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IMPEDANCE OF A COIL ABOVE A HALF-SPACE WITH VARYING ELECTRIC AND
MAGNETIC PROPERTIES
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A two-parameter family of analytical solutions is found in the
paper for the case where a single-turn coil with alternating
current is located above an electrically conducting half-space. The
electrical conductivity and magnetic permeability of the half-space
are exponential functions of the vertical coordinate. The problem
is solved by the method of Hankel integral transform. The solution
is obtained in closed form in terms of improper integrals
containing Bessel functions. Results of numerical calculations are
presented. The obtained solution is also generalized for the case of
a coil of finite dimensions. The formulas obtained in the paper can
be used to solve the inverse problem of determining the parameters
of a conducting half-space in cases where the electrical
conductivity and magnetic permeability of the medium are not
constant.

Introduction

In many engineering applications the external magnetic
field can modify the electric and magnetic properties of
the conducting material. Examples include surface
hardening, decarbonization, surface alloying and
determination of thickness of metal coatings [1], [2].
The changes in the electric and magnetic properties of
the material can be taken into account by considering
the solution obtained, for example, by Dodd and Deeds
[3] for the case of a multilayer medium with constant
properties. Up to 50 layers of a multilayer medium with
constant properties were used in [4] to model the
variation of the electric conductivity and magnetic
permeability in the vertical direction. Alternatively, one
can approximate the magnetic permeability and/or
electric conductivity by continuously varying profiles
of a relatively simple form for which the change in
impedance of a coil can be found in closed form by
means of known special functions [5]-[7]. In particular,
analytical solution of two problems where either
electric conductivity or magnetic permeability is
exponentially varying with depth is considered in [5]. In
the present paper we generalize the results of [5] for the
case where both electric conductivity and magnetic
permeability are exponential functions of the vertical
coordinate. In addition, the formulas for the change in
impedance are obtained not only for the case of a
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single-turn coil (as in [5]) but also for the case of a coil
of finite dimensions.

Single-turn coil above a half-space with depth-
varying electric and magnetic properties

Consider a single-turn coil of radius r, situated at
height h above a conducting half-space with electric
conductivity o and magnetic permeability x«. We
assume that both o and u are exponentially varying
functions of the vertical coordinate, namely,

o =00, 1= pou,e", (1)

where o, 1, 1y, and S are constants.

Suppose that the vector potential A has only one
nonzero component of the form

A= A(r,2)8,, @)

where é(p IS a unit vector in the ¢ -direction.

Here (r,,z) is a system of cylindrical polar

coordinates centered at the origin, with the z -axis
directed upwards. The alternating current in the coil is
given by

i(t)e, = I exp(jat)e,,

where j=-/—1, @ is the frequency and | is the
amplitude of the current.

In this case the amplitude A of the vector potential
satisfies the following system of equations (see [7]):

O°A L 10A A OA =—u,15(r —1.)8(z - h), B)

o ror r* az?
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at ror r2 ozl oz The general solution to (13) is

~ joo, pou.e A =0,

where o6(x) is the Dirac delta-function and the
functions A, and A, represent the solutions in the

regions z >0 and z <0, respectively.
The boundary conditions are

%l—o:ia_Ail—

m

AOle Allz =01 (5)

In addition, we assume that the functions A, and A,
satisfy the following conditions at infinity:

A,%—)O,as r—-o,i=01 (6)
A, > 0,as Z—>+4w, A —>0,as Z—>—0. (7)

In order to solve (3) — (7) we use the Hankel
transform of the form

A(A,z):TA(r,z)rJl(ir)dr, i=01  (8)

where J,(X) is the Bessel function of the first kind of
order 1. Applying (8) to problem (3) — (7) we obtain

d?A,

A = ()5 -h), - ©)

SRy oy~ <0,(10)
d 1 d

Ao lo= A .o A°| Allzo, (1)

,&0 — 0,as Z > +oo, '&1 —0,as Z—>—0. (12)

The solution to (9) can be easily obtained in the two
regions 0<z<h and z>h. We denote the solution

to (9) in each of the two regions by AQ0 and AOl,
respectively. Thus,

d* A,

~22A, =0, O<z<h, (13)
dz?
ddZA‘” A, =0, z>h. (14)

,&00 =Ce”+Ce™” (15)

The solution to (14) which satisfies (12), that is,
which is bounded as z — +oo, has the form

A, =C.e . (16)

The solution to (10) which is bounded as z — —o©o
can be found in terms of the Bessel functions (see [8],
formula 2.1.3.10, page 247):

A(1,7) =C,e""21 (cet?'?)
2\/ ja)luol’lmam
a+pf '

Using (15) and (16) and the fact that the functions
Ay, and A, are continuous at z = h we obtain

17)

where € =

CeM+Ce ™ =Ce™. (18)
We integrate (9) with respect to z from h—g to

h+e:

~

h+e

— 262 A (A, E) = 114

h-¢

Ir,3,(Ar,). (19)

where £ isapointintheinterval h—e <& <h+e.

The main property of the delta-function and the
mean value theorem is used to derive (19). Taking the
limit of (19) as € — +0 we obtain

dA,
dz

=
P — iy, 3,0,

z=h

(20)

Using (15), (16) and (20) we obtain

—C,Ae ™ —CAe™ +C, e = — 1, Ir,J, (Ar,).

Two equations for the unknown constants C,,C,
and C, are obtained from (11) and have the form

C,+C, =C,1,(0), (21)

45



SCIENTIFIC JOURNAL OF RIGA TECHNICAL UNIVERSITY

Series - Computer Science -

Boundary Field Problems and Computer Simulation -

51% thematic issue 2009

Cl—cz=&[§lv(c) oo+ ﬂ)l (c)} 22)

Apty,

The unknown constants Cl,CZ,C3 and C, are
obtained from the solution of the linear system (18),
(20) — (22). In particular, the values of the constants C,
and C, are

_ Mot 3, (r)e " (22, = A1, (©) —cla+ B)1, )] (23)

’ 2A[(2Au, + )1, (€) +c(a+ B)1,(©)]
2ty I1 3, (A1, )"

QA + BN, () +c(a+ B, (c)

(24)

4 =

It can be shown (see [7]) that the induced vector
potential A™ (4,z) is given by

A™(2,2) =C,e ™, (25)

where C, is calculated by means of (23). Applying the
inverse Hankel transform

Ai(r,z):TA(ﬂ,z)ﬂJl(/ir)dﬂ,, i=01 (26)

to (25) we obtain the induced vector potential in the
form

AP (r,2) =2 [F (03, Gr)3, (e M2, 20)

where
F(/l)z —ﬂ)lV(C)—C(Ol-i-ﬂ)'V(C)

=PI, (©)+cla+p)l,(c)

(2Ap,
(22u,,

(28)

The induced change in impedance, Z™ , is obtained
from the formula (see [7]):

zim = I A (r by 21

Using (27) and (29) we obtain the induced change in
impedance in the form

(29)

Z™ = au,r’ j F(A)JI2(ar,)e " dA.  (30)
0

Introducing the dimensionless variable s=Ar, we
rewrite formula (30) in the following form

Z™ = mou,r.Z,
where
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— JJ.(ZSIUm ﬁ)l (C) C(a+ﬂ)| (C)J (s)e—Zyst (31)
2 (281, + PN, (©) +E(@+ )1, (€)

The following notations are used in (31):
C_Zn\/T ‘/_\/ﬁ~’2+4s2
a+p’ a+p

~ h
n=1\J0o tot, G=ar,, f=pr, y=—.

rC

If electric and magnetic properties of a conducting

half-space are constants (& =0, B =0) then the
solution for the change in impedance has the form (see

[7]):

Z™ = neouZ,
where
T Sp, —S% +
z=j[#n" i =J; ?(s)e™¥*ds. (32)

Osum+\ls +J77

Coil of finite dimensions above a half-space with
depth-varying electric and magnetic properties

Consider the coil located at a distance h, above a
conducting half-space where o and u vary with depth
as in (1). The height of the coil is h, —h, and the inner
and outer radii are r; and r,, respectively. Let w be the
number of turns in the coil. Consider two rings in the
coil, centered at the points (r,,z,) and (r,,z,),
respectively. The vector potential on the contour of the
ring centered at (r,,z,,) due to eddy currents induced

in the ring centered at (r,,z,) is

g Holr, wdzdr A(zg+2,)
A _ Holly F(A)J,(Ar,)3, (Ar, )e " )d A,
2 (hz _h1)(r2 - 1)'([ ' '

(33)
wdzdr s the number of turns in the ring

(h, =h)(r, —1,)
centered at (r,, z,) . Integrating (33) with respect to I,

n!'e=n

where

from r, to r, and with respect to z, from h, to h, we
obtain the vector potential in the ring centered at
(r,,z,) due to eddy currents induced by the whole
coil:

- —Ahy
MW GF A e ”m[jzrn\]l(/lrn)drn}QT[e’A”‘Z’”“ ~1jda.
n

A== 2(h, —h)(r,-1)o A
(34)
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Integrating (34) with respect to r,, from r, to r,

and with respect to z,, from h, to h, we obtain the
induced vector potential of the coil in the form

A;']f‘. _ HoIW? T F(4) (e—lhz

—e ™ Fp2(r,r,, A)dA
2(h, —h)2(r, —1)2 3 A frtter. )

(35)
Ar,
where 7 = [ &, (&)dé.
n
The induced change in impedance can be written in
the form

0

w? F (-, o )2 2
e ™ —e n(r,r,,A)d1-
(hz _hl)z(rz - rl)z '([ 2 ' v

chgldl = jomu,

(34)

Numerical results

The impedance change Z , computed by means of (31)
and (32) is shown in Fig. 1 for the case y=0.05,

4, =5, @=0 and different values of . Calculations

are done by means of Mathematica. The choice of the
software package depends on the complexity of the
problem. Mathematica can be effectively used to
compute integrals (31) and (32). First, Mathematica has
built-in routine to compute definite integrals. Second, it
also has an option of calculating Bessel functions of
variable order and complex argument.

m b L

0.5F

8l

Fig. 1. The change in impedance of the single-turn coil
as a function of 7 due to the presence of a conducting
half-space with variable magnetic properties. The
curves (from top to bottom) correspond to the cases

5’ = 5,,5 =2 and ﬁ~ =0, respectively

The calculated points shown in Fig. 1 correspond to
the values of 77=1,2,...10 (from left to right). As can

be seen from the graph, the increase in ,[? leads to the

larger values of the components of the induced change
in impedance (both real and imaginary parts increase
for the same value of 7).

Conclusions

The formulas for the change in impedance of a single-
turn coil and coil of finite dimensions for the case
where the coils are located above a conducting half-
space whose magnetic permeability and electric
conductivity are exponential functions of the vertical
coordinate are obtained in the paper. The solution of the
problem for the vector potential of the coils is obtained
in closed form in terms of improper integrals containing
Bessel functions. Results of numerical calculations are
presented.
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Koliskina V., Volodko 1. Spoles pretestiba virs elektriski vadosas
pustelpas ar mainigam elektriskam un magnétiskam ipasibam
Raksta ir iegiita divu parametru analitisko atrisindjumu saime
uzdevumam par vijuma ar mainigo stravu elektromagnétisko lauku
virs elektriski vadoSas pustelpas. Vides elektriska vadamiba un
magnétiska caurlaidiba ir eksponencialas funkcijas no vertikalas
koordinatas. Probléma ir atrisinata ar Hankela integralo
transformacijas metodi. Atrisindjums ir iegiits ar neisto integrali, kas
satur Besela funkcijas. Ir iegiti ari skaitliskie rezultati. Iegatais
atrisinajums ir visparinats galigo izméru spoles gadijjumam. Raksta
iegtas formulas var izmantot inversas problémas atrisinajumam
(pustelpas parametru noteikSanai) gadijumos, kad vides elektriska
vadamiba un magnétiska caurlaidiba nav konstanti lielumi.

Koasimkuna B., Boiaoako U. UMnenanc kaTymku Hajg
MOJIYNPOCTPAHCTBOM € epeMeHHbIMH YJIEKTPUIECKHUMH 1
MAarHHTHBIMM CBOiiCTBAaMH

B cratbe  moiydeHO  JByXIapaMeTpUUECKOe  CeMEHCTBO
AQHAINTUYECKUX pEIMIeHNIl 3aJadW O MOJe BHTKA C IHEPEMEHHBIM
TOKOM, PACHOJIOKEHHOTO Haja TPOBOJAIINM MOIYHPOCTPAHCTBOM.
OnexTpudeckas MPOBOJUMOCTb M MAarHWTHAas IIPOHHUIIAEMOCTD
TIOTYTIPOCTPAHCTBA SBISIOTCS YKCIOHEHIIMAIBHBIMHI (DYHKITHSAMH OT
BEPTUKAJBHOM KOOpAMHATBHL. 3ajaya pelleHa C  IOMOUIbIO
MHTETPAILHOTO NpeoOpa3oBaHus XaHKens. PelieHne MOIydYeHO B
BHUJIe HECOOCTBEHHBIX MHTETPANIOB, cosiepkaiux GyHkuun beccens.
[TpuBeneHb! pe3ynbTaThl PAacyeTOB IO IMOJYYEHHBIM (OpMYyaMm.
Ilony4yenHoe pemeHne OO0OOIIEHO TakkKe HA CIIydaill KaTyIIKH
KOHEYHBIX pa3MepoB. [lorydeHHbIe B cTaThe ()OPMYITBI MOTYT OBITH
HCTIONB30BAaHBl JUIA peIIeHUs OOpaTHOH 3ajadd OIpeAeNICHUS
TapaMeTpoB IPOBOJAIIETO IOIYIPOCTPAHCTBA B CIIydasX, KOTAA
OJICKTPOINPOBOJHOCTE M MAarHuTHasd MNPOHULACMOCTb CPEAbl HE
ABJIAKOTCA IMMOCTOAHHBIMU BECIIUMYHMHAMMU.
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