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Abstract - This paper examines conditions a neuratwork has to
meet in order to ensure the formation of a space fehtures
satisfying the compactness hypothesis. The formioiat of
compactness hypothesis is defined in more detail applied to
neural networks. It is shown that despite the fattat the first
layer of connections is formed randomly, the presenof more
than 30 elements in the middle network layer guaraes a 100%
probability that the G-matrix of the perceptron wihot be special.
It means that under additional mathematical calcuians made by
Rosenblatt, the perceptron will with guaranty form gaxe of
features that could be then linearly divided. Indke Cover’s
theorem only says that separation probability inases when the
initial space is transformed into a higher dimensial space in the
non-linear case. It however does not point when thimbability is
100%. In the Rosenblatt's perceptron, the non-linear
transformation is carried out in the first layer wih is generated
randomly. The paper provides practical conditionsder which
the probability is very close to 100%. For comparis in the
Rumelhart’s multilayer perceptron this kind of anadys is not
performed.

Introduction
The hypothesis of compactness frequentl
employed in artificial neural networks (ANN) state
that “in the wused space of features, obje

representations belonging to one and the same atass
close (have small distances) but those belonging
different classes are well separable from eachr
Such a formulation seems to be too general
characterize the space of features with regarchéo
tasks being solved. First, it is not clear whahé@ans to
be well separable; due to that, in what follows wik
consider it linearly separable. Secondly, from th
hypothesis of compactness it is not clear whichmary
recognition tasks were stated. It is apparentttieat are
then reduced to a classification task but for asialy
purposes we need to know how the task of recogniti
was formulated.

Bongard [1] wrote: “Sometimes a system that maké

classification using a certain constant princiglealled
a recognizing device. A system of this kind camalty

solve a single task quite well, for example, a cad

machine checks the sizes, weight and material th Y _ g )
{combinations of the weight coefficients are possi

inserted coin is made of, and recognizes the duén
machine is designed for”. ANNs differ from that lsas

machine in that they can be trained to discover
classification principle for diverse tasks but rfot
simultaneously different ones. That means that éf w
need to solve a second classification task noteel&
the first one, we have to take another network tasid
it independently for that second task. Insteadyvef
wish that classification is made by one networkhtdot
the first and the second task, we have to guaraamtee
compatible formulation of these two tasks. This\ad
as trivial as might appear, since the task beirlgeso
might contain two incompatible subtasks.
Even when we talk about these tasks independently,
except for the first task, there is no sense talspdout
the compactness hypothesis. This is due to the
mentioned tasks are not reduced to classificatash t
but are multi compound and relate to the problem of
invariant and abstract representation of the dstahe
moment being, this problem cannot be solved in iggne
form.
Thus the formulation of compactness hypothesis as
pplied to ANNSs is acquiring a more precise sefige:
e space of features obtained with the help of ANN

gbjects belonging to the same class of non-vaaanit

non-abstract patterns are close to each other but
%easurements belonging to different such classes ar

bthellNearly separable from each other”.

to 10 prove that such a space of features does not

coincide with the space of initial data, the famai@R

problem can be used in which the space of initgahds
linearly non-separable. Also, it is sometimes
grroneously assumed that the presence of the hidden
unit in the ANN in which a space of features isnfied

on the basis of the space of initial data, autoraHi
meets the compactness hypothesis (even in the above

glarified sense). It can be shown that at suffityehigh
thresholds in elements of the hidden layer (A-elais)e

key simply stop sending signals to the output elems
(R-elements) and vice versa, under low threshotidbk a
high completeness of the input elements (S-elerpents
Re signals are becoming so intensive that stimuli
annot be distinguished anymore. Besides, certain
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which it is impossible to construct a space ofudesd elements are chosen in a certain random thoughl fixe

satisfying the compactness hypothesis. way, and training consists in changing coefficients

To form a space of features satisfying the Say, we wish to train the perceptron to separate tw
compactness hypothesis (at least in the aboeksses of objects and we require the output to be
mentioned narrow sense), a neural network has & mpositive when the objects of the first class arewsh
certain conditions. The presence of two layers @ind to be negative when the objects of the seclaisd ¢
connections is only a necessary not a sufficieare shown. The initial coefficients are assumed to be
condition. This paper describes conditions that asgual to zero. Then a training set, i.e., objestsy,(
sufficient in a practical sense. It will help unskand circles or squares) are shown, with indication taclv
basic minimal requirements a neural network mustass they belong. The perceptron is shown an bbfec
satisfy even when it has a more complicatethe first class. With this, some A-elements wiltbme
architecture necessary for solving more complicatedttivated. Coefficients ;v, corresponding to these
tasks. activated elements will be increased by 1. Then an

object of the second class is shown; coefficientsfv
those A-elements that become activated during that
Rosenblatt's Perceptron show are reduced by 1. The process is continuethéor
whole training set. As a result of learning, thé&uea of
Rosenblatt’s perceptron [2, 3] consists of thrgeesyof weights of connections are obtained.
elements (see Fig. 1): S-elements, A-elements and R As soon as the perceptron is trained, it is ready f
elements (for simplicity, a case is considered Weloworking in the recognition mode. In this mode, the
when there is only R-element). S-elements are erlayerceptron is shown unknown objects; it has to
of receptors. These receptors are connected with determine to which class they belong. The proceture
elements by means of excitatory and inhibitorgs follows: when an object is shown, the activated
connections. Each receptor can be in one of twesta elements pass to the R-element a signal equaleto th
activated or deactivated. A-elements are summatasm of the corresponding coefficients ¥ the sum is
with a threshold, i.e. formal neurons. It meand #ha positive, a decision is made that this object bgdoto
element is activated if the algebraic sum of atiives the first class, otherwise the object is ascribedhe
coming to it from receptors exceeds a certain vatee second class.
threshold. The signals from activated A-elements ar
passed to summator R; the signal from the i-th
associative element being passed with the weight Reasoning Made by Rosenblatt
coefficient v.
Let us first discuss basic propositions proved by
S-glements A-elements R Rosenblatt in [2], which are necessary for further
- -elemernts . . .
(sensors, (azsociative) (reacting) analysis. Following is the theorem proved by
receptors) Rosenblatt:

«Theorem 3. Suppose there is given an elementary
perceptron, a space of stimW and a classification
C(W). In order for the solution fo€(W) exist, it is

necessary and sufficient that a veaexists that lies
in the same orthant as a vectosuch thatGx = u »

as well as two direct corollaries from that theorem

“Corollary 1. Suppose an elementary perceptron and
a space of stimuW s given. Then ifGis a special
matrix (whose determinant is equal to zero), thenrd
exists a certain classification for which there nis
solution”.

“Corallary 2. If the number of stimuli in spad&/ is
larger than the number of A-elements of an elenmgnta
Fig. 1. Architecture of Rosenblatt’s perceptron perceptron, then a certain classificatio(/V) exists for

which there is no solution.”

The system of connections between receptors of S- Rosenblatt calls a space of stimuli the spaceitin
and A-elements as well as the thresholds for Alata. Special sole in the theorem and its corekais
played by the so-calle® - matrix; it looks as follows:
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O: Yp ... O more detailed explanation of these functions wal b

provided below as the material is given.

G= 91 G2 - Gan . where n - number of

Conditions at which the Perceptron Forms a Space

9u Gz -+ Gm that Satisfies the Compactness Hypothesis

stimuli, but g; - generalisation coefficient. The

generalisation coefficient indicates a relative bemof
A-elements reacting both to stimul@, and stimulus

From Corollary 2 it can be seen that the numbeh-of
elements has to be equal to the number of stimel,
the matrix must be square, but from Corollary 1 cme
;. For example, when solving an XOR task,- see thaiG - matrix must not be special. By satisfying

these two requirements we get sufficient conditifars

111 , e

Rosenblatt’'s perceptron to form a space satisfyinmey

matrix could look like this:G=|1 2 1|, from compactness hypothesis_
1 1 2 But Rosenblatt has not conducted a complete

L N analysis of what it can mean in practice. As altesu
Wh'Chl.'t caln be seer;thlat there are;hrfee St'mo'wf' insufficiently validated assertion of Minsky [4]
st!mu l, columns o -elements) and, for example, tgppeared stating that “the perceptron is only wayki
stimulus ; and stimulus3; only one common A- perfectly if the set of initial data is linearlypserable”.
element reacts, whereas separately to stimStygwo Theoretically, there are quite a lot of proved
. . Rosenblatt theorems to disprove that assertion by
A-elements react but to stimul#, a single A-element Minsky and point out that the perceptron is ablevtok
reacts. Now it can be seen that generalisatigfh any dataset. But, as the first layer of connestin
coefficientsg;; are intersection measure for sets of Athe perceptron is chosen at random and is notetiain
an opinion frequently arises that the perceptroth wi
_ _ _ _ equal probability may both work and do not work end
G - matrix can be derived from a simpler A-matrixjinearly non-separable initial data and this isedin

They are connected by relationst= AAT (where initial data only that ensure its perfect perforeanin

AT is the transposed matrix). The A-matrix is of siz&ther words,G - matrix of the perceptron may with

nx N.. wherenis the number of stimuliN. is the equal probability be both special and non-special.
a Below it will be shown that this opinion is wrong.

numbgr of A-elgments but its elements are th8esides, conditions will be formulated that havebéo

following:a; =1, if A — elementa; reacts to stimulus met to ensure that th8 - matrix is not special, which,

S, anda; =0 otherwise in turn, proves helpful in analysing other ANN
i i .

o . . ._.architectures.
Keeping in mind that in the perceptron the weight

coefficients are fixed in the first layer, we caeghat C
the A-matrix does not vary over time. With this, it
indicates which of A-elements will be active whée t
perceptron will be shown a certain stimulus. Say,
example, when solving the XOR problem the A-matri

elements reacting to stimult; and Sj. With this, a

a’

onnection of5 Matrix and A Matrix of Perceptron

fLet us first pass from matri§ to matrix A (in what
Qollows, the matrix A has the sizgxn so as to satisfy
Corollary 2), since it proves to be more convenient

001 further analysis:
may look like this:A=|1 0 1|, from which is

011 1. Let matrixG = AAT be special, that if5| = 0.
follows that at stimulus No.1 the third A-elemest i Then [G| :‘AAT‘=|A4><‘AT‘ =|Ax|A =|A42,
active; when stimulus No.2 is shown, the first dne ,
third A-elements are active but at stimulus No.8 th hence H =0 ; from this it follows that

second and the third A-elements are active.

For further analysis it will be also necessary $e u |A=0, i.e. matrixA is special.

the so-called Q - functions of the perceptron 2. Let matrix G= AA" not be special that is
introduced by Rosenblatt. In the simpler case they |G|:§¢O. Then |G|:|A42 we arrive at
indicate the probability that the A-element of the

perceptron of the given class reacts to stimys A |A42 =¢ # 0, from this it follows thalH #0,

i.e., matrixA is not special.
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3. Let |[A=0. Let us find |G . We have Z::,o
G| = Hz =0.-0=0, hence, matrixG is Z
special. z=7
4. Let |A=¢=0 . Let us find |G . / /y=3
Gl =|A*=¢-¢=¢?#0, thus matrixG is /
not special. f / :
. T . .. S 1 / - Z=y=50
So we have that matriéc = AA' is special if and / - /] Tay=d.
. . . . : o 1’=y=5
only if matrix A is special. A y=5 / p /’;L——— z=ye3
. o 17 7t
Activity Probability of A-elements /| / /
From the definition of A-matrix it can be seen titas el e /

binary: it assumes the meaning 1 when a correspgnd / \l:;i.‘\ ;j
A-element is active. We will be interested to knthe ‘0’ R TR o R AT B
probability of occurring of 1 and, respectively,eth T - ' ' ’
probability of occurring of 0 in the matrix. Theseents Fig. 2. Dependence of probability of A-elements
may not obligatorily be equal probable. As was - : ) . )
mentioned above, for that purpose Rosenblatt dudie activity. (a) |mpa(.:t of relationx: Ya_t 0=1(b)
the so-calledQ -functions. Here we will only discuss MPact of connection number variationxat y and

the basic points. 6 =1 (borrowed from [2] Fig. 7).
Let us consider a binomial model of connections in
the first layer. This is the case when there isfiked From Fig. 2 it can be seen that at=y , Q

number of connections frorf -elements to each A- remains nearly constant over the whole region, xce
element. These connections consist ofexcitatory for a very small or very large number of illuminét&
connections (the weight +1) any inhibitory (the - elements, whereas Fig.2b shows that if the total
weight -1). Threshold is fixed and is the same for allnumber of connections is enlarged, the region ifthvh

A — elements. The beginnings of connections to AQ, remains constant is becoming larger. At sngall
elements are selected irrespective of each otlteaen

distributed with equal probability over the wholet sf 210 dua andy Q, is approaching the value 0.5,

S- elements i.e., is equal to possible appearance of activityAo
' element in reply to arbitrary stimuli. Thus conolits

In this modelQ- functions do not depend on the full : ) )
are found at which the appearance of unit and iero
number of sensor elements; they only depend on & matrix A is equal probable.

relative number of illuminateds - elements. Fig. 2. In this case the number of 1s in the matrix A Wwél
shows how the probability of A-elements activit), described by the binomial distribution:
depends on the size of the illuminated area ofetira.

Note that for models that have only excitatory ! [

connections ¥ = 0), at a large count of illuminate8 - kI(l-Kk)! '

(1)

elements the valueQ, is approaching 1. It means that

the probability of A-elements activity directly damls Wherel - the count of elements in the matrik, -
on the number of illuminate® - elements, which countof 1sin the matrix. In case if the appeagafcls
badly influences recognition with regard to smaitia @nd Os in the matrix A is not equal probable, tbent
large images. As will be shown later, it occursause of 1s _in the matrix A will be described by Berndsll
of a large probability that A-matrix will be speciBue €quation

to that, to ensure pattern recognition stability &my

geometrical sizes, relatior: y has to be selected so ! pk
that the probability of A-elements activity would k!'(l-k)!
possibly less depend on the number of illumingted

elements. where p - the probability of appearance of a 1.

@-p', ()
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Fig. 3 demonstrates the distribution for non-sdecia
matrices of sizexX5 depending on the count of 1s in the Table 1
matrix. Dependence of probabilities of special matrices
appearance on their size
- n Min,% | P.% | Max, %
s 7, 2 32,5 37,5 42,1
/ \Total number of matrices i gi’; gi’i gg’é
/ \ 5 33,9 37,2 40,2
Zmmm 6 38,2 41,9 45,2
/ \ 7 43,9 48,0 52,9
sz N 8 51,2 55,0 59,1
/ N:.\Jmher of speci i 9 59,2 65,7
pecial matrices
re— L: 10 66,4 74,2
l/ \k‘ 11 73,8 79,8
. ' . . » " 12 80,8 86,9
: ) Son 7 ) B 13 86,0 91,3
14 90,5 94,9
15 93,5 97,2
Fig. 3. Distribution of the count of matricel, in 16 95,9 98,3
dependence of the count of 1%, in the matrix of size i; gg'g ggé
>XS 19 99,0 99,9
20 99,4 100,0
Probability that Matrix A is Special g; gg’? 188’8
From binomial distribution or Bernoulli distribunat is gi gg’g 188’8
possible to learn how the total number of matrivéh >5 99'9 100’0
different number of 1s in each is distributed (Bae 3, 6 99’9 100’0
the upper curve). However, for the count of nonesde 7 99'9 100’0
matrices (see Fig. 3, the lower curve) there is n( >3 100.0 100.0
mathematical formula by now yet. 5 100:0 100:0
Though, there is available the calculated sequend 30 100.0 100.0
A002884 [5] that provides the lower boundary of th
probability that matrix of siza X nwill not be special
(the determiner of these matrices is equal to by. F 00
casesn > 30the probability is nearly stable and is
going down practically insignificantly; it consttes e
28.8788 %. There is also a sequent@55165 [6] w00 //
providing the probability that the matrix of sizex n //
is not special, though it can only be calculated by | . ™ //
exhaustive search, which is made up to the case8. ¥ o
The results of analysis of the case of equal / /
probability of appearance of 1 and 0 in the madwia %00
given in Table 1. In its turn, Fig.4 shows the oo A ///
dependence of the probability that the matrix i®-no \\7
special, on its size. The first 8 values of (P)re a g ; + & x x :
precise calculated data obtained by using a sequenc ———

A055165. The next values are obtained using the
Monte-Carlo method; more specifically, 1000 masice
are selected at random and the percentage of kpecia
matrices is then calculated out of them. Thus, 100
experiments (checks) are performed and the lowdr an
the upper probability boundaries are derived.

Fig. 4. The dependence of probabilities of special
matrices appearance on their size



SCIENTIFIC JOURNAL OF RIGA TECHNICAL UNIVERSITY

Information Technology and Management Science
2009

Computer Science

From Table 1 it can be seen that even at the msizex the practical point of view, it is more reliablehave at
30x30 one can speak about 100% confidence thkast about 100 A-elements to exclude the case ®@hen
occasionally obtained matrix will not be speciahisTis matrix becomes special.

the final real condition at which Rosenblatt’s pgiron The major result of the study is that it the
will form a space satisfying the compactness hygsith numerically evaluates under which conditions the
probability of linear separability of the patterns
increases according to Cover’'s theorem so that it
practically constitutes 1, i.e., provides a 100%
confidence that any pattern will be linearly sepeateby

Conclusions

In 1965 Cover formulated his theorem known a8 device similar to Rosenblatt’s perceptron.

Cover’s theorem [7]: “The probability that classe®
linearly separable increases when the features are
nonlinearly mapped to a higher dimensional feature
space”. The theorem in essence describes the groces
taking place in the first layer of the perceptrofet, 1.
even before Cover has formulated his theorem, & wa
used to prove the corollary of Rosenblatt's TheoBm2.
[2], which in fact proves the same but regarding th
perceptron architecture. So it was Josef who first
proved the theorem in 1960 [8, 9] but Rosenblag
employed it to specify perceptron characteristiist it

was not until 1965 that Cover independently forrteda 4.
that theorem in the form known today.

One can find up-to-date applications of the theore
in several kinds of artificial neural networks, say
radial basis function (RBF) networks [10]. But tadi
into account that the perceptron has implemented th
essence of that theorem long before these netwofks
appeared, we can come to a conclusion that the RBF
network is a particular case of the perceptron twhic
only differs in a special activation function.

Thus the first conclusion we can draw is that the
RBF network and some up-to-date ANNs are just
subspecies of Rosenblatt's perceptron, which miékes
possible to compare them not only analytically &igb
experimentally.

The second conclusion is that the analysis perfdrme
allows one to understand why in some cases ressarcls.
have drawn incorrect conclusions regarding
perceptron’s abilities. For example, in [11] itpsinted
out that ,experiments give evidence of the limited
performance of thex-system of A-elements weight9.
adaptation” as well as ,the lack of convergencehef
algorithm of A-element weight adaptation can be
apparently explained by non-linearity of clasdO.
boundaries in the space of A-elements”. These
conclusions are errroneous because the analysis
provided indicates that under certain conditionse(s
above) a non-linear class boundary cannot be farméd.
Here the problem is neither in the perceptron
architecture nor in weight adaptation algorithme th
problem is that experiment maker does not meet the
conditions described in this paper. Say, in theecas
under consideration there were only 20 elements,
whereas the theoretical evaluation shows thatast 80
A-elements have to participate in the perceptraonF
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Sergejs Jakovlevs.Telu aprakstu kompaktumu nodroSino&
perceptrona arhitektara

Rakst tiek apskati nosagjumi, kurus ir fizpilda neironu klam,

lai ar garantiju nofor@tu pazmiju telpu, kas apmierina kompaktuma
hipotezi. Ir precizts kompaktuma hipstes formutjums attietba
uz neironu ikliem. Ir paadits, ka perceptronam, neskatoties uz to,
ka pirmais saiSu #his forngjas gaduma céa, vairak ka 30
elementu Ktesaniba vicsja slani garané 100% varlatibu tam, ka
perceptrona G-matrica neb ipaSa. Bet tas namé to, ka pie
papildus matemtiskajiem grveidojumiem kurus bija formajis
Rozenblats, perceptrons gagnnoforme paazmju telpu, kuru pc
tam his iesgjams atdat lineari. Tiesam, Kovera teayma ir
apgalvots tikai tas, ka atdafibas iespjamiba pieaug, frveidojot
sakotngjo telpu liebka skaita dimensiju tefpnelinaira gadjuma.
Bet § teoema nenaida, kad B varbitiba kis 100%. Rozenblata
perceptrona nelirgais @rveidojums tiek realids pirmafi slani,
kurs tiekgenetts gadjuma céa. Raksi ir doti praktiski nosagumi,
pie kuriem varhtiba ir loti tuvu pie 100%. idziga gadjuma ar
Rumelharta ML perceptronada anaize netiek veikta.

Cepreii SxoBies. I'apanTupoBanHoe ¢popmuposanune
NepHenTpoOHOM  INPOCTPAHCTBA, KOTOpPOe  YIOBJIETBOpsieT
TUNO0Te3e KOMIAKTHOCTH

B craree paccMOTpeHBI YCIOBHS, KOTOpHIE IOJDKHA BBIMOIHHUTH
HelpoceTb I TOro, YTOOBI TapaHTUPOBAaHHO c(OPMHUPOBATH
HPOCTPAHCTBO HPHU3HAKOB, YIOBIIETBOPSIOLICE THIIOTE3e
KOMIIaKTHOCTH. YTOYHEHa (POPMYJIMPOBKA THIIOTE3bl KOMIAKTHOCTH
[0 OTHOLIEHMIO K HeipocersM. [l mepuenTpoHa MOKa3aHo, 4YTo
HECMOTpSl Ha TO, YTO TIEPBBII ciOH cBszeil (opmupyercs
ciryqaifHeIM oOpa3zoM, Hammume B cetH Oonee 30 ayeMeHTOB B
cpereM cnoe rapantupyer 100% BepositHocTh TOrO, 4To G-
MaTpHIla Nepuentpona He 6yner ocobenHoil. I1pu DOmoIHNUTENEHBIX
MaTEMAaTH4YeCKUX  BBIKJIAJKaX,  KOTOpble  ObIM  CHENIaHBI
PozeHOnaTTom, 3TO O3HAYaeT, 4TO NEPLENTPOH TrapaHTHPOBAHHO
copMUpyeT HPOCTPAHCTBO IPHU3HAKOB, KOTOPOE 3aTEM CMOXET
OBITh pa3/eeHO JIMHEHHO. DTO IIOKa3bIBACT, TAKKE U APYrHX
BUJIOB HEHPOHHBIX CETEH, YTO HAJIMUME JIBYX CJIOEB CBS3EH MEXTy
JJIEMEHTAaMH HE SBISIETCS JOCTaTOYHBIM YCIOBHEM, TOTO, dYTO
c(opMHpOBaHHOE IIPOCTPAHCTBO IIPH3HAKOB OyIeT JUHEIHO
paznenumo. [leficTBurensHO, TeopeMa KoBepa ToOBOpHT JIHIIB O TOM,
YTO BEPOSITHOCTD pa3JielieHHs] YBEINUUBAETCS NPH IpeoOpa3oBaHuN
HCXOJIHOTO IIPOCTPAHCTBA B IIPOCTPAHCTBO OOJIbLIEiT pa3MEPHOCTH B
HeNUHeHHoM ciyyae. Ho oHa He yKa3bIBaeT, KOTia 3Ta BEpOSITHOCTb
oymer 100%. J[lns nepuentpona Posenbiarra HenauHElHOe
npeoOpa3oBaHUe OCYIISCTBIACTCS IIEPBBIM  CIIOEM, KOTOPBIH
TeHepupyeTcst  cioydaiiHeiM  oOpazom. B cratee  ommcaHbl
MIPaKTHYECKHEe YCIOBHS, KOTAA BEPOSTHOCTh KpaiiHe Oim3Kka K
100%. [ns cpaBrenusi, B MLP Pymenbxapra Takoif aHamu3 He
TIPOBEIEH.



