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Introduction

Any detail, element or assembly, which contributes significantly to carring flight, ground,
pressure or control loads and whose failure could affect the structural integrity necessary for the safety
of the airplane is classified as a structural significant item (SSI) (see [1]).

In this paper we consider only those SSI the operation reliability of which is ensured by

discarding the SSI from service, if its service life exceeded the Retirement or Specified Life (SL), Z,, ,

measured, for example, in numbers of flights (the term “specified life” we’ll use as more short
equivalent of “maximum permitted life”, defined by WORLD AIRLINES TECHNICAL
OPERATION GLOSSARI (ATA/IATA/ICCAIA) as the time specified by an appropriate authority
after which a particular item must be removed from service). Typical example of this type of SSI is
landing gear (made of high strength steel by the use of welding) nearly for all types of aircrafts (by the
way, accordingly to [2] a failure of the landing gear was the most common fatigue problem and
accounted for 37% of the accidents involving fatigue fracture).

It should be mentioned that SL can be chosen as (1) some number from [0,00) and as (2) some

number from set {0, t;L }. This corresponds to
(1) nomination of Specified Life, zg;,
(2) rejection or acceptance of predetermined (required) Specified Life, t;L .

In this paper we consider only problem (1). For solution of this problems we use definition of so
called p-bound for random variable, which was offered by author some years ago [Paramonov Yu.M.,
1992, 1999].

1. The problem statement

Let X = (X 1y Xy X n) be a vector with cumulative distribution function (c.d.f.) F', (x, 6’) ,

Z is random variable with c.d.f. F, (Z, 6’). Of the parameter 6, which is the same for both
distributions, it is assumed known only that it lies in a certain set €2, the parameter space. The
function r(x), where x denotes the observed value of vector X, is called a p-bound for random
variable Z , if
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sup, B,{Z <t(X)}=p,0ecQ. (D

There are two very important special types of p-bounds:
(1) parameter-free (p.f. p-bound), when

P, {Z < T(X ) = p} for all parameters € € Q, 2)

(2) right-hand binary (r.h.b. p-bound), when for each possible value x of X, function T(X)
assigns only one of two decisions:

z'(x):—oo ifxeS;r(x)zr*,ifxeS*, (3)

where 7~ is some number, S  and S are two complementary regions of the sample space as S, and

S, in the problem of hypotheses testing [3].

It is clear, that p.f. p-bound definition coincides with the definition of both lower prediction
limit for future observation and a similar p-expectation tolerance limit. And we see also a close
connection of the r.h.b. p-bound definition with the problem of statistical hypothesis testing. In this
paper we use both names “p-bound” (because of its versatility) and “lower prediction limit” (in case of
comparison with results of others authors).

If x= (xl, vy xn) is result of full-scale fatigue test of airframe Z = min(Yl, 4 ) smallest

fatigue life of airplane airframe in operation then p.f. p-bound T(x) defines the SL for this park of

airplanes such that probability of at least one airplane failure in operation is equal to p. Of course the
value p should be very small. So the problem of SL nomination is the problem of a choice of p.f.

p-bound T(x), which is some statistical decision function.

A lot of papers discussed the problem of calculation lower prediction interval. Only for the case
of Weibull distribution of lifetime the 15 references can be found in [4]. As a rule the offered methods
are based on the use Monte Carlo method. In recently published paper [9], also devoted to the Weibull
distribution, analytical method is studied but (as author of [9] thinks) for calculation of conditional
lower prediction interval (we show here that really this is unconditional lower prediction interval). In
this paper we consider the use of Bias-Fiducial method for distributions with location and scale
parameters. This method was offered in [5,6]. Its application specifically for the p-bound calculation
for distribution with location and scale parameters was discussed in [7, 8]. But in [7,8] there are not
numerical examples of using this method. In this paper we consider specific examples for (log) normal
and (Weibull) smallest extreme value (sev) distribution. Numerical comparison of these results with
already published results is given also.

2. P-bound for distributions with location and scale parameters

Let

FXV(x,H)zFU(x_eoj, i=1,..n, (4)
i ¥ 01

FZ(X,Q):F,,(X_HO j,

Z 6’1

o

where F, (x), F, (x) are known c.d.f. of X, Z, ), 6, — are unknown location and scale parameters.
X zZ

This means that X, can be described by the structural formula
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X, =0,+6,X:,i=1,.n. s)

Vector X = (X Y. ¢ ”) is used for estimation of parameters 6,, 6,. Let these random

variables, estimates of 6, 6,, can be described by the similar structural formulas

0,=6,+6,00,6,=0,0,, ©)

where 6o, 61 — are random variables —estimates of 6, 6,, corresponding to a sample of the same

size n, but for the case when 6, =0, 6, =1. It is well known that estimates of maximum likelihood
(ML), moments and other methods has such structure.

P-bound 7 can be considered as p-quantile estimate of cdf F), ((z -0, )/ 6, ) If parameters 6, ,

6, are known then p-quantile ¢ , 1s defined by equation

F,(z,-6,)6)=p. ©)

If parameters 6,, 6, are not known but there is sample x = (xl, ey xn) then instead of

parameters ,, @, we can use the estimates of these parameters. The problem is a choice of theses

estimates taking into account that they are random variable.
In [8] it is offered to use fiducial “estimates”, because always they are function of sufficient
statistics and so for small p they guarantee the maximum of expectation value of SL. Let us make this

idea clear. Instead of vector x = (xl, s xn) without loss of information we can consider vector
@w=(6,,0,w,...w, ,), where w, :( . =0, )/01 , i=1,..,n—=2. Then fiducial distribution of

random variables 6~’O , 51 is defined by formula [Paramonov, 1992].

1

6, + 49 w,
fgo,gl\wl ,,,,, w, (SO’ - n+1 Hz lf[ stodsl’ (8)

where 4 is just normalization factor, w, :( . =0, )/ 6,i=1,..,n.(Note: w w, are functions

n—-1°»
of vector @ ).
Now instead of (7) let us consider equation

ElF(e-a.)a)=». ©)

where pmf of random variables 50 , 51 is defined by (8).
If in corresponding integral we change the variables of integration:

U, :(éo_so)/él > Uy :él/sl 5

then instead of (9) we get equation

ElF(c-6,)/6,)-uy/u,)=p, (10)
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A A

where @ = ( s O Wy, ey wn_z) is some constant, but random variables U, U, has pmf

S vy 0w, (”05”1 ) =huy H; f(”o T Wil )’ (11)

where A, is just normalization factor which depends only on vector w = (w1 sy W )

0 ~ ~
Let us denote 7 = (r -0, )/ 6, then instead of equation (10) we get equation
0
E(F((T_UOJ/UIDZP' (12)
0

If 7 is solution of this equation then

r=6,+10, (13)

is p-bound for random wvariable Z, because equation (12) takes place for every vector
w= (w1 s W, ), cdf of which does not depend on 8 = (6’0, 6, ) So if (12) is true then (14) is true

also:
0
EWI,..,W,,EUOUl F(T_ U, j/Ul =p. (14)

Here E, (f(X)) is expected value of f(X) in accordance with cdf of X .

It is very important that
0

1) 7, as solution of equation (14), does not depend on true value of 8 = (6’0 , 6’1) and we can
set ,=0, 6, =1.

2) Result does not depend on the choice of the statistics éo , él also because all vectors of the
type @ = (éo, él, Wiy oo wn_z) and vector x= (xl, o xn) have  one-to-one
correspondence. It is important only that éo, él have the structures defined by (6) but
w, :(xi —éo)/él, i=1.,n-2.

3. Examples
3.1. Example 1

Let rv. T, lifetime of some SSI (in cycles), has a lognormal distribution and
t=(t,,t,,t;) = (45952, 54 143, 65440) is the sample from the same distribution. Then r.v.

X =log(T) has a normal distribution N(6,,6;) and x= (x,,x,,x;) =(10.735 10.899 11.089) is
the sample from this distribution. The problem is to calculate the p.f. p-bound for independent r.v.
Z=min(Y,,...,Y,), where r.v. Y,, i=1,..,m, has the normal distribution N(6,,6) also. We
consider here only the case, when m = 1, because for this case there is general analytical solution (see,
for example, [7, p. 172])

r(x)=0,+0,t, , (1+1/n)"?, (15)

n-1,p
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where

0, =%, 6,=Q (x,—%) l(n—-1)" (16)

are estimates of expected value and standard deviation, f;  is g-quantile of Student’s distribution with

k degree of freedom. So we can make comparison of this solution with the solution which we get using
new approach.

For considered data, using equation (15) for p =0.01 we calculate ¢, = exp(r(x)) =13162,

which is the value of p-bound for r.v. T on the base of the considered observations (l‘1 by, 1 ) .

Now let us consider the offered new approach. For normal distribution the equation (11) has
following form

fuo,ul\wl ,,,,, w, (”m”l ) = hw”giz H7=1 (0(”0 +wil, )a (17)

where @(x)= exp(— x? /2)/(27r)”2 :

After transformation the equation (12) has the following form

1—a(3, Z, Dzj/r((n—l)/z)zp, (18)

where:

a(;, z, Dzj = Iu””” exp(— u)d)((2u/DZ (n+ 1))”2(2 - ;)'Ddu ,Z= Zr:“zi /n,

n

D. = (Zl- - 2)2 /n, T'() is gamma function, ®(-) is c.d.f. of standard normal distribution.

z
i=1

Now we consider two types of statistics éo , él which for considered data has following values:
A A 1/2
2) 6, =% =10908. 6, =(> (x, %) ((n-1)] " =0.177 = 0.177, (19 a)
b) 4, =x,,=10.735, 6, =x, , —x,,, = 0.354, (19 b)

where x; , is i-th order statistic of vector x = (x1 yees X, )

0 0
In case a) we have 7 = —7.889, in case b) we have 7 =—-3.560 .

Corresponding values of p-bound for r.v. T on the base of observations (l‘l N S ) are:
t, =exp(z(x))=13523, ¢, = exp(z(x)) =13 050.

It seems that the difference between ¢, #, and 5, =13 162 is produced only by the problem to
get required calculation accuracy.

323



3.2. Example 2

Let we have the same sample ¢= (tl b, t ) (45 952, 54143, 65 440) or
X = ()cl,x2 , X5 ) = = (10.735, 10.899, 11.089) but r.v. T has a Weibull distribution and,
correspondingly X = log(T ) has distribution of smallest extreme value with cdf
F, (x) =1- eXp(— exp((x -0, )/ 6, )) In this case the equation (12) has following form

1—a(§, z, Dzj/b(f, D.)=p, (20)

a(;, Z, Dzj (n ?{exp[ uZZ J/[Zexp Uuz. )+ mexp(u T)jjn} , 21
b(z D u 2{exp uZz /(iexp(uzi)j ]du, (22)

where

0

For m =1, p =0.01, using statistics (19a) we get 7 =—11.929 , using statistics (19b) we get
0
7 =-5.424 . Corresponding values of p-bound for r.v. 7 on the base of observations (tl 1 ) are:

t, =exp(z(x))= 6616, 1, = exp(r(x))= 6 752.

0
For m =500, p =0.2 using statistics (19a) we get 7 = —12.889 , using statistics (19b) we get
0
7 =-5.970 . Corresponding values of p-bound for r.v. 7' on the base of observations (l‘l by, 1 ) are:

t, = exp(r(x)) =5584,1, = exp(r(x)) =5568.

Again, it seems that the difference between ¢, and ¢, is produced only by the problem to get
required calculation accuracy.
Considered data really was considered in several papers and for m =500, p =0.2 Lowless

(1973) obtained prediction limit of 5 623, Mee and Kushary (1994) — 5 225. The Mann and Saunders
(1969) result was only 766. Our result really coincides with the results Lowless and Mee & Kushary.
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Paramonovs Ju. Konkréta resursa noteikSana, izmantojot Baiesa-fiduciala metodi

Raksts ir veltits lidmasinas konstrukcijas spéku elementu noguruma sagrisanas novérsanas problémas
risinasanai, izmantojot lidmasinas ekspluatdcijas laika ierobeZoSanu. Lidmasinu nepiecieSami nemt no
ekspluatacijas neatkarigi no konstrukcijas stavokla, ja lidmasinas ekspluatacijas laiks ir vienads ar noteiktu
resursu. Lai iegiit sakuma informdciju aplitkotai problemai risinasanai tiek veikti lidmasinas konstrukcijas
noguruma izmegindjumi. Izmégindjumu gaita lidmasinas konstrukcijas spéku elementu noguruma ilgizturibas ir
fiksétas. Izméginajumu rezultati ir apstradati, izmantojot modernas matematiskas statistikas metodes. Saja
raksta ir pienemts ka ekspluatacijas laika ilgums jaizvele no nosacijuma noguruma sagriusanas varbiitibas
ierobezosanas. Saja gadijuma noteikt resurss ir lidmasinas ekspluatacija minimalai ilgizturibai p-robeza. P-
robezas aprékinam ir piedavata Baiesa-fiduciala metode. Izmantojot tadu metodi més vienmér varam dabiit
atrisinajumu ka pietiekamas statistikas funkciju. Apliukotai problémai Sis atrisinajums dod maksimalu noteikta
resursa sagaidamu vértibu, ja p ir pietiekami maz lielums. Saja raksta skaitliskie pieméri ir aplitkoti, kad ir
(log-) normalais un (Veibula-) minimala gaidijuma lieluma sadalijumi, pieméru salidzinaSanas ar jau
publicétiem rezultatiem ir izdariti.

Paramonov Yu. Nomination of specified life using bayes-fiducial approach

The paper is devoted to solution of the problem of aircraft structural significant item fatigue failure prevention
in the frame of fatigue safe-life approach. In this case the aircraft should be discarded from operation if the
specified life is reach. The flights must be ceased independently on real airframe state. Full-scale fatigue tests
must be carried out in order to get initial information for solution of considered problem. As the result of these
tests we get the observations of fatigue life of aircraft structural significant items. For processing of these data
the modern mathematical statistics method are used. In this paper it is assumed, that we should choose the
specified life under the condition of fatigue failure probability limitation. In this case the specified life is the p-
bound for the smallest fatigue life of aircraft in operation. For its calculation the Bayes-fiducial approach is
offered, which always provides the solution as function of sufficient statistics and, correspondingly, the
maximum of expected value of specified life if p is small enough. In this paper numerical examples for (log)
normal and (Weibull) smallest extreme value (sev) distribution are studied. Numerical example comparison of
this paper results with already published results is given also.

Ilapamonoe IO. Onpedenenue nasnauennozo pecypca, ucnoas3ysa baiiec-gpuoyyuanvnotii memoo

Cmamus noceauwjena pewenuio npoobremvl npedomepayeHus YCmaioCmHo20 paspyuleHusi CUIOBbIX dJIEMEHMO8
camonema 3a cyém 0z2paHudeHuss OIUMeNbHOCU €20 IKCNIyamayul 8eluduHou HasHawennozo pecypca. 1o
00CMUMNCEHUU HAZHAYEHHO20 pecypcd IKCHIAYAmayusi Camonéma npekpawjaemcs He3asucCUMo om e2o
Gdaxmuueckoco cocmosnus. [[ns nonyuenuss ucCxooOrou urgopmayuu 018 pewenuss paccmampusaemon 3a0aiu
NPOBOOSIMCS HAMYPHbIE YCMATOCMHbIE UCNLIMAHUA, 8 X00e KOMOPLIX QUKCUPYEmcst 001208€4HOCHb CUNOBbIX
anemenmos camonema. JamnHvlie 00 YCMANOCMHOU 001208€4YHOCHU 00padamvlearomcs, UCHOIb3VA Memoobl
COBPEMEHHOU  MAMEMAMU4ecKoll cmamucmuky. B Hacmosaweli cmamve RPUHAMO, YMO OONYCKAEMAs.
OUMENbHOCb SKCHIYamayu 00IXHCHA Oblmb 8bIOPAHA U3 YCA08UA 0SPAHUYEHUs 8epPOAMHOCU OomKa3d. B
9MOM CyYae HAHAYEHHLI pPecypc AGIAEMcs p-epaHuyel Oasi MUHUMAIbHOU O00J208€YHOCMU CAMOAEMA 6
axcnayamayuu. s e€ pacuema npeonodcer batiec-gpudyyuanvruviii memoo peutenus 3aoayqu. Mcnoawv3ys smom
MemoO, Mbl 6Ce20d MOJCeM NOAYHUMb peuleHue Kak @QyHKYuio O00Cmamounou cmamucmuxy. s
paccmampusaemol  3a0ayu Mo peuieHue obecneuusaem MAKCUMYM —MANEMATNUYECKO20 — OHCUOAHUS
HA3HAYEHHO2O pecypca, eciu p 00CMamoyHo mano. Huciennvie npumepvl npugedeHvl 0is (102-) HOPMATLHOLO
pacnpedenenuss u (Betibyina) pacnpedenenus naegoeo akcmpemyma. Ilpusedeno cpasuenue ¢ pamee
ONYOIUKOBAHHBIMU Pe3YTbIMamami.
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