NONLINEAR INTERACTION OF FORCED AND PARAMETRIC OSCILLATIONS OF FLEXIBLE ELEMENTS

LOKANO ELEMENTU UZSPIESTO UN PARAMETRISKO SVĀRSTĪBU NELINEĀRĀ MIJIEDARBĪBA
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Lateral oscillations of flexible elements (belts, cables, guy ropes, strings, etc.) in machines and devices under simultaneous action of kinematical and parametric excitations are studied. Mathematically the problem is presented as a partial differential equation describing interaction of forced and parametric oscillations of flexible element with due account of its geometrical, static and physical nonlinearities. By the mathematical simulation the influence of additional pulsation of axial tension force of flexible element on parameters of its forced resonant oscillations has been analyzed. It is shown, that under the additional parametric excitation with frequency ( = (2 ( 2.08)(1 and relative amplitude  μ = 0.20 ( 0.25  sufficient extension of frequency range of stable resonant forced oscillations is realized. Extension effect has a negative influence on machine operation, because facilitates the increased dynamic loading and failure of flexible element. Opposite effect of suppression of forced lateral oscillations is realized in the case of axial tension force pulsation with frequency ( exceeding in 2.8 ( 3 times the lowest natural frequency (1 of flexible element. Utilizing of this effect makes it possible to suppress the unfavorable forced resonant oscillations of flexible element within pulling zone and thanks to this to extend the allowable operating frequency range of machine. This is especially important in cases, when tuning away from hazard resonant frequencies is hindered or impossible at all.
Introduction

Flexible elements (belts, cables, guy ropes, filaments, strings, etc.) are widely used in machines and devices for various practical purposes (belt and chain transmissions, vibrating belts of vibromixers, guy ropes for stabilization of motion of vibromachine tool in prescribed direction, etc) [1, 2]. Lateral vibrations of flexible elements, which can occur during the operation of machine, are extremely detrimental. They give rise to additional dynamic loading, which encourages wearing and failure of flexible elements.

Spectrum of resonance lateral oscillations of flexible elements may be sufficiently dense (resonances of forced vibrations, simple parametric resonances, combination resonances). Besides, geometrical and physical non-linearity of flexible element can result in pulling of resonant oscillations and further widening of dangerous frequency ranges. In such conditions system’s tuning away from resonance frequencies remains problematic.

Most of known works in the field of nonlinear dynamics of flexible elements are devoted to the analysis of free vibrations (e.g., [3-5]). Characteristic properties of nonlinear parametric oscillations of flexible elements are analyzed in [6]. But cases of interaction between forced and parametric oscillations are usually considered only in application to the simple mechanical systems with one degree of freedom [7-9]. Original method for suppression of nonlinear parametric oscillations of flexible element by the action on the system with additional kinematical excitation is proposed in [10]. This paper deals to the decision of opposite problem – suppression of forced nonlinear resonant oscillations of flexible element by the action on it with additional pulsation of axial tension force.

Dynamic model

Transverse oscillations of taut flexible element (thread) under kinematical and parametric excitations are considered (Fig. 1). Kinematical excitation is caused by forced transverse displacement of one end of the flexible element, but parametric excitation is due to additional periodic variation in time of axial tension force.

In forming of differential equation of oscillations some assumptions are made. It is supposed, that stiffness in bending of flexible element is negligible in comparison with its stiffness in tension, but weight of flexible element is ignorable in comparison with axial prestressing force T0. Besides, it is considered that oscillations are performed in one plane, which runs along the centre line of a non-deformed flexible element. Taking the direction of the co-ordinate axis z along this centre line, the differential equation for transverse vibrations of flexible element can be stated as follows [2, 5]:
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where T0 is the prestressing force of flexible element; ( and ( are the non-dimensional amplitude and the frequency of parametric excitation; b1 and b2 are the coefficients of internal and external friction; y is the lateral displacement of the flexible element’s cross-section with the co-ordinate z. 
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where h and ( are the amplitude and frequency of external kinematical excitation.
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Fig. 1. Model considered in dynamic analysis

The functional f(() in equation (1) takes into account additional tension caused by elastic deformation of flexible element during its oscillations (physical non-linearity). The elongation ( of flexible element can be determined by formula [5]:
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where l is the length of flexible element.

The relationship between axial stress ( in flexible element and its elongation ( can be approximately described by the expression
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where E is the elasticity modulus of material; ( is the coefficient of non-linearity. In this case the functional f(() can be expressed in the following form
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where A is the cross-section area of flexible element.

Therefore an increment in tension is caused by integral elongation of flexible element and is independent of co-ordinate z. Non-linear term 
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 of equation (3) takes into account geometrical non-linearity of flexible element [5]. In the case of forced transverse displacement of the right end of the flexible element the end boundary conditions are as follows:

Equation (1), subject to the expressions (4) – (5), was solved on an analogue-digital computer system predominantly set up for the solution of complex non-linear dynamics problems [11]. The integration of non-linear differential equations is carried out on the high-speed analogue part of the computer system, but control over the programming of the analogue part and data processing is executed by the digital part. The methods of mathematical simulation and the operational principle of the computer system are described in more detail in references [2, 12]. The quantitative estimation of accuracy in analogue-digital simulation was carried out by the solution of test examples and particular engineering problems [2, 13, 14].

Forced oscillations of flexible element

First the case of kinematical excitation only (( = = 0) is considered. A body of research is limited with resonance regime corresponding to the first natural frequency (1 of flexible element. As an illustration, Fig. 2 shows a typical amplitude-frequency characteristic (AFC) for lateral oscillations of flexible element, which have been plotted assuming T0/EA=3.5(10-4, b1(1=0.002, (/E =0.36, (lg/EA=5.7(10-6 and h/l = 0.005. Dimensionless displacement u0/l (in antinodal point of the first resonant mode) is projected as amplitude on this AFC. Frequency of kinematical excitation is also laid off in dimensionless form 
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The most intensive resonant oscillations with high amplitudes are realized  in part  bc  of the AFC (zone of
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Fig. 2. Amplitude-frequency characteristic of forced oscillations
	nonlinear pulling of vibrations). These resonant oscillations cause the appearance of high dynamic stresses in flexible element, and therefore they can be extremely detrimental for normal operation of machine. But, from the other hand, oscillations in part bc of the AFC have a limited reserve of stability [15]. This can result in non-stationary transfer of the system from the resonant curve bc to the non-resonant curve de. For example, such non-stationary transfer may be the result of some random perturbations, which can occur in operation regime of machine.

In accordance with the mathematical simulation, additional pulsation of axial tension force T(t) of flexible element in some conditions may be used as an instrument for special-purpose control of bifurcation frequencies ν1 and ν2. Depending on parameters of additional parametric excitation ((, η = (/(1), frequency range of dangerous resonant oscillations may be contracted or extended. These problems are considered further on in more details.
Extension of the frequency range of stable resonant forced oscillations
In accordance with the results of mathematical simulation, dangerous variant of dynamic loading of 

	flexible element is realized under the additional pulsation of axial tension force T(t) with frequency 
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, which is near to the top limit of the main zone of parametric resonance [6, 16]. In such conditions a frequency range of stable forced resonant oscillations becomes sufficiently wider. The influence of additional parametric excitation T(t) on dynamic behaviour of the system is illustrated with typical AFC shown in Fig. 3. Full lines abc and de correspond to the purely forced oscillations (μ = = 0), but dotted lines a1b1c1 and d1e1 – to the case of additional pulsation of tension force T(t) with frequency η = 2 and amplitude μ = 0.2. As it is seen from the AFC presented (see Fig. 3), periodic pulsation of axial tension force T(t) favours a shift of the opposite jump frequency ν1 into the high-frequency range (shift of point d into the position d1). At the same time a value of quench frequency ν2 practically remains unaffected (compare the position of points c and c1 on the AFC). Therefore resonant oscillations with high amplitudes become the only possible in the frequency range d-d1.

The revealed property of extension of frequency range of stable resonant forced oscillations has a negative influence on machine operation, facilitating an increased dynamic loading of flexible elements. Therefore in designing stage of machine it is necessary to exclude the possibility of pulsation of axial tension force T(t) with frequency 
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	Fig. 3. Amplitude-frequency characteristics:

full lines – purely forced oscillations (μ = 0); dotted lines – regime resulted from 

interaction of forced and parametric oscillations (η = 2; μ = 0.2)



	Suppression of forced resonant nonlinear oscillations due to additional pulsation of axial tension force
As it follows from the analysis of solutions of the set of equations (1) – (5), additional pulsation of axial tension force T(t) can cause the disturbance of phase co-ordinates u and 
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, which drives the system to the breaking down of non-linear forced oscillations within frequency range bc (Fig. 2). What is more, by the proper choice of parameters Ω and μ of the parametric excitation it is possible to reduce sufficiently a width of the pulling zone bc and thanks to this suppress completely forced resonant oscillations in wide frequency range. Values of Ω and μ, which ensure such suppression, have been determined by the mathematical simulation on the base of factorial experiment design During this simulation main dimensionless parameters of the system have been varied within the limits: T/EA = (0.5(5)(  ·10-4; b1(1 = 0.002 ( 0.018;    ( = (/(1 = 2 ( 4; ( = 0 ( 0.5. Experimental points have been located within this space of parameters in accordance with the uniform distribution design [17]. A body of research is limited with resonance regime corresponding to the first natural  frequency  (1  of  flexible  element. It is shown, 

	that application to flexible element of additional parametric excitation μsinΩt is effective in the high frequency range (( = (/(1 = = 2.8 ( 3). In this case suppression of non-linear forced resonant oscillations is achieved under the least possible amplitude μ = 0.20 ( 0.25 of parametric excitation.

Effect of suppression of forced resonant oscillations of flexible element is illustrated with typical AFC shown in Fig. 4. Full lines abc and de correspond to the purely forced oscillations   (μ = 0), but dotted lines a2b2c2 and d2e2 – to the case of additional pulsation of tension force T(t) with frequency η = 3 and amplitude μ = 0.25. As it is seen from the AFC presented, in the case of μ = 0 maximal amplitudes of lateral oscillations of flexible element are realized in the vicinity of resonant point c (here u0/l ≈ 0.07). Additional pulsation of axial tension force T(t) favours a shift of the quench frequency ν2 into the low- frequency range (shift of point c into the position c2), but doesn’t affect a value of opposite jump frequency ν1. Therefore oscillations with small amplitudes become the only possible in the wide frequency range lain between points e2 and e of the AFC, but maximal value of resonant amplitude is reduced in twice (u0/l ≈0.035 in the point c2 of the AFC)
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	Fig. 4. Amplitude-frequency characteristics: full lines – purely forced oscillations (μ = 0);

dotted lines – regime resulted from interaction of forced and
parametric oscillations (η = 3; μ = 0.25)


	in comparison with the case of μ = 0.

On the base of theoretical study a new method for suppression of forced lateral oscillations of flexible element is proposed. The essence of this method may be explained by the example device shown in Fig. 1. Initially a flexible element is preliminary tensioned between two supports of the device. During operation the right support makes vertical vibrations by the law h(t) = hsinωt, that causes the kinematical excitation of resonant lateral oscillations of flexible element. For suppression of these oscillations an additional vibration excitation is applied to system (e.g., by attachment the end of flexible element to a piezoelectric exciter), initiating a pulsation of axial tension force T(t) with relative amplitude μ = 0.20 ( 0.25 and with frequency ( exceeding in 2.8 ( 3 times the lowest natural frequency (1 of flexible element.

Application of the proposed method makes it possible to prevent the excitation of intensive lateral oscillations of flexible element both in stationary regime and in speed-up or run-out of machine. Thanks to this the range of allowable operation speeds of machine may be sufficiently extended. This is especially important in cases, when tuning away from hazard resonant frequencies is hindered or impossible at all.

	Conclusions
Characteristic properties of interaction of forced and parametric oscillations of flexible elements in machines are studied. It is shown by the mathematical simulation, that frequency range of stable forced resonant oscillations may be contracted or extended due to parameters of additional parametric excitation. The main conclusions are as follows.

(1) Sufficient extension of frequency range of stable resonant forced oscillations is realized under the additional pulsation of axial tension force T(t) with frequency ( = (2 ( 2.08)(1 and relative amplitude μ = 0.20 ( 0.25. This effect has a negative influence on machine operation, facilitating an increased dynamic loading of flexible elements.

(2) New approach to the suppression of unfavourable forced resonant oscillations of flexible element based on action on it with additional pulsation of axial tension force is proposed. It is shown, that effect of suppression is realized in the frequency range ( = (2.8 ( 3)(1 under the relative amplitude of pulsation lain within the interval μ = 0.20 ( 0.25. This method makes it possible to extend the allowable operating frequency range of machine.
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Beresņevičs V. Lokano elementu uzspiesto un parametrisko svārstību nelineārā mijiedarbība

Aplūkoti mašīnu un mehānismu lokano elementu (siksnu, kabeļu, tauvu, stīgu u.c.) šķērssvārstības pie kinemātiskās un parametriskās ierosmes. Matemātiski uzdevums ir formulēts, ka lokana elementa uzspiesto un parametrisko svārstību parciālais diferenciālvienādojums, turklāt tiek ņemta vērā lokana elementa ģeometriskā, statiskā un fiziskā nelineāritāte. Izmantojot matemātiskās modelēšanas metodes, tiek novērtēta aksiāla stiepējspēka papildus pulsācijas ietekme uz lokana elementa uzspiesto rezonanses svārstību parametriem. Parādīts, ka papildus parametriskā ierosme ar frekvenci ( = (2 ( 2.08)(1 un relatīvu amplitūdu μ = 0.20 ( 0.25 nodrošina rezonanses svārstību stabilizāciju paplašinātā frekvenču diapazonā. Šai nelineārajai īpatnībai ir negatīva ietekme uz mašīnas darbību, jo tās realizācija veicina lokana elementa paaugstinātu dinamisku slogojumu un sagraušanu. Konstatēts arī pretējs nelineārais efekts, kas saistīts ar iespēju apspiest lokana elementa nevēlamas šķērssvārstības, ierosinot aksiāla stiepējspēka papildus pulsāciju ar frekvenci (, 2.8 ( 3 reizes lielāku par zemāku pašsvārstību frekvenci (1. Uz šī efekta pamata iespējams apspiest lokana elementa rezonanses šķērssvārstības ievilkšanas zonas ietvaros un līdz ar to paplašināt mašīnas pieļaujamo darba ātrumu diapazonu. Tas varētu būt īpaši svarīgs gadījumos, kad noregulēšana no bīstamiem rezonanses frekvencēm ir apgrūtināta vai pavisam nav iespējama.

Бересневич В. Нелинейное взаимодействие вынужденных и параметрических колебаний гибких элементов

Рассмотрены поперечные колебания гибких элементов машин и механизмов (ремней, тросов, растяжек, струн и др.) в условиях одновременного действия кинематического и параметрического возбуждения. Математически задача сводится к дифференциальному уравнению в частных производных, описывающему взаимодействие вынужденных и параметрических колебаний гибкого элемента с учетом его геометрической, статической и физической нелинейностей. Посредством математического моделирования изучено влияние дополнительной пульсации силы осевого натяжения гибкого элемента на характеристики его резонансных вынужденных колебаний.

Показано, что в случае дополнительного параметрического воздействия на систему с частотой ( = (2 ( 2.08)(1 и относительной амплитудой μ = 0.20 ( 0.25 частотный диапазон существования устойчивых резонансных вынужденных колебаний существенно расширяется. Это затрудняет частотную отстройку от опасных резонансных режимов, что может привести к повышенному динамическому нагружению и последующему разрушению гибкого элемента. Противоположный эффект подавления вынужденных поперечных колебаний реализуется в случае пульсации силы осевого натяжения с частотой (, превышающей в 2.8 ( 3 раза низшую собственную частоту (1 гибкого элемента. На основе реализации данного эффекта возможно подавление резонансных колебаний гибкого элемента в пределах зоны затягивания, что позволяет расширить допустимый частотный диапазон работы машины. Это особенно важно в тех случаях, когда частотная отстройка от опасных резонансных режимов затруднена либо вообще невозможна.
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