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DETERMINATION of RECIPROCAL

LOAD-GENERATOR CURRENT in a GRID
J. Survilo
Riga Technical University

1 Kronvalda Blvd., LV-1010, Riga, LATVIA
To calculate the amount of energy lost along the path from a generator to a consumer, it is necessary to know the share of total consumer’s load (reciprocal current) covered by the generator. In the proposed method based on fundamental laws of electrical engineering the consumer loads at a given set of generator currents can be considered linear. This enables determination of the reciprocal current consecutively connecting each generator to the grid with other generators disconnected. In the simulation procedure, the generators are presented by the generated current and the loads – by the impedances. The simulation is made using the node voltage method.
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1.  INTRODUCTION


Nowadays, much attention is paid to electricity losses, especially under the conditions of high fuel prices and global climate change. To ensure the payments of electricity bills, the losses inflicted on the electricity market participants (a producer-consumer pair) should be estimated. The method described in [1] requires that the current flowing from producer to consumer (i.e. reciprocal current) is known. For determination of current flows different methods exist, e.g. that of the proportional distribution whose fundamental principle was formulated by J. Bialek [2] and developed by the authors of [3]. The algorithm of tracing the active and reactive power separately is considered in [4]. The alternative principles for determination of power flows are also known – e.g. based on the graph theory [5]. The solution using the averaging criteria is considered in [6].

The present article offers another approach to the problem of reciprocal current determination, which is based on the superposition principle. The problem can be solved without current tracing, using the matrix algebra and an invariable algorithm regardless of circuit diagrams of the grid.
2.  APPROACH to the PROBLEM


Fig. 1 shows a linear electrical circuit of a simple power system dated back to the beginning of electricity era. In such a circuit the result of affecting values’ sum is equal to the sum of results of each affecting value separately-give in Latvian (Russian)iedarbības lielumu summas rezultāts ir vienāds katras atsevišķi iedarbības vērtības rezultātu summai (результат воздействия суммы величин равен сумме результатов воздействия каждой величины в отдельности) [7, 8]. Here the resistance of load (a bulb filament) is strongly non-linear. However, at joint action of all generators the resistances of these bulbs assume a definite value that, in turn, determines the currents  of all generators. In order that their share in each load be the same when they alone power the grid, the load resistance must remain the same as when the generators acted together. In other words, sending the same current by a single generator to the circuit, all its resistances must remain the same as it was when all generators sent their currents together to the circuit. This condition for resistances provided, we can find the share of current from each generator to the selected load by consecutively connecting the generators to the circuit and determining the load current. For this, it is enough to determine the voltage across the load.


The node currents in a mesh network are [9]:





J=Y·U,



(1)

where J is the vector matrix of node currents (in our case the specified currents of the generators); Y is the square matrix of circuit, and U is the vector-matrix of node voltages.
Hence the node voltages will be:






U=Y-1·J
.


(2)

We can create a Y-matrix based on the power line and load impedances. The non- zero elements of node current vector matrix are the currents of generators.


Argumentation does not change when the mentioned quantities are complex.

3.  DETAILED CONSIDERATION

In detail, the method can be exemplified as shown in Fig. 2. The loads are inductive (with a current lag). Concrete values are assigned to the input quantities (power line impedances, Ω, and currents of generators and loads, A. ).  Branch currents are here calculated as [1]:


                                  

I = B·J                  

(3)

Voltage drop across branches u = [u1; u2; u3...] is calculated by the vector formula:









u = Z·I
,


(4)
where u assumes the values: 
Voltages at load connection points 2, 3, 5 relatively to slack node B for the set of branch currents I are the following: 
 u2B=u6-u1;  u3B= - u7;  u5B = - u5.



(5) 
u2B=49.80+25.49i-(105.75+54.90i)= -55.95-29.41i; u3B= -42.01-4.94i; u5B= -64.85-25.54i.

Nominal voltage in the grid is assumed to be ~ 15 times greater than the maximum voltage drop across branches; it is the branch between nodes 4 and 5: u4=109. 38 + 33.61i V. Hence this nominal voltage is Ub=U6= 1500 V.

Voltages across load admittances Yc2; Yc3; Yc5 (Fig. 3) are:
  


U2 = Ub+u2b; U3=ub+u3b; U5=ub+u5b.

(6)

U2=1444.05-29.41i; U3=1457.99-4.9444i; U5=1435.1319-25.5337i.
Load impedances calculated first by (7) are: 

Zc2=U2/-J2; Zc3=U3/-J3;
Zc5=U5/-J5.

(7)

Zc2=103.41+40.635; Zc3=120.42+102.51i; Zc5=60.5852+53.9604i.
Other quantities in Fig. 3 are:
Y1=1/Z1; Y2=1/Z2; ...Y7=1/Z7;
Yc2=1/Zc2; Yc3=1/Zc3; Yc5=1/Zc5.



(8)
Square matrix Y is:

The components of square matrix Y in expression (1) are:

Y11=Y1+Y6; Y12=Y21= -Y1;

Y13=Y31=0; Y14=Y41=0;

Y15=Y51=0; Y16=Y61= -Y6;
Y22=Y1+Y2+Yc2; Y23=Y32= -Y2;

Y24=Y42=0; Y25=Y52=0; Y26=Y62=0; Y33=Y2+Y3+Y7+YC3; Y34=Y43= -Y3;

Y35=Y53=0; Y36=Y63= -Y​7; Y44=Y3+Y4; Y45=Y54= -Y4; Y46=Y64=0;
Y55=Y4+Y5+YC5; Y56=Y65= -Y5; Y66=Y6+Y7+Y5.    


(9)

Voltages U at nodes 1.....6  (U1 ..... U6) according to calculated (simulated) vector formula (2) and to Fig. 3 with the input (generator) node current vector





J=[14-8i; 0; 0; 11-9i; 0; 7-6i]

(10)

are:

Simulated (calculated by (2)) node voltages at points 2, 3 and 5 can be considered equal to those calculated by formula (6): 1444.1-29.4i≈1444.05-29.41i; 1458-4.9i≈1457.99-4.9444i;  1435.2-25.5i≈1435.1319-25.5337i. If it is so, other node voltages in Fig. 3 will coincide. To check this, it suffices to subtract the corresponding node voltages of vector U and compare the result with obtained by formula (4). Hence, the branch currents will be the same.  This proves that representation of the circuit diagram of Fig. 2 by that of Fig. 3 is valid.

Further, we will need U2=1444,1-29,4i; U3=1458-4.9i; U5=1435.2-25.5i.

The node current J6=7-6i is not pre-defined and is calculated to maintain a balance between the input (by generators) and output (consumed by loads) currents. 

Next, we will determine the reciprocal currents.
We consecutively send the input current of node 1, 4 and 6 (Figs. 2 and 3) to the circuit in Fig. 3 and perform simulation, consecutively inserting the node current vectors:
 J=[14-8i; 0; 0; 0; 0; 0], J=[0; 0; 0; 11-9i; 0; 0] and J=[0; 0; 0; 0; 0; 7-6i].  (11)
The results are:

Further designations are made on the principle:

U12 denotes voltage at node 2 calculated with input current J1=14-8i,.....,
U 65 denotes voltage at node 5 with input current J6=7-6i.


Then reciprocal current I12 of load at node 2 from generator at node 1, ......, reciprocal current I65 of  load at node 5 from slack (tas ir speciālā kopne) bus B are:



I12=U12 /Zc2, ..., I65=U65/Zc5.                   

 (12)

By calculation we obtain the following reciprocal currents:


Reciprocal currents determined, we can calculate the active losses in the grid based on the circuit diagram of Fig. 2 and using the formula for losses in a grid [1]:




P=I’·R·I.


(13)

With the initial node current vector:

J=[14-8i; -12+5i; -7+6i; 11-9i; -13+12i; 0; 0], 

(14)

using (13) we obtain the value P=2235.8 W for power losses. To calculate power loss from reciprocal current I​12, we increment and decrement node currents J1 and J2 by 1 %  (0.01) of reciprocal current I12 (which is ΔI12=0.052639-0.016447i) and insert these node currents into input node current vector J. For increments the input current vector is Ji, and for decrements –  Jd:
    Ji=[14.052639-8.016447i; -12.052639+5.016447i; 7+6i; 11-9i; 13+12i; 0; 0];

   Jd=[13.947361-7.983553i; -11.947361+4.983553i; 7+6i; 11-9i; 13+12i; 0; 0]; 








(15)
By (13) we find p12i=2243.4; p12d=2228.3. Loss increment Δp12 is:

 



Δp12=p12i –p12d,     


(16)
i.e. Δp12=15.1.
In a similar way we find: Δp13=9.7; Δp15=16.5; Δp42=12.1; Δp43=8.2; Δp45=14.3; Δp62=5.1; Δp63=3.1; Δp65=5.3.
The reciprocal power loss of reciprocal current Ilk is:



ΔPlk=(Δplk·Ilk)/(4ΔIlk)=25Δplk,


(17)
i.e. ΔP12=Δp12·25=377.5.
In a similar way: ΔP13=242.5; ΔP15=412.5; ΔP42=302.5;
ΔP43=205; ΔP45=357.5; ΔP62=127.5; ΔP63=77.5; ΔP65=132.5.

The sum of these values


   

 ΔPΣ=ΣΔP
    

 
(18)
gives ΔPΣ=2235, which differs by 0.036 % from the initial total losses P=2235.8.

4.  UPDATE of CALCULATIONS
In the rough approximation given in Sect. 3 a number of inaccuracies were admitted.

Load currents J2, J3, J5 are given for the nominal voltage of 1500 V. Hence the load power is:
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(19)
where Ub is the given value of slack bus voltage; Jc – pre-defined load currents.

In our case Sc2=18000-7500i; Sc3=10500-9000i; Sc5=19500-18000i.
However, it is approximate estimation, since the voltages at load nodes 2 ,3 and 5 calculated by (6) and (2) are <1500V. In a grid they were diminished by ΔU (Fig. 4). As concerns the currents, Kirchhoff’s first law is fully obeyed. Indeed, within the grid there is no current outflow. Currents of power line stray admittances (Izkliedēto vadamību strāvas) can be distributed equally between adjacent nodes. Currents of lump admittances can be either summarized with the currents of load nodes or subtracted from the currents of generator nodes. The result will be the current balance, i.e. the sum of generator currents is equal to the sum of load currents. 
Situation is not so demonstrative with voltages. The voltage drop in the path from a generator to a consumer can take different values for each pair. To preserve the necessary load power, the load current must be greater and the load impedances – smaller. Moreover, load impedances Zc must be calculated at the absolute values (moduli) of these voltages, since the load impedances are independent of the voltage angle and are characterized by the load itself. Therefore, the load impedances should be determined based on the moduli of load node voltages obtained in Sect.3 by (6) or (2).
The change in load impedances implies the change in the transformation ratio of load transformers.
Therefore, in real situations the load impedances and generator currents should be corrected. One more condition is: the modulus of slack bus voltage Ubm must be equal to the pre-defined value Ub. If it is not hold, the slack bus current will change so that the equality is restored. This leads to a 2nd degree equation with complex unknowns for several nodes. Such being the case, it remains only to search step-by-step for appropriate generator and load currents (Ig & Ic ) and load impedances Zc.
As a result of losses the generator currents must be increased. Load voltages decreasing, the load currents must be increased as well. 
The main points of updating are as follows.

1) Loads are calculated not by (19) but by the formula:




Sc=Ucm(i)2/Zc(j),
 


 (20)
where Ucm(i) is the modulus of the voltage across load obtained at the i-th step; Zc(j) is the load impedance obtained at the j-th step. The initial value of load impedance is:




Zc=Ub/(-Jc).

   

(21)
2) To preserve load power, the equality Ub2/Zc=Ucm2/Zc’ should hold, since the corrected value of load impedances is:



 Zc’=Zc/kc2;
kc=Ub/Ucm,
  

(22)
where Ucm is the modulus of voltage across the load, Zc’ is the corrected load impedance.

3) To prevent excessive reduce of load voltages as a result of reducing the load impedances, the load currents should be increased, i.e.:





Jc’=Jc·kc.
  

(23)
4) To preserve current balance, generator currents Jg should be increased. Proportional increase is chosen with increasing separately real Jgr (ratio kgr) and imaginary Jgi (ratio kgi) components of generator currents:

Jg’=Jgr·kgr+Jgi·kgii; kgr=|ΣJcr’|/|ΣJr|; kgi=|ΣJci’|/|ΣJi|, 

(24)
where  ΣJr and ΣJi are the sums of the originally set values.
5) Simulation with  Jg’ and   Zc’ gives node voltages U1’...U6’ (vector U’); by (20) we calculate Sc’ with Ucm’ and Zc’. Considering that minor load impedance corrections will not change the load voltages, we will correct separately the real and imaginary components of load impedances:

      ksr=Scr/Scr’; ksi=Sci/Sci’; Zcr’’=Zcr’/kcr; Zci’’=Zci’/kci; Zc’’=Zcr’’+Zci’’i. 
(25)
6) Simulation with Jg’ and Zc’’ gives voltages U’’; by (20) we will calculate Sc’’ with Ucm’’ and Zc’’. To make even differences between S and Sc , we correct separately the real and imaginary components of load impedances:

      ksr’=Scr/Scr’’; ksi’=Ssi/Ssi’’; Zcr’’’=Zcr’’/kcr’; ... ; Zc’’’=Zcr’’’+Zci’’’i.  
(26)
7) Simulation with Jg’ and Zc’’’ gives voltages U’’’; by (20) we calculate Sc’’’ with Ucm’’’ and Zc’’’. Calculation of factors ksr’’ and ksi’’ analogously to (25) and (26) gives approximately equal ks’’ for the real and imaginary components and for all loads.
8) To obtain required values (Sc) for loads, it is necessary to change the generator currents 
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(27)
9) simulation with  Jg’’ and Zc’’’ gives UIV; by (20), using UIV and Zc’’’ we calculate ScIV: its value will differ very little from the required.
It is necessary to change the generator currents and the load impedances so that the modulus of slack bus voltage Ubm is equal to pre-defined value Ub:



kb=Ub/UbmIV; Jg’’’=Jg’’/kb; ZcIV=Zc’’’·kb2.

(28)
10) Simulation with Jg’’’ and ZcIV shows a minor difference of the load power value from the required.

11) Determination of updated reciprocal currents is made as in Sect. 2 (see (11) and (12)). In (11) generator currents Jg’’’ must be set.
12) At the updated generator currents Ig’’’ the updated load currents are:




Jj’’= -(I1j+I4j+I6j),


(29)
where j is the load node number.


For the numerical values of the example the designations are: Jg=J1, J4, J6; Jc=J2, J3, J5; Zc=Z2, Z3, Z5; Uc=U2, U3, U5; Sc=S2, S3, S5. The initial values: Ub=1500; from Fig. 2 we have J2= -12+5i; J3= -7+5i; J5= -13+12i.

By (21), Z2=106.51+44.379i; Z3=123.53+105.88i; Z5=62.3003+57.508i. The moduli of load voltages calculated by (6) are: U2m=1444.35; U3m=1458; U5m=1435,36.

By (22), kc and Zc’ are: kc2=1.03853; kc3=1.02881; kc5=1.04503; Z2’=98.75387+41.14729i; Z3’=116.70838+100.03306i; Z5’=57.04932+52.65866i.
By (23), increased load currents: J2’= -12.46236+5.19265i; J3’= -7.20167+6.17286i; J5’= -13.58539+12.54036i.
By (24): |ΣJr|=|J2r+J3r+J5r|=32; |ΣJi|=|J2i+J3i+J5i|=23; |ΣJcr’|=|J2r’+J3r’+J5r’|=33.24942; |ΣJci’|=|J2r’+J3r’+J5r’|=23.90587; kgr=1.0390443; kgi=1.0393856; J1’=14.54662-8,31508i; J4’=11.42949-9.35447i; J6’=7.27331-6.23631i.
Simulation by (2) with Jg’ and Zc’ gives U2’=1443.8-7.5i; U3’=1458.5+17.4i; U5’=1433.9-3.6i; since U2m’=1443.82; U3m’=1458.6; U5m’=1433.9; by (20), using the Ucm’ and Zc’,  S2’=17986-7494.2i; S3’=10509-9007.4i; S5’=19460-17962i; by (25), ks2r=S2r/S2r’=1.0007783; ks2i= S2i/S2r’=1.0007739; ks3r≈ks3i≈1; ks5r=1.0020554; ks5i≈1.0021155; Z2r’’=Z2r’/ks2r=98.67703; Z2i’’=Z2i’/ks2i=41.111547; Z5r’’=56.932301; Z5i’’=52.547495;
Simulation by (2) with Jg’; Z2’’; Z3’; Z5’’ gives U2m’’=1442.22; U3m’’=1457; U5m’’=1432.2; by (20), using Ucm’’ and Zc’’, we calculate Sc’’: S2’’=17961-7483.1i; S3’’=10486-8987.6i; S5’’=19455-17957i; by (26), ks2r’=1.0021713; ks2i’=1.0022584; ks3r=ks3i=1.0013351; ks5r’=ks5i’=1.002313; Z2’’’=98.46324+41.01891i; Z3’’’=116.55277+99.89968i; Z5’’’=56.80092+52.42624i.
Simulation with Jg’ and Zc’’’ gives U2m’’’=1439.32; U3m’’’=1454.11; U5m’’’=1429.2; by (20), using Ucm’’’ and Zc’’’, S2’’’=17928-7468.8i; S3’’’=10458-8964i; S5’’’=19418-17923i . Factor ks’’≈1.004016.
The generator currents updated by (27) are: J1’’=14.5758-8.33176i; J4’’=11.45242-9.37323i; J6’’=7.2879-6.24882i. 
Simulation with Jg’’ and Zc’’’ gives U2mIV=1442.22; U3mIV=1457.01; U5mIV=1432.1; U6m=Ubm=1500.27; by (20), using UcmIV and Zc’’’, we calculate ScIV: S2IV=18001-7498.9i; S3IV=10500-8999.8i; S5IV=19497-17996i. By (28), kb=0.99982; J1’’’=14.57842-8.33326i; J4’’’=11.45448-9.37492i; J6’’’=7.28921-6.24994i; Z2IV=98.42779+41.00414i; Z3IV=116.51081+99.86372i; Z5IV=56.78047+52.40737i.
Simulation by (2) gives U2mV=1441.92; U3mV=1456.71; U5V=1431.8; U6=Ubm= 1499.97. By (20), using UcmV and ZcIV, we have: S2V=18000-7498.5i; S3V=10499-8999.3i; S5V=19496-17995i. The basic voltage differs by 0.002 % and the load power – by ≤ 0.028 %.
The procedures for calculation of reciprocal currents are as follows.
 By (2) consecutively inserting Jg’’’ with ZcIV, we have: 

By (12), using ZcIV, reciprocal currents are:
  The sum of each column equals to the current of corresponding generator. By (29), the updated load currents are: J2’’= -12.4558+5.2651i; J3’’= -7.2814+6.0908i; J5’’= -13.5849+12.6022i.
The updated reciprocal currents are therefore greater than those obtained in Sect. 2, since here the losses are taken into account.

The grid losses updated by (13) are: P’=2423.4.

It should be noted that this long update algorithm can be replaced by a single simulation on any load flow program, for example on PowerWorld. The program gives main quantities of loaded grid – node voltages. Based on these data subsequent recalculation of all necessary quantities can be made.
5. CONCLUSIONS

1. To find reciprocal currents, the superposition principle can be applied.
2. The reciprocal current can be determined using the node voltage calculation method by which voltages across the load impedances (load voltages) should be obtained, applying consecutively each generator current to the loaded grid.

3. At determination of reciprocal currents the grid power losses can be taken into account by recalculating the load voltages and the load impedances.
4. The reciprocal currents are found dividing the load voltage of respective generator by the load impedance. 
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SAVSTARPĒJO SLODŽU-ĢENERATORU STRĀVU NOTEIKŠANA TĪKLĀ
J. Survilo

K o p s a v i l k u m s


Lai izrēķinātu tikla zudumus ceļā no ģeneratora uz noteikto slodzi, ir nepieciešams zināt ģeneratora strāvas daļu, kas plūst uz šo slodzi. Piedāvātā metode šīs strāvas noteikšanai balstās uz superpozīcijas principu, izmantojot mezglu spriegumu metodi. Pie konkrētās ģeneratoru kopas, slodzes ir iespējams uzskatīt kā lineāras. Tas ļauj noteikt savstarpējo slodzes-ģeneratora strāvu, secīgi ieslēdzot katru ģeneratoru tiklā. Ģeneratori ir pārstāvēti ar to strāvām un slodzes – ar to pretestībām.
Fig. 1. Schematic of a power system for lighting 


              - line impedance,          - generator,           - consumer





Fig. 2. Double contour diagram


Z1=5+10i      J1= 14-8i        I1=8.6225-6.2639i


Z2=6+5i        J2= -12+5i      I2=3.3775+1.2639i


Z3=10+5i      J3= -7+6i        I3=7.4429-2.4193i


Z4=3+15i      J4= 11-9i        I4=3.5571-6.5807i


Z5=4+5i        J5= -13+12i    I5=9.4429-5.4193i


Z6=7+7i        J6=7-6i           I6=5.3775-1.7361i


Z7=8+8i                               I7=2.9347-2.3167i
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Fig. 3. Diagram for calculation by nodal voltages method


Y – branch admittances, Yc – load admittances,  J – node currents, I – branch currents Ic –load currents
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           J4=11-9i


         514.28-35.56i


         504.1-35.48i


UJ4 = 531.96-23.76i


         623.74-16.16i


         524.63-48.65i


         523-38.51i





             J6=7-6i


         348.89-28.81i


         328.8-37.75i


UJ6= 336.21-33.09i


        338.6-32.74i


        340.24-29.86i


        368.27-26.93i





               J1=14-8i                     


          686.55+89.86i


          611.17+43.82i


 UJ1= 589.84=51.91I


          582.19+56.98I


          570.28+62.97I


          608.75+65.44I





I12=5.2639-1.6447i;  I42=4.1059-1.9565i;   I62=2.63-1.3985i


I13=3.0529-2.1677i;  I43=2.464-2.2948i;     I63=1.4832-1.5374i;


I15=5.6833-4.1875i;  I45=4.43-4.7486i;       I65=2.8869-3.0641i.





Fig. 4. Scheme of updating the results
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J6’’’=7.28921-6.24994i


    U62=328.42-32.69i


    U63=336.16-27.96i


    U65=340.1-24.52i





J4’’’=11.45448-9.37492i


    U42=503.26-27.24i
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    U45=524.28-40.94i





J1’’’=14.57842-8.33326i


    U12=610.21+52.45i


    U13=588.15+60.67i


    U15=567.42+61.85i





      I12=5.4719-1.7467i	          I42=4.2586-2.0509i      I62=2.7253-1.4675i


      I13=3.167474-2.1941i        I43=2.5693-2.3327i     I63=1.5447-1.564i


      I15=5.9391-4.3924i            I45=4.6266-4.9913i     I65=3.0192-3.2185i
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