Technologies of Computer Control

ro €

2013/14

An Approach of Semi-numerical Computing Volume
of Solids Bounded by Rational Bézier Surfaces

Aleksandrs Sisojevs, Riga Technical University, Ventspils International Radio Astronomy Centre

Abstract — The problem of free-form object modelling in
CAGD is an actual task in computer graphics and solving it is
important for practical use. This paper describes a new approach
of semi-numerical computing volume of solids bounded by
rational Bézier surface set. There is an approach for volume
calculation of solids bounded by simple Bézier surface set. In this
paper, the proposed approach is based on the combination of
analytical integration for volume integral computation and
numerical integration for rational function integral computation.
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[. INTRODUCTION

The problem of free-form 3D object modelling is an actual
task for various sciences and technical areas. Its solution is
important for practical application in many industries, such as
biomedical engineering and technical design. One of the most
efficient 3D modelling methods is the use of rational Bézier
curves and surfaces. They play an important role in Computer
Aided Geometric Design (CAGD); therefore, their
specification, modification and different properties are of
interest. Specification and modification of Bézier objects are
well-explored fields of CAGD but there are some special
problems to be solved, such as finding the optimal way of
computing the volume of solids bounded by rational Bézier
surfaces. The computation of the volume of solids bounded by
simple Bézier surfaces in [2], [5] is proposed in this paper. For
volume computation for B-spline case the transformation
method [9] can be used.

Bounded volumes plays an important role in rendering tasks
([11], [12] and [15]) and for geometrical analyses [13].The use
of bounding volumes is discussed in [10] and [14].

A variational approach to computing an optimal
segmentation of a 3D shape for computing a union of tight
bounding volumes in [3] was described. Based on an affine
invariant measure of e-tightness, the resemblance to ellipsoid,
a novel functional is formulated that governs an optimization
process to obtain a partition with multiple components. Some
ideas of this method are described in [16] and [17].

Refinement of segmentation is driven by application-
specific error measures, so that the final bounding volume
meets pre-specified user requirement.

An optimized closed formula for the volume of the solid,
bounded by a simple Bézier surface and the cones determined
by its boundary curves and the origin in [2] was proposed.

Basic definitions and properties of parametric curves,
surfaces and volumes on Bézier and B-spline form are
presented in [8].

Some properties and constructions of rational Bézier
volume are presented and two applications of free-form
volumes are discussed in [7].

In this paper, the author proposes an exact semi-numerical
approach that can substitute approximating numerical
procedures.

The input data for the volume computation algorithm is an
array of rational Bézier patches (mesh). The patches are
aligned in such a way that the Oz axis passes the modelled
object. Thus, the volume computation formula is described as
a sum of curvilinear prism volumes:

The proposed approach was implemented for its verification
on employment opportunities to the modelled object example.
Free-form objects (ball and cylinder) were taken for
simulating this approach. Before the tests, the volumes of the
selected objects were known.

Experimental results show that the proposed approach
provides correct representation of the results.

II. THE PROPOSED APPROACH

In this paper we consider rational Bézier surfaces of the
following definition [4]:

_ ZRJ Wi Bi,n (u)- Bj,m ()
S(u,v)= 220 , (D
Wij* B, (u)- Bj,m )

i=0 j=0

where: S(u,v) — the rational Bézier surface;
P;; — the array of control points;
w;; — the array of weight coefficients;

uv — parameters, u €[0,0;1,0] & v €[0,0;1,0];
n,m — the degrees of polynomials;
B, ,(u),B,,, (v) —Bernstein polynomials.

The i-th Bernstein polynomial of degree n can be calculated
as follows:

B, (u)= ': - (1-u)™, @)

n
where|
1

is a binomial coefficient and can be calculated as

follows:

25



a.

Technologies of Computer Control

2013/14

3)

g

One of the most actual problems of the geometric analysis
of objects is the volume calculation. In this part of paper the
proposed method is described. This approach is based on the
object volume calculation using integral computation.

The input data of this approach is a 3D object formed by a
set of Bezier surfaces. Let us suppose that the volume of the
object is the sum of curved prism volumes:

ab} : : prism

“

where: Vob/ — the volume of object;
Vprizma — the volume of curved prism.

The example of curvilinear prism is shown in Fig. 1.
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Fig.1. The example of curvilinear prism.

Volume Integral

Let us find a curvilinear prism differential volume dV,im.
Figure 2 illustrates this problem.
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Fig. 2. Calculation of volume differential.
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In this case dS,,;s» 18 a differential area in the arbitrary point
of surface S,,;m(1,v), and dS* is the projection of differential
area to the direction of vector 7 .

It is obvious that in the case when the vector ¥ is
perpendicular to dS* the differential volume can be
calculated using the following formula:

1
dVPrism - E ’ ‘I"‘ ) dS *, (5)
where: 7 — the vector from Oz to a surface point. The

vector 7 is perpendicular to Oz.
Given that infinitely small variables are used in computing,
it can be assumed that the following expression is valid:

dS* = COS(a)‘ dSprism s (6)
where: «— the angle between vector ¥ and normal 7i to
dSprism

From (5) and (6) differential equation may be found
1L
prism - E ’ ’7"‘ ’ COS(O() ’ dSprism : (7)

To solve these differential equations, it is necessary to
integrate both parts of (7) with a surface integral of scalar
fields. As a result, we obtain

mr cos(a

pmm

prlsm pl ism |

®)

For the task of solving the surface integral of scalar fields
(8), if the surface is described in parametric form, we can use
the property [1]

(“; f (x, y,z)dS =

V_max u_max

j If(x(u,v),y(u,v),z(u,v))-

v_min u_min

A* +B* + C*dudv’ ©)
where:
oS, (u,v) 0S,(u,v)
A= aSYa(LZ,v) aSZa(ZZl,V) - 10
ov ov
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B = u U (11) 00
oS, (u,v) 0S,(u,v)
P P Py My Try-ny +r,-ny, dudy
% Y ~ 1=
-1 - @
and After transformation and using equation (14) the
lume integral can be described as follows:
08, (u,v) S, (u,v) Vo
8S  (u,v) S, (u,) (12 Vo =5 [ i+
ov ov o

In equations (10)-(12) the function Sy(u,v), SW(u,v) and
SAu,v) is x, y and z coordinates of rational Bezier surface (1).

The normal to surface point with parameters (u,v) can be
calculated as follows:

i j k
5 oS, (u,v) 0S,w,v) 0S,(u,v) 1)
ou ou ou
oS, (u,v) 0S,(u,v) 0S,(u,v)
ov ov ov

Taking into account 4, B and C values and the normal’s
calculation equation (13) it can be concluded that the normal
may also be described as follows:

ﬁZ(A,B,C)- (14)

In this case the length of the vector 7 can be calculated as

follows:

15)

i|=N4*+B*+C* .

Now, take into account that in the rational Bezier surface
case the parameters u and v vary in the range [0, 1] and by
inserting equation (15) into integral (8) we have

1 i
Vprism = E..(['([‘VLCOS(OC).
2

A* +B*+C’dudv . (16)
Value cos(a) can be calculated in the following form:
Cosa:f-lz:rx-nx+ry-ny+rz-nz 1)

7 il 7|}

After inserting equation (17) into integral (16) we have:

+7,-ny +1,n, )dudy (19)

The vector 7 definition can be described in the
following way:

r= (SX (u,v), Sy (u,v),O). (20)
Using equations (14) and (20) curvilinear prism volume

integrals, the final computation formula can be described as
follows:

11
I

+B-S, (u,v))dudv @1
Rewriting equation (1) as follows:
2B, wy, R @y, (2
i=0 j=0
where:
B. (u)-B, (v
R, /_(u’v)ZM’ (23)
A w(u, v)
where:
wlu,v)=3 3w, B, B, ). @4
i=0 j=0

In this case the function from integral (21) can be calculated

fl ZA-SX(u,v):

— SX (M,V) . aSYa(:jav) . aSZa(‘ljaV) _
oS, (u,v) ' oS, (u,v)
ou ov

-8, (u,v)- (25)

and
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f2 =B-S,(u,v)= After simplification, these functions can be described as
follows:
oS, (u,v) 0S,(uv)
= SY (u’ V) . 5 . 5 —
u \%
W, W
aSX(u’v) aSZ(u’v) lll;) =0 /1, /22]:3{(0 e 2 1313)
-8, (u,v)- 5 5 . (26)
u v -(R (v R, (u,v). aRB’ﬂ(u,v)j.
il,j1
After inserting equation (22) functions (25) and (26) can be ’ ou ov
described as follows:
escribed as fotlows '(Xil,jl 'Yiz,jz 'Zi3,j3 _Xil,jl 'Ziz,jz 'Yi3,j3 )} (29)
n m
= Z inl,jl Wi 'Ril,jl(uav) ) and
i1=0 j1=0
SR aRiZ,j2 (“:V) z Z{( Wit " Wiz 2 " Wiz j3 )
) ZYiZ,jZ Wi o P : i1,i2,i3=0 j1,/2, /3=0
i2=0 j2=0 u
’ aRiZ,jZ (“a V) aRiS,j3 (“9 V)
by OR;; ;5 (”:V) : Ril,jl(uav)' : :
' L3 Wiz é — |~ ou ov
i3=0 j3=0 %
! '(Yn,jl 'Zfz,jz 'X;3,j3 _Yil,jl 'sz,jz 'Zis,j3 )} G0)
n m
( & IZ;)XII i Wag Ry Jl(u V)J In this case the function from the volume integral can
=07 be described as follows:
. . iz . W . M . n m
i2.j2 " Wiz, j2
i2=0j2=0 ! ! ou fitfy= Z Z{I(u,v)-M )
o R (u v) i1,i2,i3=0 j1,j2,3=0
i3,73 \U>
: Z Yi3,j3 : Wi3,j3 — (27) ' (Wil,jl ’ Wi2,j2 ’ Wi3,j3 )}’ (31)
i3=0 j3=0 ov
where:
and
1 (u, v) =
1= ZYH,].] “Wan -Ril’j1 (u,v) . R ( ) aRiZ,jZ (“ev)_ aRi3,j3 (”av) 32
i1=0 j1=0 i, \U>V (32)
: ou ov
LR 7 aRiZ,jZ (u,v)
: Z Z i2,j2 Wiz, j2° : and
i2=0 j2=0 ou
Zn: i){ 6R[3’j3 (u,v) Xil,jl Xiz,jz Xi3,j3
. o ia T Weg g ————— | —
e S M=detY,;, Yop Yigl (33)
nom 0 ZiZ,jZ Zi3,j3
zz i1 Wi 11j1(u’v) ) ) o .
i1=0 j1=0 Equation (21) in this case can be described as follows:
. ii){ ‘W .aR12/2(uv) . 111 n m
i2:0j2:0 l2’12 lz’JZ au pmm = EII z Z {I(u’v)'
( ) 0 0 i1i2,i3=0 j1,72,j3=0
n m aRl . u’v . 34
) Z ZZiS,B Wiz 3 = , (28 M- (Wllﬂ Wiz o W313)}dudv' (34)
i3=0 j3=0 ov
After transformation from integral of sum to sum of
where: X, ; ¥, ; Z;; — coordinates of point P; ;. integrals, equation (32) can be described as follows:
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1S HI Mudy ~ '= —
- u v udv = ['=——-
V vism 5 Z Z “.Iuvdudv )] pq
11,i2,i3=0 j1,52,73=0 00
1
. (35 —
'(Wil,ﬂ W2 'Wi3,j3)} (33) { ( ”0"’0 +I( p-1>V )
As seen from equation (35) the volume calculation task is +1 ”o’V ) ( 13V 1))+
transformed to double integral. The value of this integral is 1
independent on control point coordinate. il ( ”k , Vo + I(”k ,V ))+
b.  Numerical Integration 2 =l
Function R;;(1,v) in equation (23) is given. Partial averages 2
can be calculated as follows: + (I (“0 ) Vl +1 ( 1oV )) +
I=1
OR;. (u v) B, (v) p=2g-2
Ou = [W(u,v)]2 + ZI ”k»vz , (39)
k=1 I=1

v)-B,,(u)- (36)

du

.{dBi’,, (u) e dw(u,v)}
’ du

and

(37

The function /(u,v) can be transformed as follows:

[(u,v) =
_ By, ()-B;,(w)-B,,,(v)- B, (v)

e,

. {M . w(u,V)— Bl-z,n (u)-

du
] { dB;,,(v) ‘ w(u, v) B, () dwc(lu, v)} .
v

38
dv %)

To calculate this integral in a program, numerical
integration is used. In this paper trapezoidal quadric equation
[1]is used

where p,qg —the number of steps in parametric directions u

and v.

Values of parameters can be calculated as follows:

U, =——-: (40)
and
(41)

The final equation for curvilinear prism volume calculation
can be described as follows:

n

1 c ,
V iom = > Yim-r

i1,i2,i3=0 j1,j2,/3=0

'(Wil,jl Wi o " Wiz 3 )} (42)

III. EXPERIMENTAL RESULTS

In this paper, the proposed method has been implemented.
For its validation two objects have been chosen: cylinder and
ball. These objects have been chosen for the following
reasons:

1) Both objects can be accurately modelled by rational
Bézier surfaces;

2) Their volumes can be precisely calculated before starting
the experiment.
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The size of objects is follows: [3] Ig Lu, Y.-K. C?oi, \BV V?ng a{lfdlM. S.é(im, “Vé_iriational 3CD Shape
. . . . . egmentation for Bounding Volume Computation” in Computer
e The rad1u§ of cyl1nder is 10 and height is 20. Graphics Forum, vol.26, no. 3: pp. 329-338, 2007.
Therefore its volume is 2000z~ 6283, 1853... [4] L. A. Piegl, W. Tiller, The Nurbs Book (Monographs in Visual
e The radius of ball is 10. Therefore its volume is Communication), Springer, 1997. _
(4000/3)'72’54188, 7902. .. [5] A. Slso_]eys, A Glazs‘, Volumfz estzmanon of 3D‘object moa’e"llea’ by
. | . X . L. parametrical iso-surfaces, Biomedical Engineering Proceedings. —
For object modelling bi-quadric rational Bézier patches are Kaunas: Kaunas University of Technology, pp. 220 — 223, 2010.
used. [6] A. Sisojevs, K. Krechetova, A. Glazs, 3D Modelling of Free-Form
Table I shows results of object volume computation Object, The International Conference WSCG'2009 proceedings. — Plzen:

University of West Bohemia, pp. 125 - 128 p. 2009.

D. Lasser, “Rational tensor product Bézier volumes”, Computers &
Mathematics with Applications, Vol. 29, Iss. 8, pp. 95-108, April 1995.
[8] M. Samueleik, “Bézier and B-spline volumes”, Project of Dissertation,

obtained by the proposed method. (7]

TABLEI Physics and Informatics Comenius University, Bratislava, Slovakia,
EXPERIMENTAL CALCULATION RESULTS 2005.
- [9] W. Bohm, “Generating the Bézier points of B—spline curves and
Approach Cylinder Ball surfaces”, Computer Aided Design, 13(6), pp. 365—366, 1981.
Object’s volume 6283,1853 4188,7902 [10] J. Munkbergy, J. Hasselgren, R. Toth, T. Akenine-Moller, Efficient
Numerical integration (12x12) 5877,8525 | 3822,6742 OBIf ‘ﬁfg b g_fg_sﬁ’lsafj‘zgezzgeffamhes' In Proceedings of the Conference
Numerical integration (40x40) 6257,3786 4145,9062 [11] K. Miura, A. Pasko, V. Savchenko, “Parametric patches and volumes in

the functional tati f tric solids”, CSG 96 Inf ti

Numerical integration (100x100) | 6279,0520 | 41691,1072 Gzor‘rllgfe;;’n;p a1 1006, Coometne SOUEE niormation

Error, % [12] A. Nguyen, “Implicit Bounding Volumes and Bounding Volume

. ; Hierarchies”, PhD theses, Stanford University, USA, 2006.

Numerical integration (12x12) 6.451 8.740 [13] A. A. Farag, H. Hassan, R. Falk and S. G. Hushek, “3D Volume

Numerical integration (40%40) 0.411 1.024 Segmentation of MRA Data Sets Using Level Sets”, Academic Journal

. - 2 T2 of Radiology, pp. 419-435, 2004.

Numerical integration (100x100) 6.57810 7.19510 [14] G. Bradshaw, C. O’Sullivan, “Adaptive medial-axis approximation for
sphere-tree construction”, ACM Trans. Graph., Vol. 23(1), pp. 1-26,
2004.

[15] A. Kalaiah, A. Varshney, “Statistical geometry representation for
efficient transmission and rendering”, ACM Trans. Graph., Vol. 24(2),

The main conclusions of this paper: pp. 348-373, 2005. _

In thi h of f f biect [16] R. Wang, K. Zhou, J. Snyder, X. Liu, H. Bao, Q. Peng, B. Guo,

° n this paper a _new approach ot Iree-Iorm O Je(.: “Variational sphere set approximation for solid objects” The Visual
volume calculation has been proposed, which is Computer, Vol.22(9-11), pp. 612-621, 2006.
based on analytical and numerical integration [17] W. Wtemg, Y. K. Ch01, B. Chap, M. S Kim, J. Wang, “Efficient c0111§10n

mbination: detection for moving ellipsoids using separating planes. Computing”
co n, ) Vol. 72(1-2), pp. 235-246, 2004.
e The experimental results show the efficiency and

precision of the proposed approach.
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Aleksandrs Sisojevs. Pusskaitliska pieeja kermena, kurs ierobeZots ar racionalo Bezjé virsmu, tilpuma apréekinasanai

Patvaligas formas objektu 3D model&$ana ir aktuals uzdevums dazadas zinatnes un tehnikas jomas. ST uzdevuma risindgjums ir svarigs praktiskai lietosanai
daudzas nozar€s, pieméram, biomedicinas inzenierija un tehniskaja projektéSana. Viena no efektivam 3D modeléSanas metodeém ir racionalo Bezjé liknu un
virsmu izmanto$ana. ST metode loti bieZi tiek pielietota datorizétas geometriskas projektésanas sistémas. Bezjé objektu specifikacija ir labi izpétita datorizétas
geometriskas projektéSanas sistémas, bet ir dazas problémas, kuras 1idz §im vél nav atrisinatas. Pieméram, ka izskaitlot kermena, kas ir ierobeZots ar racionalo
Bezjé virsmu, kopu tilpumu. Tilpuma aprékina$anas metode kermenim, kas ir ierobeZots ar Bezjé virsmam, ir aprakstita zinatniskaja literatiira. ST metode
izmanto tilpuma aprékinasanu, balstoties uz integralrékiniem un to risinaSanu analitiska veida. Dotaja darba autors piedava pusskaitlisko pieeju tilpuma
aprekinasanai kermenim, kas ir ierobezots ar racionalo Bezjé virsmu kopu. leejas dati tilpuma aprékinasanas algoritmam ir racionalo Bezjé gabalvirsmu masivs.
Gabalvirsmas ir sakartotas tada veida, lai Z ass iet cauri modelétajam objektam. Piedavata pieeja sastav no divam daJam. Pirmaja dala aprakstita tilpuma integrala
sastadiSana un ta risinasana analitiska veida, iznemot racionalas funkcijas integrala aprékinasanu. STs funkcijas integrala aprékinasanai ir domata otra dala, kur
tiek piedavata skaitliskas integrésanas izmantoSana.

Piedavata pieeja tika realizeta, izmantojot izmodel€tu objektu, lai parbauditu tas funkcionalitati. Par model&tiem patvaligas formas objektiem tika pienemti lode
un cilindrs. Pirms eksperimentalas parbaudes izvéléto objektu tilpumi jau bija zinami. Eksperimenta gaita iegltie rezultati paradija piedavatas pieejas
izmanto$anas iesp&jas un korektu rezultatu sasniegSanu.
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Anexcanap Ceicoes. [TosryunciieHHBIH MOAX0] BEIYHCIeHHsI 00bEMA Tesia, OTPAHHYEHHOT0 PALIHOHAILHBIMY NOBepXHOCTsIMH Be3be.

IIpo6nema mopenupoBanus 3D 00beKTOB cBOOOIHON (HOPMBI SABISETCS aKTYAIBHOM BO MHOTUX O0JIACTSX HAyKH U TeXHUKH. EE perienue sBiseTcs BaKHBIM IS
MIPaKTHYECKOTO HCIIONB30BAHUA B PA3NIUUYHBIX cdepaxX, HalmpuMmep, B OHOMEIUIMHCKOM WHXXEHEPUHTe M TEXHHYECKOM HpoeKTHpoBaHMH. OIHUM H3
s dexTuBHBIX MeTon0B 3D MojennMpoBaHUs SBISETCS HCIONB30BAaHHE PALMOHAIBHBIX MOBEpXHOCTeil Bbesbe. DTO MrpaeT 3HAUMTENBHYIO PONb B CHCTEMax
TeOMETPHYECKOTO0 aBTOMATH3UPOBAHOTO mpekTHpoBaHus. Crnenndukanus o0beKTOB besbe Xopomo HccaenoBaHa B CHCTEMAaX I'€OMETPHYECKOTO
aBTOMATH3UPOBAHOTO NPOEKTHPOBAHUS, OJHAKO CYIIECTBYET HECKOIBKO MpoOiieM, He PEelIeHHBIX B HacTosIee BpeMs. HampumMep, kak BBIYHCIUTS 00BEM Tela,
KOTOpPOE€ OIpaHHYEHO MHOXKECTBOM pPAllMOHANILHBIX MOBepXHOCTEH besbe. MeTon BeIuMcIeHHs 00beMa Tella, OrpaHMYEHHOT0 OOBIYHBIMU NOBEpXHOCTIMU besbe
ONHCaH B HAyYHOU nuTeparype. DTOT MeTo[ Oa3upyeTcss Ha BBIYHCICHUH O0beMa C IIOMOINBIO MHTETPAJbHOTO HMCUHMCICHHS U PEIIeHHsA 3TOH 3aJadyd B
aHaIUTHYeCKOM BHAe. B nmaHHOW paboTe aBTOp mpemnaraeT MOIYyYHCICHHBIH MOAXOJ K KOJHMYECTBEHHOH OLEGHKE 00beMa Teda, KOTOPOEe OTPaHHYCHO
MHO’KE€CTBOM pallMOHAJIbHBIX MOBEpXHOCTEN be3be. BXxoiHbIe faHHbIE JUls alrOpUTMa pacyera — MacCHB PalMOHANBHbIX naTyel besbe. [laTun pacrosnoxeHs! Tak,
YTO OCh Z TPOXOJUT Yepe3 MOJENUpYeMblii 00beKT. [IpearaeMplii OJIX0/I COCTOUT M3 JIBYX yacTel. B mepBoil yacTu cocTaBisieTCs MHTErpall BBIYHUCICHUS
o0beMa U JaeTcs pelleHHe B aHAIUTHYECKOM BHIE 33 HCKIIIOUCHHEM BBIUHCICHHS MHTETpala palloHaNbHOH GyHKIMHU. [ 3TOro BO BTOPOH YacTH MOAXO07a
peJyIaraeTcsi HCIoJIb30BaHUE YHCIEHHOIO HHTEIPUPOBAHUSL.

[Ipenno>xeHHbIN MOAX0A OBLT peann30BaH IS IPOBEPKH pabOTOCIIOCOOHOCTH Ha IPHMeEpe CMOEIHPOBAHHBIX 00BEKTOB. B KauecTBe mpuMepoB MOIEIHUPYEMBIX
00BEKTOB CBOOOHOH (hOpMBI ObIIH B3ATHI chepa u MUIHHAP. [lepen skcriepuMeHTaIbHOI IPOBEPKOil U3BECTHBI 00BEMBI BEIOpAHHEIX 00beKTOB. [loryueHHbIe B
XOJIe DKCIIEPUMEHTA Pe3yIbTaThl IOKa3bIBAIOT BO3MOXKHOCTh UCHOJIB30BAHMS [IPEJUIaraeMoro MoAX0/a U IIOJIyYeHHsI KOPPEKTHBIX Pe3yJIbTaToB.
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