtained by RK54 with small initial
step size, iy = 1.0e-04 (approximatively).

80

B. Comparing HBks with Other Methods on Burgers’
Equation with a Unit Downstep Initial Condition

As a first comparison of HBks with HM7, following Huang
[7], we consider Burgers’ equation in Problem 1.

Problem 1: Burgers’ equation with a unit downstep initial
condition:

B r'+’£J L 12 =0
— I, — |- T, = I,
Sl t) + = S ulnt)

1.
ulx, 0} = {Cl

and boundary condition u{—1,%) =1 for ¢ = 1.

We discretize the spatial derivative of the flux function
flu) =u(z,t)?/2° by the weighted essentially non-
oscillatory finite difference scheme of order 5 (WENO5) of
Jiang and Shu [8] with spatial stepsize Ax = 1/150. This
leads to the semi-discrete system

—1 = x =0 (32)
[ S I

. 1
uilt) = —== vy — Ficam]

(33)
where u;(t] == w(r;.f) withxz; = Jhr
j=..,-2-1,0,1,2, ..., and fij(12 is the numerical flux,
which typically is a Lipschitz continuous function of several
neighboring values w;if] (see [8] for details). A time
discretization can then be applied to (33).

We consider the total variation norm of the numerical
solution at fgma1 = 1.5. For this purpose, we let nuilsr be
the largest effective CFL number defined as

FAY S |
e = max « — — .
THeff Ar | A ¥ (34)
such that the TV error in the numerical solution satisfies the
inequality

| TV (uiz, taan)) — TViu(z, 0] < 5.0e-02, (35)

and we let max Aty = fAroumes be the maximum
numerical step size. Here ¢ is the number of function
evaluations per time step. We note that inequality (35) is used
because fgna is small.

Finally, we let max Afgeq: of HBks for problem 1 be taken
as

max Mg = ol HBEs) Adfpe, (36)

where the SSP coefficient, c(HBks), of each HBKs is listed in
Appendix.

The numerical results for Problem 1 show that the forward
Euler method, FE, has TVD property (31) with error (35)
under the time step restriction

Af < Adpp = nomeg(FE)AT = 0.325Ax.  (37)



Scientific Journal of Riga Technical University
Computer Science. Boundary Field Problems and Computer Simulation

2011
Volume 50

It was also observed numerically that the TVD property (31)
holds with error (35) for the methods listed in Table | with
At = max Aym- This confirms the result of Theorem 1 that
HBks are also TVD when combined with the WENOS space
discretization since HBks are convex combinations of FE. The
same situation holds for Problem 2 below.

Definition 3: The numz percentage efficiency gain of
methods M2 over M1 is

nume (M2) — numes (M1)
s (M1)

PEG(num.z) = (38)

We shall use the ratio Fu: = max My max Afpeqr for
HBks and HM?7.

Table 111 lists results for Problem 1. The numas=(HBEs) is
listed in columns 3 as a function of s. The PEG{num.s) of
HBks over HM7 are in column 5. In this case,
numes(HMT) = 0.12Tand Ry, (HM7) = 3.340.

It is seen that
(a) numeg(HBks) > num.s(HMT) for all HBks on hand,
(b) generally, By .(HBkp) increases as k decreases,
(c) PEG{num.s(HBks). num.g{HMT7))>> 0 and increases
as s < 6 increases.
Table 1V lists the num.s{HBEs), fork=3,4,...,7,asa
function of s for Problem 1.
TABLE 1lI

PEG=PEG(NUMsy (HBka), 2Ny (HMT)) WHERE
HUMese (HMT) = 0.127 AND Ry (HM7) = 2.3240 FOR PROBLEM 1

a || Hbka | mmgsEBRa) | HpolHSks)
1| 5B 0.155 133
HB4 0.204 2863
HB&4 0.249 2.996
HBT4 0.234 2.509
| 3 :EE] 02 4 E>8
HB4S 0.279 3.586
HBES 0.294 3.208
HB&S 0.304 3.197
HBTS 0.300 3.210
6 [| 2B [V E] 2598
HB46 0.244 2.580
HBS6 0.294 3.009
HBEGS 0.260 2717
TABLE IV
WUMpse(HBks=), FORk=3,4,...,7, ASAFUNCTION OF S APPLIED TO
PROBLEM 1
i e HE ks )
E 4 3 ]
4 R LRI T AT L R
3 0274 | 0279 | 0,294 | 0304 | 0309
(] 0219 ) 0244 | 0204 | 0269 | 0269

C. Comparing HBks and Other Methods on Burgers’
Equation with a Square-Wave Initial Condition

As a second comparison, we consider Burgers’ equation
with a square-wave initial value in Problem 2, which is one of
Laney’s five test problems [9].

Problem 2: Burgers’ equation with a square wave initial
condition:

9wt + 2 L 0?| =0

Fpulmt) + o |gulzt)| =0,

1 (39)
3

L

- 1, |z :
wlx,0) = 1t

and boundary condition u(—1,¢) =0 for ¢ = 0.
We discretize the spatial derivative of Problem 2 by WENO5
and compute the total variation of the numerical solution as a
function of the effective CFL number, At/(fAx), at
fgrl = 0.6, In this case, numez(FE] = 0.325 in the time
step restriction (37) is replaced by num.g(FE) = L1583,

The oum.s of HBks applied to Problem 2 are listed in
columns 3 of Table V. Column 5 lists the PEG{num.z) of HB
methods over HM?7.

TABLE V

FEG=PEG(N UMy (HBRs), MMy (HMT)) WHERE
UM (HMT) = 0.122 AND Ay (HMT) = 5689 FOR PROBLEM 2

2 || EBks | mums{HEBEs)
4| 7B 0,204
HB 0.209
HB&4 0.230
HBT4 0.254
¥ HEEE 0. 760
HEB4S 0.269
HBES 0.294
HB&S 0.314
HBTS 0.284
& | HB3% 0.714
HB46 0.250
HBS6 0.299
HB&E 0.260
TABLE VI
WUMpe(FBk=), FORK=3,4,...,7, AS AFUNCTION OF S APPLIED TO
PROBLEM 2
| s B S)
E T 3 g
E| RICUN ORI EORET R
3 0260 | 0269 | 0,294 | 0314 | 0284
a 0214 | 0239 ] 0299 | 0.269 | 0.269

It is seen that the results for Problem 2 listed in Table V
confirm the observations (a)—(c) obtained for Problem 1 as
listed in Table I11.

We observe that, as with hybrid methods, the ratio
max Apyg / max Afgaer of HBks for Problems 1 and 2 are
greater than 1. The theoretical strong stability bounds of HBks
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are then verified in the numerical comparison of maximum
time steps for Problem 1 and confirmed again with Problem 2.

Table VI lists the numes(HBks)for k =3, 4, ..., 7 as a
function s for Problem 2.

VI111.CONCLUSION

New optimal explicit k-step 6- to 10-stage s of SSP Hermite
Birkhoff methods, HBks, of orders 7 with nonnegative
coefficients are constructed by combining linear k-step
methods of order 4 with 6- to 10-stage Runge—Kutta methods
of order 4. In particular, the 6-step 6-stage HB66 has the
largest effective SSP coefficient among the seventh-order HB
methods on hand. Compared to Huang’s hybrid method HM7
of order 7, all new HBks have larger effective SSP coefficients
and larger maximum effective CFL numbers on Burgers’
equations, independently of the number of steps.
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APPENDIX

This appendix lists the Shu—-Osher representation of the
HBks methods considered in this paper with their e{HBks).
cerr{HBks) and abscissa vector & = [£1, 2. . ..].

82

HB44, Here ¢ = 0L.564, ceg = L1441, and o = :
IlL 047203084 193046687, (LG22083TOT701 12466, 0. 7T H36T75346274787]7

Y2 = 1L.4181171301608114 01y, —3

+ 26746956044 800459 el 1y, — 2
+ RBT2OARA2RN5TT440 02y, -1 + 5.01985803425424684 el y,,

+ 4. 742450757 1A86046 c-OLAL S, _ 2
§ 8 OGGLTSSOGI00L0T e-OF A2 S,

+ 1. 6732433038761 134 - 01 AL S, ¢
Y3 = 5.64555834T60TTT2S e 02y, — 3 + 1.TATHOTG03 7004605 el y,, —y
+ 4. 7086010033062463 ¢-01 . — 1 1. 81836316503684065 ¢-01y,,

+ 4. 751363436 1403060 e02A¢ £y — 5 + GOTAT2MLTRN2RS02 e 1AL fri -3
+ 3.2241006385482263 e-01AL f,, + 2.16083234 30066603 e-01Y7
4+ 3.8313253TH04 17537 e-01ALF,
Yi = 24221 142166745917 ey —3 + 4.86970T0096G9724303 02y, — 2
4+ 1.925G6TO584245262 ¢-124,, 1 + T 10711 TGISM36G09T e-01 1y,
§ BGHET20604THO8NSE e-02A¢8 fyy —2 4 3.4 143TO88M0322064 e- 12020 f0y -2
+ 3.639T6TTH062823Td e U1 AL [, + 1313326001 1104431 ei2Y5
+ 2.03236T0205613566 ¢-01Ys 4+ 3.6035473541 396906 -0 1A Fy,
Yot 1 SA0219029070T0NNS e 2y —3 4 257 1411ER4TOIR00] e-02yy, -
4 30501 1TT30MO5 1948 <021, ¢ + 5.3391 9506078963 e-01 4,
+ L.AT55T6TTO6843626 024012 f,, _ 4 + A.559314T2T2TR610T ell2ALf,, 2
+ TO038G38316T25384 ¢-02A10 f,, — ¢ + 3075649202819 1300 e-D1AL S,

$ K O16040345594 16US e-02Y; 4 280TETINGHTIZ0TG e-01Y

+ JOTELGTO2RA507T403 e-U1ALF
HB&4. Here ¢ = 0877, ¢ = 0.210. and & =
]n (,24962030418221310, 0.53315370185373812, 0. 816737000525 |u'{'y|]’
Ya = 2.398210 14388350836 ¢-02y,, 4 + S, TOTS13088933 1410 ¢-02 4, -y
+ 5. 37013030155T01 77 -02y,, —» + 3.8841208288000290 ¢-01y,,
4+ 416226282767 14571 -0l i, + D OSSTOS0GESK1TALT -02AL8 Sy ~ 2
+ G LITOTO3245210756 e-02AL [y w2 + 4. 3486370019010 eI AL [, o
4+ H.08366543713160T0 e-01 AL 1, .

Ya = L1TOGORS365TMET] .02y, . 4 + S. 38278121 74208732 ¢-02yps -3

+ 401251651061 81686 e-Oly,, -y + 7.721619200 1462425 -02A1f,, 3
+ AGTI2800100802312 ¢.01A L[, —; + 5031244484081 7083 e-01Y7,
+ 5.T318810346265669 01 AL,
Y, = LATH5308341935032 .02y, _ 4 + G 1TT66650T0132170 02y, — 4
+ 3.0637732023705277 ¢-01 yp, -y ++ L.5TAI2L520018R6703 ¢-01y,,

4+ 3.490425042532004d e-D1 AL [,
4+ 1.70356G15671620367 ¢-0LALf,, + 1.506581T653201200 ¢-01Y>

+ 7.0370516792679002 ¢-02A 1 f,

+ 6.2366892510627263 ¢-01A 1 F3,
Unet = L 1SON3306TI205582 ¢-021p — g + 740764331 14412515 ¢-02y,,
+ 1206630504 5361136 ¢-024,,

+ 6.O405T26TO28TR262 e 03A L f,

1 + 5. 4016773087737 765 01y,
4+ S 43021 161242402018 e2A L £, .2

+ 1.3T46625014402056 0244 f .y + J.950356R2TAT54209 e D1 AL S,

+ 361704 10120155271 e01Y; + 4. 121 7666835272870 e D 1AL F

HB64. Here ¢ = 1,023, oy = 0,255, nnd
o = [0, 0. 2046650430288T456, D.A3TI2151895473250,
0.82017022726301958] 7

Ya = 5.O8G58T22601 72732 ¢-03y,, _s 4 T-920T284970339709 &-02y,, _
- 4. 3500730258500 1 64 ¢-02y,, _2 4 3.23260006430651 46 -0y,
b BAS2HOTT20063T14] e-Oly,, 4 T.TAGS2TSO6 14 1431 0244 f,, _»

b 4 240109084 THURTES 20201 f,

$ BLARGAG1 2054503000 0L AL,

2 4+ LASTERG00001 3004 e-01 AL f,, .y
Yy = 2.0822724469317017 e-03y,, — 5 + 3. 2215004365336170 -02y,, — 4
+ 0. 20423364 783407024 ¢-03y,, ~ 3 + L2684 197678201180 ¢-01 3y, —
4+ 3. 1467896362504 119 ¢-02A 1 f(, — 4 + S 9907THLHO7 7306839 e-D3ALL [ -3
+ A4 16942900791 44122 e-01A L 1 =1 4 5. 2965601 275698045 e-01Y5

$ BATATIOONSOGIR 9240 010 L,
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Yi = 3.33806140508T4847 ey, 5 + 5044036087 1285576 e-02y,, - 5

+ 2.066001 68484088060 e-01y,, — 1 + 1.8461016260929675 ¢-01y,,

+ 4.02705926 34006657 e-02A L f,, _; + 250658061 11888317 e-01ALf, _;
+ 1.8033760600289001 e-01A S, + 5.04089324 765024178 ¢-01Y

+ 4,0328180278860281 o-01AtF3,

Yrg1 = 2.9026243385024483 ¢-03y,. _s + 4.070140647133103% ¢-03y,, _3
4 4,05 100082813491 4) 202y, _a + 5.2550101283404404 e-01y,,

+ 20405771 TIH04080 e03A £, g + 3.0TRTASBISTTIOTE6 e D3AL S, 5
+ 4.8361805243025151 &-02A¢f,, _y + 3.301 1253700304868 e-01A¢ f,,

+ 8.4004006111150320 e-03Y2 + 1065557 1428686538 e-01Y

+ 8200669327 72060330 e-03A LF; + 3.9712716288833166 ¢-0 1AL Fy

HB74. Here ¢ = 1. 148, coq = 0,287, and
o = [0, 0.25661320068703615, 0. 49267818032067 250,
0.84767837996007580] 7.

Ya = LARIOTATE00482122 elddyn —o + 6.211 7213460275887 e-0dyn —4
+ 7. 4054828088901600 ey, 3 + 4. 1606073711662151 ey, _2
+ 3.7182580251349062 e-01y,, 3 + 5,4785651421170045 e-01y,
+ 5AOT2IOBMO86532 -(MA L, - 4 + 6, 44636248058 34862 ¢-02A ¢ f,, -4
+ A621TA6TOBA521 736 -03A L f, -3 + 3.2366881926613467 e-01A1 f,, -
+ 4.76000030176 10774 e-01A LS, ,
Yy = 7.8285481 545311750 e-00y,, _y + 2.8227200326048036 ¢-02y,, _,
+ 4,08301 66752542630 ey, _y + 2,A571365010004813 ¢-028 ¢ f., _4
4 4 OR408TO427636362 -0 1AL f,, _y + 5.6330204 746607944 e-01Y
+ 4.0034682001TO5038 e-D 1AL F,,
Yy = 7.1704107456275304 e0dyn ¢ + 6.1235432088051365 e03y, 4
+ 2.0048927610024553 e-02y,, 5 + 2.7641580466966882 .01y, _,
+ 53304531 742563235 ¢-03A 0 f,, —4 + 1.7452202668204348 ¢-02A1 [, -3
+ 24061591651073727 ¢-01A ¢t f,, -1 + 6.9660459334684560 ¢-01Y;
+ 6.0646225072844570 -1 A 1 Fy,
Yot = 1 AB2T00663402001 1 e-03y —o + 1,8I51T23080834131 e-02y -3

4 4. 7521482658004 340 e-02y,, _2 + G.8000256545031501 ¢-02y,, -y

4 4.2153263260698360 e-01y,, 4+ 1.1542604305002300 -03AL £, _g

4 LSOT4H015TTRIV000 e-02A¢ fro — 5 4 4. 1360TH23TTOG62TY -02A¢ foo —2
+ DOTIGL3451442418 e024¢ f,, _y 4 3.6693TSTHN028T626 e-01 8¢ f,,

4 3.2143701984820290 ¢-02Y5 4 4. 1007322420826 12 e-01Yy

+ 2. TUSN6D0TAS 19430 e-02A1F 4 3.5TGI800080082236 -01A 8 Fy.

HB3S. Here ¢ = (L8O8, cor = 0,174, and
o= [0, (0, 2602TOSSGOOS0 1541, 0, 604MO80053037T621,
O.GATRGERO 192300389, 0 8OO86RT250T453752] T

¥y = L7S16601007686T19 e-01y, —2 + 3.6100332710456727 e yp,
+ 4.60739T6281957557 el gy, + 5.0001 145566890656 e-02A¢ fru— 2

+ 40160387 106460058 eD1A ¢ fr 3 + 5.3100301672280651 e-01A¢ £, .
Yi = 10402338206643385 e-01y, —3 + 3 408ETHOS80084442 el 1
+ 1.630175886TR1 5281 e-02A¢ i, —2 + 3.5361621510382257 0142 fo -1
+ 5.54210040033T2177 e01Ys + 6.387370RIZTORTHRY eI ALFy,

Y, = 3.07T258K4 163559071 ¢-02y,, _y + T.012068715521 7670 e-01y,,

+ 1.73651 23200896856 e02A¢ fr,—2 4 3.2628334004250889 01 At f,
+ 2.0806724427926448 ¢-01Y; + 2.3070760776622345 c-01 A F.

Yy = 1.8056847420213218 02y, _5 + 2.0320650052203379 ¢-01 y,,
+ 3.8202487 TAGT19406 ¢-01y,, + 1.4720336401330038 -01ALf,, _y

+ 4.4132128702060387 ¢-01ALf,, + 3.06811774581 55006 e-01Y,

+ 3.5244836220081 102 01 ALF,,

Y41 = 268734754 T00TA501 e-02y,, 5 + 2.040715M 36362018 e-Oly,,
+ 2.0031210518105756 ¢-01y,, + 6.6304370781093021 e-03A1f,, _,

+ LI1113T4386466543 ¢-01A ¢ £, 1 + 3. 4406T50083373073 e-0 L At £,

+ 1126926001 7660104 e-01Y7 4 0.9878484228816545 «-02A1F,

+ 4.00095 19635067606 e-03Yy 4 3.5309013283033050 <0115

4 4. 0604TOSTERATHAN] e ALYy

HB4S. Here ¢ = 1.107, coq = 0,239, and
o = [0,0.25017166547014575, 0.55010819021 145041,
0.69734554315357311, 0.80216088615377616] 7

Yy = 187336 18444244305 e-02p, —3 + 4.0138780474735444 01y, —

+ 5.TORTRETTROSA0113 e-01y, + S 4651002006767951 e-03A¢ fr— 3

4 2.2801463815246203 e-0LAS fru—y 4 4. 842804061 8800460 e-01A¢ 1,
Yy = 3.5027004 169645100 ¢-02y,, _3 + 3. 3060854607071390 e-01y,, _,

+ 1.9207052203785461 ¢-02A¢ fr—a + 2,761 700812863431 e-01A4 fry
+ 6.3337 MIRRE064080 ¢-01Y, + 5.2805710258140131 -01 ALF,,

¥, = 4.0620900450512116 ¢-03y,, — 5 + 2. 74506049075MS08 ¢-02y,, _;

+ L.8177234462283070 ¢-02y,, —; + 5.1623018810795865 e-01y,,

+ 2.2025131428870125 ¢-02A L [, _ 5 + 1.02347038056534260 e-02AL f,, _,
+ 2.3520312486738087 c-01AL f,, + 3.7317088238680644 ¢-01Y)

+ 3.1165780792188300 ¢-01ALF,,

¥y = 1.0056495700350385 e-02y,, 5 + 6.6061072534648405 e-02y,, _y

+ 0.5567103825041870 e-02y,, —y + 4.8444001051332234 el y,,

+ 5.5021051031412481 e-02A¢ f,, 5 + 7.0812101 733861315 e-02A1 f,, _,
+ 40458400 118188264 e-01A L f,, + 3.4206531832673703 01V

+ 2.8567284320435133 e-01ALFy,
Ynst = 2.2308657456135885 e-03y, 5 + 1.1153501456345802 e-01y,,
+ 2.6645380153016320 e.01y,, + 1.1413620383725557 e-03A¢1 f, 3

+ 4.3833314566619347 e-02A1 fr. 1 + 2.2252651070647457 e-01AL f,,

+ 1.4935602310405525 e.01Y2 + 4.3533635010073030 e.02A¢Fy

4 1606891 4632427820 ¢-03Y5 + 4. 6881740349446721 e-01Y,

4 3.91528T32866T8164 D1 ALES,

HBSS. Here ¢ = 1.410, ¢, = 0,282, and
7 = [0,0.244 THRA44544 38068, 0. 52300756081633841,
0.70018780516959513, 0.78535343003516328) 7

Ya = L.4TH8282323084047 ¢-0dy,, 4 + 1.8241353278840060 02y, _4

+ 4.58R0085 506036070 e-0ly o —y + 6.20401962528481 74 01y,

+ 1,2030180444763880 e-02A¢ f,, 3 + 2.0205746303346508 e-01A¢ £,
+ 4.4432002070228463 ¢-01A ¢ f.,

Yy = 5.6462358437083699 e-03y, —4 + 1. 13330003 1906901 12y, —4
+ 206867G3924562143 ¢-01y,, - 1 + 1.005056007 1828730 ¢-03A 1 £, - &

+ 6.0072187302864700 -03AL f,, _y + 2.0086846270600249 e-01 AL f,
+ 6.8T151T453786TR 2L e.01Ys + 4,8741880711171360 e-01A L Fa.

Yy = 6.4TO2 138688064320 e05y, 4 + 1.2566485028 187580 e-03y,, |

+ 5.05100130644409000 ¢-01y,. + 8.0138132028300743 e-04AL [, _ |

+ 101006862201 14255 ¢-01ALf,, 4 4.9357851871400321 e-01Y5

+ 45011 L1688 1026 130 01 A Fy,
Yy = 1.G653823506701616 ¢y, _y + 6, 1661 777077330622 ¢-02y,, 2

4 4.53882105265184:4M e-02y,, -y 4 5.35136TS278857754 <01y,

+ 4.3TAS08R021238T86 ¢-02A ¢ f,, _g + 3.2105325730901461 eD2A ¢S, _ |
+ 3, TOBS07G00536GM2AL f,, + 3.5614780225800331 ¢-01Y;

+ 252027101 22348276 DI ALY,
Ynt1 = 1.596680R0TSE04674 e08y - 5 + 1.35806631237T6012 -2y, 2
+ 2,7680643001023610 6-02y,, — 1 + 3.02066201057031 18 &-0 1y,

+ 1O11204548086T850 e08A L f g + 0.6332025988674511 e-0BAL £ —2
+ 1.9663804220283000 ¢-02A 0 f,, -y + 1.8614377100600623 c-01 At f,,

+ 5.6518679T01940860 e-01Y, + 4,0080523 108015388 e-01A+F, .

83
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HBG6&, Here ¢ = 1,463, cer = 0,293, ard
o= [“. 0. 232463TT384TOR102, O.50TRLEROT03100529,
06900062 2413493, 0. 7926761 |63?‘103“.’G“)] A

Y2 = GATSSA307883TI65 ey, = + 2.TI60198060066935 .02y, 3

4+ 3 ABOTTHIATONARGI0 =01 gy — 1 < 0,2340545203040283 e-O 1y,

+ 1, 870568022665 0 e 2A0 oo n +2.2121133776T6G6960 - 01AL S, .y
+ 42607 103807676048 e-OLALS,, .

Y = 6.90263M5351461740 e-03y,, .4 + 8.6222222130342870 ¢-034,, - 3

+ 2, 8824255361854179 el gy, — ¢ + 4.0342023260792233 ¢-03A¢ [, —4
+ 580202 IS52800742 ¢03A ¢ f, g + 1 9TGOT0220266T83 e 1A S, ¢

+ GOT2325B4THASTYTO -01Y; + 4, V66287365273 2138 e-01 A F,,
Yy = L1ISGO43080102375 el y,, - g + D 65TATIITIO1 23855 ey, —y
+ 4402023371 3625636 ¢-02y,, _ 3 + 4. 4101169611 1028006 ¢~ 1y,
+ T.6239061062823428 edMAL f,, - 4 + GOMT ISSHA688003 eI NL f, o
+ 3.00859023330T2G69 e-02A¢ [, 1 + 1.0TSSTIOTOG3ISS03 0142 1,
+ 5. I288681812006505 e01Y s + 3.50536266 1O05TO8T e LA F],
Yi = 3.6331 156100848900 -y, s, + 4.6620150718212201 ¢-024,, _2
+ 9. 301TIISETE2R65U2 )3y — 1 + 5.5340SIH0S2TUOTEND edb] 34y,
+ 3186 1900243000 02418 fio —2 4+ 6.35T34230035097807 03482 fn—1
+ 3. 1925452660602204 e-OLAL f,, + 3.9020720330504206 .01 Y,
4 2OGTRIBATOESRAZNN0 e AL FYy,
W41 = 6.4050830320003712 e0dyy, - n 4 5.0178209G1 30050076 03y, -3
+ 1.5366630320735119 ¢02y,, — o + T.08TAGLE8504356G01 e-02y,, —y
f A AI2TIRORAROAS699 0L gy, 4 4. 3TTEO1HOBATANAN e- DAL 1,
+ 3 A2MT2036136T802 e-03A ¢ [, —y + 1 05024361560063365 0208 f,, 4
f 4. S40S04R55624320 0248, . 4 2.2003030TTRATEMOS 01 AL £,
+ H.GO828RT026308126 ¢-01Y % + 3. 8TA033082604 1222 ¢-O1ALFS.

HB75, Here ¢ = 1. A8, o = 0.296, and
o= [(I' 0.22374103 119231800, 0.-[!)7J.".'H'.VJIJJTUH!WV'),
Q.67 T4AS THOATO240, 0 50253 11T 170170064 l] 7

Yo = 2. 1021061962709072 ey —y + 6. 39601322103 14936 e.0dy, — 5
+ 3 ISS22000739MNG31 240 -3 + 30136705 162144256 -0 1y, -1
+ G, 1524005036283570 01 yn + 4.65 16531588345515 eUdAL iy
+ 2.1510802701791005 e-02A ¢ fr_3 + 2.3716545008540020 e-D1A ¢ fr,_;
+ 4.1567873103883923 e-01A¢ f,
Y3 = 5.4550790706818335 e-D35,, _y + 8.7424655724822262 e-03y,, _=
+ 2.8618560022708417 e-015n_1 + 3.6820551547953636 e-03A¢ fr_4
+ 5.9009667888747430 e-03A ¢ f,,_3 + 1.9316881586697723 e-01A % fr_y
+ 6.9961685512075180 e-01Y3 + 4.7222557444804270 e-01AtFy,
¥i = 3.2103306707334349 e-11yn—6 + 1.97536841 43828873 e-04yn_4
+ 3.3807025207674979 e-03yr_1 + 5.0661048515384699 e-01yy,
+ 1.3333200605977094 e-04A ¢ f,, _y + 2.2818078300841127 e-03A¢f,,_y
+ 0,0021825572850006 e-02At f,, + 4.8081127545184378 01V
4+ 3.3061154710061380 e-01A ¢ Fy,
Yy = 1.1320844228055021 e-Ddyy, _g + 4.7216781448026608 e-04y,, _a
+ 2.7972381455310742 e-02y, _a + 5.2775094407848248 e-01y,,
+ 3.6354713306523248 e-05A 1 fr_g + 3.18702680056073120 e-04A¢ f, _a
+ 1.8880725649418614 e-02A ¢ f,, _o + 2.4425424472070050 e-01A ¢ f,,
+ 4.4368220820043690 e-01Yy + 2.9947546876242703 e-01A tFy,
Ynt1 = 5.4496586863497548 e-0dy,, s + 1.1080171578611788 e-0315_y
+ 2.8478000220581146 e-02y,, _ + 5.7441803113528306 e-02y,,_ 4
+ 3.5617638481313241 e-0lyy, + 3.6783965178054497 e-04At fr_g
+ 7.4788655395136721 e-04A ¢ f,,_y + 1.9222012060986973 e-02A¢ f,, o
+ 3.8771980369009612 e-02A ¢ f,,_1 + 2.4041101452882352 e-01A¢ f,
+ 5.5625072082626200 e-01Y; + 3.7545667818513806 e-01A ¢ Fy.

HB36. Here ¢ = 1.395, coe = 0.232, and & =

[0, 0.22599458000683792, 0.48158277187432164,
0.63320197344352122, 0.62314864046524110,
0.839?4050761030644]T.

84

Yz = 1.0841309922552752 e-02y, _3 + 2.9380436878075455 e-01y, 1
+ 6.9535432129669272 e-01y,, + 5.1444690209902231 e-03A4f,_3

+ 1.5336383758578842 e-01A ¢ f,, _ 1 + 3.0972874203264599 e-01A% f,,,
Yz = 5.2888158045064478 e-03yn_ 3 + 2.3109985410026951 e-01yn 1

+ 8.1774718095017906 e-04A¢t f,, _ 3 + 1.3284918309464901 e-01AE fr_;
+ 7.6361133000513404 e-01Y5 + 4.38966 70750573791 e-01A ¢ Fy,

Yy = 3.6566210066630479 e-0dyr_ 3 + 4.6969649343724151 e-01y,,
+2.1020313091956204 e-04A ¢ f,, _ 3 + 9.4872475001182009 e-02A 4 f,,

+ 5.2003784445300222 e-01Yz + 3.0463805560401014 e-01A+F3

Ys = 1.8768070135261744 e-04yn_ 3 + 3.6352874982539300 e-02y, _2

+ 6.8355417080780034 e-01y,, + 1.0788041483026880 e-04A ¢ fr,_3

+ 2.089767557877T5733 e-02A ¢ f,, _o + 3.3820253121250541 e-01A% f,,
+ 2.7990527350830763 e-01Y, + 1.6090528194467757 e-01A+F,

Ys = 2.4405614580881880 e-03y,_ 5 + 2.0248646751064373 e-03y, _2
+1.1277016933764120 e-01y, 1 + 2.5589203062236024 e-01y,,

+ 1.1640060130490865 e-03 At f,, _o + 6.4826631041246308 e-02A¢ fr,_y
+1.4710163775538382e-01A¢t f,, + 6.2687147390680387 e-01Yx

+ 3.6036005350327912e-01AtFr

Yni1 = 3.2655021954324220 e-04yy,_3 + 3.7407656160088655 e-03 1y _2
+ 5.5711981665515067 e-02yn_1 + 2.1278106986814990 e-01y,,

+ 1.8771941838081204 e-04A¢t fr,_ 3 + 2.1504023078543280 e-03A L fr_a
+ 1.8637402963501817 e-02A ¢ fr _ 1 + 1.2231851729870541 e-01AL f,

+ 1.6098234510432394 e-01Y3 + 9.2541699205813038 e-02A ¢ Fa

+ 4.0533039044613838 e-02Y3 + 2.3300669325079338 e-02A ¢ Fa

+ 5.2602424758184542 e-01Y; + 3.0233081455747418 e-01A ¢ F5.

HB56. Here ¢ = 1.804, cog = 0.301, and
o = [0,0.22645788718120133, 0.49233915315493260,

0.65120998281005327, 0.64798790448485055,
0.83882922436916?85]T.

Yz = 1.3644139802438684 e-03yyn, 4 + 9.4825630133235707 e-03yn 3

+ 6.8544116302425486 e-03yy, _2 + 2.8034611580634328 e-01yy, 1

+ 7.0195249466984677 e-01yy, + 7.5645590738268804 e-04A ¢ fr g

+ 5.2573057687999849 e-03 At fr, _3 4+ 3.8002103792595613 e-03A¢t fr, _a
+ 1.5542898158782706 e-01A¢t f, 4 4+ 3.8917522026570661 e-01A¢L f,,,
Y3 = 2.6218830337355159 e-03yn 4 + 5.4407306131174383 e-04y, 3
+2.2479385861492829 e-01yn—1 + 1.4536196037665699 e-03A¢ fr—a

4+ 3.0164399312552354 e-04 At fr, _ 3 4+ 1.2462080059924102 e-01A¢ fr, 4
+ 7.7204018529002461 e-01Y3 + 4.2803310971284286 e-01A 1 Fa,

Y4 = 3.1165475938829245 e-04yr, — 3 + 4.6398517074649165 e-01yn

4 1.7278706259009910 e-04A¢t fr, _ 3 4+ 9.1220936992512242 e-02A¢ f,

+ 5.3570317449411997 e-01Y3 + 2.9700357576027159 e-01A ¢ F5

Y5 = 3.3648602862423341 e-02yn 2 + 1.2156286786052630 e-02y,

+ 6.3902216041310722 e-01y,, + 1.8655396053573083 e-02A¢ frr 2

+ 6.7396663219361150 e-03A¢f,, 1 + 3.2206495104027316 e-01A¢ f,
+3.1517294993751704 e-01Y] + 1.7473761136986321 e-01A ¢ Fy

Y = 5.6371309272195845 e-04y— 4 + 1.0046734664416114 e-02yp 2

+ 8.3275561963346595 e-02yy, 1 + 3.0371467972901972 e-01yyp

+ 5.5700022863935812e-03Af frn—2 + 4.6169484994062436 e-02A¢ frn—1
+ 1.6838403812471231 e-01A¢ £, + 6.02309931055049534 e-01Y5

+ 3.3308112571943184 e-01A¢Fy

Ynt1 = 1.9217139490270655 e-06yr g + 2.7038477553249367 e-0dyn 3
+ 1.1370562101640887 e-02yy, —2 + 4.6847192492490074 e-03y5 1

+ 2.1595496982660728 e-01y, 4 1.06543313838730970 e-06A¢ frr _y

+ 1.4990623350354576 e-04A ¢ f, 3 + 6.3040462767102760 e-03A¢ fr, 2
+2.5072034914451837 e-03A¢ f, 1 + 1.1972936001783474 e-01A¢ fi,

+ 3.4614524260098362 e-02Y5 + 1.5726396362708008 e-03A ¢ [

+ 1.8281085202690303 e-01Y3 + 3.3353712131245231 e-02A¢F3

+ 5.5020206604502878 e-01Yy + 3.0509192237328558 e-01A ¢ F.
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HB66. Here ¢ = 1.828, cox = 0.305, and
o = [0,0.22263002041236041, 0.48693561 463884488,

0.64733846114459725, 0.64342678780115270,
D.83094581?627514%]T.

Ya = 4.8747771145061960 e-04y,,_ 4 + 1.2199100700146447 e-02y,,_3

+ 2.856407058 7035266 &-01yn—1 + 7.0166362571805030 e-01yr

+ 2.6664634424189773 e-04A% f,, _4 + 6.5079696081076907 e-03A¢ fr, _a
+ 1.5624811558174562 e-01A¢ fu_1 + 3.8380420769485063 e-01A ¢ fr,,
Y3 = 2.5424247167602373 e-03y,,_y + 1.0917765558505535 e-0dyy_ =

+ 2.2190578009801154 e-01 3, _ 4 + 1.3906856463588686 e-03A¢ f,_4

+ 1.0894855799375904 e-04A ¢ f, _z + 1.2138066221122475 e-01A % fr, 4
+ 7.7535260852064216 e-01Y2 + 4.2411157200134681 e-01AtFy,

Yy = 5.0002807465687402 e-05y,, 4 + 4.1705023106541303 e-05y,,_=

+ 4.5675852704024805 e-01y,, + 3.2766307813732522 e-05A¢ fru_ 4

+ 2.2812800857110321 e-05A¢ f,,_3 + 8.6080378579914768 e-02A¢ f,,

+ 5.4313986413000032 e-01Y3 + 2.9709308014603760 e-01AtFs

Yy = 2.6650201743336280 e-11y,_ 5 + 3.3168100756834617 e-02y,,_»

+ 1.7971830811495015 e-02y,,_1 + 6.3340708846857871 e-01y,,
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+ 1.8142686330733744 -02A¢ fr_2 + 9.8304502380070766 -03A¢f, _,  Email: giordano@uottawa.ca

+ 3.2300774556803685 e-01A¢ fr, + 3.1545206193644038 e-01Y)

+ 1.7254071278207584 e-01A¢F,

Y = 3.8045947857330136 e-04y, s + 1.0167623736064991 e-02y, o

+ 8.0697598781129393 e-02y, _1 + 3.0745759552577484 e-01yy,

+ 2.0678234811777600 e-04A ¢ f,, _ 5 + 5.5616075056655473 e-03A ¢ f,, o
+ 4.4140930341311946 e-02A4 f,. _1 + 1.6817680466328971 e-01A ¢4 f,

+ 6.0129672247845734 e-01Yy + 3.2800441775558077 e-01ALFy

Ynt1 = 3.6499730071497420 e-0dypm g + 1.3921027337489261 e-02y5 _2
+ 2.0048862055808480 e-02y,, _1 4+ 3.0786074862208745 e-01y,

+ 1.9965060474733641 e-04A4 frn—y + 7.6146887548692085 e-03A+t fr 2
+ 1.6381784015562784 e-02A4 fr, 1 + 1.6839732612873615 e-01A ¢ f,

+ 4.89143099830795791 -08Y5 + 7.5911491743055284 -02Y5

+ 4.1522068710174052 e-02A¢ F3 + 5.7199282393554406 e-01Y5

+ 3.1287542353705583 e-01A ¢ Fy.
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Truong Nguen-Ba, Huong Nguen-Thu, Tjeri Giordanos, Remi Vajenkurs. Ermita-Birkhofa k-solu 7. kartas laika diskretizacija no 6. lidz 10. etapam,
kas saglaba stingru stabilitati

Nestacionaru parcialo vienadojumu diskretizacija péc telpiskas koordinatas ar taiSpu metodi noved pie parastu diferencialvienadojumu sist€mas. Raksta aplikota
daudzsolu metozu saime iegiitas parasto diferencialvienadojumu sisteémas skaitliskai integréSanai. Nelinearas stabilitates Tpasiba, kas piemit laika diskretizacijas
metodém, kuri saglaba stingro stabilitati (SSS), ir Tpasi piem&rota hiperbolisko neziidamibas likumu integréSanai. Raksta ir konstruéta k solu atklato Ermita-
Birkhoffa metozu saime, kuri saglaba stingro stabilitati, ar kartu 7 ar nenegativiem koeficientiem. Metodes ir konstruétas uz linedras k solu ceturtas kartas
metodes kombin&Sanu ar ceturtas kartas no sestd lidz desmitam etapam Runges-Kutta metodém. Piedavatam metodém ir lielaka efektivitate attieciba pret
Kuranta-Fridriksa-Levi (KFL) koeficientiem. Paradits, ka sestas kartas Ermita-Birkhofa metodei ir lielakais efektivais SSS koeficients starp zinamajam septitas
kartas Ermita-Birkhofa metodém. Visam jaunajam Ermita-Birkhofa metodém ir lielaks efektivais SSS koeficients un lielaki maksimalas efektivitates KFL skaitli
neka Huanga septitas kartas hibrida metodei vai Burgera vienadojumiem, neatkarigi no solu skaita k. Raksta apliikoti divi pieméri, kas ilustré piedavato metozu
efektivitati. Abos pieméros izmantots Burgera vienadojums ar dazadiem sakuma nosacijumiem.

Tpyour Hryen-ba, Xyour Hryen-Xy, Toepu Ixopaano, Pemu Baiienkyp. K-marospie, or 6 10 10 3TanmoB, qucKpeTH3amuu Mo BpeMeHH JpMHTA-
Bupkxoda 7 nopsigka, coxpaHsiiolye CHIbHYI0 YCTOIHYHBOCTH

JluckperH3aiys HeCTalMOHAPHBIX YPABHEHHMH B YaCTHBIX MPOM3BOIHEIX 110 MPOCTPAHCTBEHHOH KOOPAMHATE C MOMOLIBIO METO/IA NPSMBIX HPHBOJUT K CHCTEME
OOBIKHOBEHHBIX MU (pepeHIaIbHEIX YpaBHEHHMH. B craThe paccMaTpuBaeTcsi CEMEHCTBO MHOTOIIArOBBIX METOJOB [UIS YHCICHHOTO WHTErPUPOBAHUS
MOJYYEHHOH CHUCTEMBI OOBIKHOBEHHBIX AM(p(GeEepeHIMANbHBIX YypaBHeHHHA. HenmuHeiiHOe CBOMCTBO YCTOWYMBOCTH METOAOB JUCKPETH3AlMH MO BPEMEHH,
COXPAHSIONINX CHIBHYIO YCTOHYHMBOCTb, J€NIAeT MX OCOOCHHO MPHBIICKATENBHBIMHU JUII HHTETPHPOBAHMS THIIEPOOIMYECKNX 3aKOHOB COXpaHeHHs. B cratbe
HPUBOAUTCA HAOOp K-IIArOBBIX SIBHBIX, COXPAHSIOIMX CHIbHYIO ycToiumBocth (CCY), meromoB Opmmura-bupkxoda (CCY DOb) cempmoro mopsaxa ¢
HEOTPULATEIbHBIMH K03 (UIMEHTaMHU, IOCTPOSHHBIX M0 IIPUHIUILY KOMOUHUPOBAHHS K-IIATOBBIX METOJOB Y€TBEPTOrO MOPSKA C IIECTH J0 JECSITH-3TAIHBIMU
Mmetonamu Pyrre-KyTTer uerBepToro nopsaka. ITokasano, 4ro mecTtu-marosiid Metox DpmuTa-bupkxoda mecroro mopsaka uMeeT HanOOIbIIHIT 3 PEKTHBHBII
koadpunment CCY no cpaBHEHHIO ¢ M3BECTHBIMH MeTojamn Opmuta-bupkxoda cexpmoro mopska. IIpeuaraemeie MeToABI NMEIOT, BOOOIIE ToBOps, Goee
s¢dextuabie kodpdunmentsr Kypanra-Opunprkca-Jlesn (KDOJI). YV Bcex HOBbIX MeTonoB Dpmuta-bupkxoda sddexruubii koddpunuent CCY u yucna
MakcuMainbHOH 3¢ dexruBHocTH KDJI Oombire, yeM y rubpuaHoro Merona XyaHra CEAbMOrO IMOPsAKA, TAKKE OHM OOJNbIIE 10 CPABHEHHIO C ypaBHEHUAMHU
broprepa, BHE 3aBUCHMOCTH OT YHCJIA IAroB K. B cTaThe MpuBEICHBI Ba NpUMEPa, HWILTIOCTPUpPYOIIHe 3Q(EKTHBHOCTD NPeIOXKEHHbIX MeTooB. Oba nprmMepa
HCTIONB3YIOT ypaBHEHNE broprepa ¢ pa3nuyHbIME HaUaIbHBIMU YCIOBHSAMH.
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