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Abstract Thebasic purpose of given articleis consideration of the problems con-
nected with application of amethod of concentrated weights in the tasks of mechanical sys-
tems dynamics at non-classic internal and external constraints. The method of the concen-
trated weights is convenient means of the analysis of dynamic properties of elastic
mechanical systems. It has relative simplicity of definition of the parameters of equivalent
discrete system, the clearness of computing algorithms and provides comprehensible accu-
racy of definition of the lowest natural frequencies. Doubtless advantage of a method is
convenience of modeling of non-classic constraints of fastening and internal constraints be-
tween elements of complex systems. Such problems arise at the decision of practice tasks
of the analysis of dynamics of real systems. The method is used for the analysis of vibra-



tions of a beam with variable parameters at presence of elastic supporting of the beam and
the attached additional concentrated weight. A result of dynamic analysis has a good corre-
lation with the fatigue damages observed at fatigue test of a beam.

Introduction

This article is connected with 6FP Euro project AISHA. The basic purpose of the
project - development of the continuous monitoring system of a technical condi-
tion integrated into a structure. Progressive methods and means of the control over
use of ultrasonic technology are developed. In thin-walled structures it uses prop-
erties of elastic Lamb waves. The fina stage provides carrying out of full-scale fa-
tigue tests on components of real aviation structures for demonstration of working
capacity and efficiency of methods and means of the non-destructive testing. The
object of testing is the helicopter M-8 tail beam (Figure 1). It is Al alloy typical
aircraft component.

At planning experiment there are the problems with a choice of an optimum mode
of the tests combining realization of demanded distribution of stresses, duration of
tests and relative simplicity of excitation of mechanical load. In this connection
there was a necessity of the analysis of dynamic characteristics of the testing ob-
ject.

There is a plenty of methods of the dynamic analysis of mechanical system [1-4].
Exact analytical methods have the limited application and, mainly, their roleis the

Figure 1. Stand of dynamic testing of the heli-
copter MI-8 tail beam ( 1 —thetail beam, 2-
support, 3- mechanical vibrator, 4 — motor, 5
—V-belt gear)



reference decisions for an estimation of accuracy of decisions by the approximated
methods. Among the last the visible place is occupied by Ritz's methods [5], vari-
ous versions of energetic methods [6], and also methods of replacement of system
with continuously parameters by system with the limited number of the concen-
trated weights [6-8]. Universal numerical method of finite elements (FEM) is also
some one of this group method [9].

There are many methods of the dynamic behavior analysis of complex elastic
structure and usually specia estimation of accuracy by comparison with precise
analytical solution shows the rational selection of model parameters allows obtain-
ing of acceptable result of simulation. But modeling of boundary conditions is of-
ten no adequate. Therefore real experimental data is unacceptable difference from
results of smulation in similar cases.

In presented research there are two aims. First of them is the method of the con-
centrated weights application for definition of dynamic characteristics of red air-
craft component with continuously distributed weight. Second (and it is main aim)
is correct simulation of non-classic internal and external constraints at application
of amethod of concentrated weights.

The Method of Concentrated Weights

In connection with the relatively big length of a beam in comparison with diame-
ter of its cross-section the beam schematization of such structure is admissible at
the analysis of its dynamic characteristics. The equation of movement in this case
lookslike
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where v(z,2) is a deflection of a beam, m(z) is the intensity of the weight distribu-
tion, EJ, is bending stiffness of the cross-sections of a beam, and ¢(z,9) is inten-
sity of the distributed external load. If ¢(z,2)=0, the free movement without partici-
pation of external forcesis realized.

Generally, if the mass and tiffness of the cross-sections is distributed non-
uniformly, the analytical decision cannot be received. Therefore the approximated
method of the concentrated weights is used for the purpose of this research. For
definition of natural frequencies and forms the actual beam with continuoudly dis-
tributed weight must be replaced by a weightless beam with the same bending
stiffness, but with finite number of the concentrated weights in finite number of
nods (k+1). For this purpose the beam has been sheared into finite number & parts.
For each of them weight M; and its center coordinate z;. was defined and then it
was distributed between nods (i-1) and i those are finite nods of the part. From a



condition of static equivalence there are the next expressions
M;=AM;_;+AM,

M; z;,=4AM;_; -z, ;+4M,;-z; = Iz,- ~m(z)dz

Zi-1
whereAM;_; and AM; arethe lots of weight of the part, attached to units (i-1) and i
accordingly.
If the beam is sheared into enough plenty of parts within the limits of one part dis-
tribution of weight can be accepted linear and then last two equations can be writ-
ten down so
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or in the dimensionless form
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As aresult relative weights can be expressed in the dimensionless form so
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Where




It is obvious, that the total relative weight inthenod i is m; = M; + M, .

On the basis of a principle of superposition the displacement 4i in the nod i (i=0,
1, ... k) asresult of the action of system of the vertical forces P; concentrated in all
nods, is defined by the following sum

4, =Z;5,.j-Pj=—Z;5,_.,-m_,-A’J’. .............................................. 3)
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whered;; is the factor of elastic compliance.

In the second part of equation (3) the force P; is replaced by the inertial force that
appears in case of natural vibrations. These vibrations are harmonious with fre-
guency w. Therefore

D8 mAT+A, =0 A=A, Sinot
j=1

where4; is amplitude of vibration of the nod i.
Asaresult for definition of amplitudes of free vibrations the system of & the linear
homogeneous algebraic equations turns out
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For a greater generality this system of the equations is convenient for writing
down in adimensionless view
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It is known that non-trivial decision of system (5) exists, if the determinant of co-
efficients of the equationsis equa to zero.

Det{[Sym ;| - x[I]} =0 (6)

Rootsx; of the equation (6) define natural frequencies of vibrations.



After their definition the natural forms can be received too.

Verification of definition of dynamic characteristics by a method of the concen-
trated weights was carried out calculation for a console beam of constant cross-
section and uniformly distributed weight. It is established, if there is k=8 ... 10 ,
then at least first two natural frequencies practically coincide with their exact val-
ues.

The Analysis of Dynamic Characteristics of a Beam Under |deal
Boundary Conditions

The method described above leads the numerical analysis of natural frequencies
and forms of a beam of the helicopter at perfect conditions of supporting: a jam-
ming at one tip. In Figure 2 the scheme of the test system is presented. The thin-
walled tail beam of the helicopter has an elastic attachment 1 to the motionlesstip,
in the middle part of abeam the additiona weight 2 (about 94 kg) is attached.

Fig. 2. The beam has elastic support 1 and the
mass 2 also has the same kind of connection
with beam, 3 is the vibrator

On the free tip of a beam the mechanical vibrator 3 in weight about 50 kg is in-
stalled. If to accept, that connections of a beam with the basis and additional
weight with a beam are absolutely rigid, then the relative distribution of weight
among nods isin table 1. Own weight of the beam, the attached weight in an mid-
dle zone of abeam and weight of the vibrator consist common weight.

In Fig. 3 results of calculation of first two natural frequencies and forms are
shown. In connection with large bending stiffness of a beam and small weight it
has high frequencies. The second form of vibrations is obeyed by the requirements
of planned tests: the maximal curvature bended axes of a beam so, and the maxi-
mal stress take place in the middle part of a beam.



Table 1. Mass distribution among the nods of system

Weight 0 1 2 3 4 5
number
m/mg 1] 0.043 | 0.063 | 0.061 | 0.243 | 0.241
Weight 6 7 8 9 Total
number

m/my | 0.049 | 0.041 0.039 0.220 1.00
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Fig.3. First and second natural form of vibration

The Account of I nfluence of Non-classic | nternal and Exter nal
Constraints

Two types of deviations from ideal boundary conditions are examined:
- Elastic fastening;
- An elagtic attachment of the additional concentrated weight.
Let the characteristic of the elastic hinge looks like M, = K& , where K is factor

of elastic hinge stiffness, @ is the angle of turn in the hinge, M, is the moment in
the hinge.

At action of single force in nod there is moment M,=1z; causing rigid turn of a
beam about the axis of the hinge&; =M, /K =z; /K . As aresult in section j

there will be the additional deflection caused by an elastic compliance of the hinge
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So that to consider influence of elastic compliance hinge fastenings it is necessary
to calculate a total complianced; = d;; + &, - The subsequent calculation of

frequencies and forms remains the same.

The account of elasticity of an attachment of the additional concentrated weight
can be shown also to updating a matrix of an elastic compliance. L et the additional
weight m, is attached in anod & by means of elastic connection with stiffness C. It
is obvious, that connection of additional weight increases number of degrees of
freedom and, means, the number of the equations of movement will be equal n+1.
Thus
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Both of the kinds of elastic connections are available in the dynamic system exam-
ined in p.3. For the real object prepared for test, the approximated estimation of
stiffness of connections has been executed. Their relative values are equal accord-

ingly

K
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1/68,
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Figure 4 presents results of calculation of first two natural frequencies and forms
of a beam in structure of this dynamic system. The natural form value for addi-
tional concentrated weight is equal — 1.42. It means the displacement of additional
concentrated weight in 1.42 times more than the displacement of free tip of the
beam and has opposite phase of vibrations. It is visible, that on the first form of
moving of a beam are defined mainly by an angular compliance of a trailer sup-
port. The axis of a beam is kept practically direct that testifies about small effect
of bending. The second natural frequency and the form in this case is more similar
to the first frequency and the form of vibrations at arigid jamming. Nevertheless
thisform is much more complex.

Thelead analysis shows exclusively strong influence of conditions of fastening of
abeam and presence of elastic connections with other objects to dynamic charac-
teristics, in particular, to natural forms and frequencies of vibrations



Tail beam of MI-8, Dyn.calcul.: f1=5.53Hz, f2=60.5Hz
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Figure 4. First and second natural frequencies and forms
of the tail beam of helicopter at non-classic connections

The estimation of nominal stress of a beam under itsform bended axes

Let vi(z) is the form i of the bended axes of a beam. Then the bending moment
M (7 ) inthissection is defined by curvature of this axisin the given section

d?,
M(z)=EJ, dz‘;' .............................................................. ©

and the maximal direct stress are defined under the formula

where W(z) is the moment of resistance of section.

If amplitude of moving of the free end of a beam to designate A4,, then the formula
(2) of the maximal direct stress can be wrote in next form

_EJ (z)d*, 1 dv.
" w(z) dz? 217 dz?
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where Jy(z) isthe moment of inertia of section, D and [ is external diameter of sec-
tion and length of a beam, E is the module of elasticity of a material of a beam.

The form of vibrations is expressed in the relative form v, = v, / A, asafunc-

tion of relative coordinate of sectionz = z/1 .

o 1 N
It is obvious the constant 0, = ? EDA, has the same dimension as the stress

and its value is defined by the amplitude of moving of the free tip of abeam. Asa
result

— — o-max — dz‘ji
O ,ux _O'—_ dzz ............................................................... (12
0

Thus, the maximal stress distribution along beam longitudinal axis at a bend of a
beam under the form i is completely defined by the relative curvature of bended
axes. For definition of absolute value of stress it is necessary to set amplitude of

moving of the free tip of abeam and to calculate ascale constant 0, .

In [12] first two natural frequencies and forms of a tail beam of helicopter Mi-8
are obtained at the conditions of supporting those are approximately the same as at
dynamic tests. It allows leading an estimation of the maximal direct stress in the
sections of a beam. With this purpose the second form presented in the relative
form was approximated by a polynomial of the fifth degree. There is enough high
accuracy of approximation of the form. However it is known that differentiation of
apolynomial can lead to greater mistakes for derivatives. Therefore it was carried
out also approximation by a polynomial of higher degree. Comparison of results
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Figure 5. Comparison theoretical and experimental results for
the Advvnamie drecs in a dein nf tail heam nf halicnnter
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really confirms this statement, if to consider the form on all length of a beam.
However, significant differences are characteristic for zones of small stress, near
to the tips of a beam. In the most intense zone the difference of stresses at the fifth
and sixth degrees of a polynomia are insignificant.

In Figure 5 the corrected results of calculation of relative pressure in sections of a
beam are presented. It is visible, that the maximum of pressure is approximately
on three quarters of length of a beam.

Fig. 6. The fatigue cracks in aframe as aresult of dy-
namic overload induced by additional concentrated
weight in middle part of the tail beam

Dynamic tests at frequency of the exciting force equal to the second natural fre-
guency of beam were caused with initiation of fatigue damages to a zone of pre-
dicted maximal stresses. The example of a fatigue crack in a frame of a beam is
presented on Figure 6.

Conclusions

The method of the concentrated weights is convenient means of the analysis of
dynamic properties of elastic mechanical systems. It has relative simplicity of
definition of the parameters of equivalent discrete system, the clearness of com-
puting agorithms and provides comprehensible accuracy of definition of the low-
est natural frequencies. Doubtless advantage of amethod is convenience of model-
ing of non-classic constraints of fastening and internal constraints between
elements of complex systems. Such problems arise at the decision of practical
problems of the analysis of dynamics of rea systems. Presented calculation for the
rea testing system demonstrates very important effect of real boundary conditions
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to dynamic properties of elastic systems.
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