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Application of the Method of Complete Bifurcation
Groups in Parametrically Excited Pendulum Systen

Alex Klokov, Riga Technical University

Abstract - An application of the new method of complete
bifurcation groups (MCBG) in parametrically excited pendulum
systems with an additional linear restoring momentnd with the
periodically vibrating point of suspension in bothdirections is
introduced. Behaviour of the driven damped pendulumsystems
may be complex and with unexpected phenomena. Reteafforts
in nonlinear dynamics show, that rare attractors (R\) have been
found in all typical nonlinear models. Constructionof complete
bifurcation groups is based on the method of stabland unstable
periodic regimes continuation on a parameter. This mthod is
based on the ideas of Poincaré, Birkhoff, Andronowand others
[6]. Global bifurcation analysis of the parametric pendulum
systems allows to find new bifurcation groups, rareattractors
and chaotic regimes. All results were obtained nurmially, using
our software.

Keywords - complete bifurcation analysis, pendulum system,
vibrating point of suspension, method of complete ifurcation
groups, rare attractors, chaos, domains of attractin.

|. INTRODUCTION

Behaviour of the driven damped pendulum systems lneay
complex and with unexpected phenomena [1-3]. Rezffmtts
in nonlinear dynamics show, that rare attractord)(Rave
been found in all typical nonlinear models [4-7]heT
systematic research of rare attractors is base¢bdeomethod of
complete bifurcation groups (MCBG),
conducting more complete global analysis of theadyical
systems. The main idea of the approach is peribdimch
continuation along stable and unstable solutioh® fethod
is based on the ideas of Poincaré, Birkhoff, Andkomnd
others [6]. It is shown that the MCBG allows todirmportant
unknown attractors and new bifurcation groups iffedent
nonlinear models. The main features of this metlzod
illustrated in this work by a parametrically excitpendulum
system with one degree of freedom.

In this paper authors apply the MCBG to global tuétion
analysis of a pendulum system with an additionakdr
restoring moment and with the periodically vibratipoint of
suspension in both directions. Rare attractors haes found
building the complete bifurcation diagrams withbéaand
unstable periodic solutions. Among complete bifticca
periodic groups there are groups with rare periadid rare
chaotic attractors. All results were obtained nuoadly, using

which allows =

Il. A DYNAMICAL PARAMETRICALLY EXCITED PENDULUM
MODEL

The studied dynamical model is shown in Fig.la. The
system has additional linear restoring moment witte
harmonically vibrating point of suspension in bdihections.
The system has three equilibrium positions (Fig.Bdckbone
curves and restoring moment for the system are shiow
Fig.1b,1c. Close models have been examined in ssonks
[8-16]. The aim of our bifurcation analysis is tmd new
unknown attractors and new bifurcation groups.
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Fig. 1. The parametrically excited pendulum systeith an additional linear
restoring moment and with the periodically vibratipoint of suspension in
both directions. (a) Physical model; (b) backbomeve; (c) restoring moment;
(d) potential well

The equation of motion for pendulum (Fig.1a) istsuc
mL® + b + cop + mUu — Aow” coswtsing +
+ mLAla)2 sinwtcosp =0

where ¢ — angle, read-out from a vertical ling;- angular
velocity of the pendulum, where=dp /dt; t — time; m —
massL — length of the penduluny;— gravitation constanh —
damping coefficient; — linear stiffness coefficientt;, 4, and

software NLO and SPRING, created in Riga Technica — oscillation amplitudes and frequency of the pairfi

University [3, 4].

suspension on a horizontal and a vertical direction
Equation (1) will be used for bifurcation analysif the
pendulum systems.
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Ill. RESULTS

The results of bifurcation analysis of the mode) éte
represented in Fig. 2-15. In the first special ctse model
only with horizontal external force has three siendlT
bifurcation groups (Fig. 2).
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Fig. 2. Parametrically excited pendulum system (B&e l1a) with linear
restoring moment and with the periodically vibratipoint of suspension in
horizontal direction. (a), (b) Bifurcation diagranssate ¢, Amplitude) of the
fixed periodic points versus horizontal externatéamplitude Al. There are
three simple 1T bifurcation groups. (c), (d), (é}aBe projections for cross-
section Al = 0.5. Parameters: m=1,L=1,b=0.2,1,u=9.81,0 = 1.5,
Al =var,A2=0
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Fig. 3. Parametrically excited pendulum system (B&e la) with linear
restoring moment and with the periodically vibrgtipoint of suspension in
horizontal direction. (a) Dynamical wells on theif®aré map built by Lm(-
10, -0.1; 10,-0.1) 201Qx250T. (b) Attractor-badirage portrait with 501x501
grid of initial conditions for Eq.(1) of Fig. 2aafameters: m=1, L =1, b =
02,c=1pu=981w=15A1=05A2=0

Phase projections for cross-sectiéan= 0.5 are shown in
Fig. 2c, 2d, 2e. Dynamical wells built by Line mapgpfrom a

44

line (-10,-0.1; 10,-0.1) on the Poincaré map apeasented on
Fig. 3a. Using Cell-to-Cell mapping with 501x501idgiof
initial conditions, domains of attraction (Fig. 3bave been
obtained for cross-sectigh = 0.5 (see Fig. 2a).
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Fig. 4. Parametrically excited pendulum system (B&e l1a) with linear
restoring moment and with the periodically vibratipoint of suspension in
vertical direction. (a), (b) Bifurcation diagramstate ¢, Amplitude) of the
fixed periodic points versus vertical external ormplitude A2. There are
three symmetric 1T and one 2T bifurcation groupsaReters: m=1,L=1,b
=0.2,c=1p=981L,0=15, A1 =0, A2 = var.

In the second special case the model only wéttical
external force have three symmetric 1T and oneifirdation
groups (Fig. 4). In this figure stable solutiong alotted by
solid lines and unstable — by thin lines (reddisline). In Fig.
5 coexistence of Riwins stable solutions and PRA twins
rare attractors (see Fig. 4) in cross-sectibn= 0.4882 is
shown. Domains of attractions obtained using twifecknt
methods are shown in Fig. 6: (a) insets and oufsets two
symmetric 1T saddles; (b) Cell-to-Cell mapping wBilx501
grid of initial conditions.
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Fig. 5. Coexistence of PIwins stable solutions and PRA twins rare
attractors (see Fig. 4) in cross-section= 0.4882. §) Time histories, (b)
phase projections. Parameters: m =1, L = 1, 7d= 1,u = 9.81,0 = 1.5,
Al =0, A2 =0.4882
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Fig. 6. Parametrically excited pendulum system (B&e la) with linear
restoring moment and with the periodically vibratipoint of suspension in
vertical direction. (a) Insets and outsets from tsyonmetric 1T saddles
(x0.586055, +0.516811p1 = 1.112,p2 = 0.389). (b) Attractor-basin phase
portrait with 501x501 grid of initial conditions foEq.(1) of Fig. 4a.
Parameters: m=1,L=1,b=0.2,c 15 9.8l,0 =15, A1=0,A2=4.1

Five different 1T bifurcation groups and one 2Tubstion
group have been found (Fig. 7) in general
parametrically excited pendulum system with linezstoring
moment and with the periodically vibrating point of
suspension in both directions. Two of these groaps
topologically similar and have rare attractors difpakind P1,;
RA andP1; RA. Two period one brunches neésr= 4 are not
completed, because of problems of singularity. Otheee 1T
bifurcation groups have the own rare attractors RA and
P15 RA, which are stable in small parameter regiormn&
cross-sections A, = const) of bifurcation diagrams with
dynamical characteristics from Fig. 7 are represgbim Fig. 8,
9, 13, 14, 15. All attractors are of tip kind saleaf them has
not only periodic attractors, but also chaoticaattors as well.
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Fig. 7. The parametrically excited pendulum systffg. 1) with linear
restoring moment and with the periodically vibratipoint of suspension in
both directions. (a), (b) Bifurcation diagramsztst@, Amplitude) of the fixed
periodic points versus vertical external force atoge A2. There are five 1T
and one 2T bifurcation groups. Parameters: m=4,1,. b=0.2, c =1y =
9.81,0 = 1.5, A1 =0.5, A2 = var.
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Fig. 8. Coexistence of P1 usual and rare attraddrRA for three cross-
sections (see Fig. 7)a)(Time histories and phase projections for A2 =40.4
The rare attractor P13 RA has the fixed point BROB606 /1.17632). (b) The
same forA2 = 0.526. Rare attractor P11 RA has the FP (4%6260245).
(c) The same foA2 = 3.44. Rare attractor P11 tip RA has the FP3@EL8/-
0.315143). Parameters:m=1,L=1,b=0.2,¢g29.81,0 =15, Al =
0.5, A2 = var.

The examples of coexistence of period-1 (P1l) stable
solutions and P1 RA rare attractors for three esessions A2
=0.44, A2 = 0.526 and A2 = 3.44 on bifurcationgiam (Fig.
7a) with the time histories and phases projectasshown in
Fig. 8. Oscillation amplitudes of rare attractarssome cases
are tenfold bigger than oscillating amplitudes tdbte P1
regimes. The examined system has also other bifarnca
group of higher order with rare attractors, for repée, 2T
bifurcation group with P2 RA rare attractor withrda
oscillation amplitudes

Each bifurcation group has its own unstable peciodi
infinitium (UPI) [4-7] with corresponding chaotidteactors.
The example of globally stable chaotic attractor fooss-
section with parameters$;, = 0.5,4, = 4.9, obtained using the
contour mapping [4-7], is shown in Fig. 9. The epstalso
has other nT subharmonic bifurcation groups with 8, not
shown.
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Fig. 9. Chaotic attractor in the parametrically ited pendulum system for
cross-sectioA2 = 4.9 of bifurcation diagram Fig. 7a)(Poincaré map - Cm
4x2500Q%(250-1000)T; (b) phase projection with NTF3Parameters: m = 1,
L=1,b=0.2,¢c=1y=9.81,0=15,A1 =05 A2=49
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Fig. 10. The parametrically excited pendulum systgnq. 1) with linear
restoring moment and with the periodically vibratipoint of suspension in
both directions. Bifurcation diagram - state (Artyadie) of the fixed periodic
points versus horizontal external force amplitude Ahere are three 1T and
one 6T bifurcation groups. Parameters: m=1, L% 0.2,c=1p=9.81,0
=15 Al=var,A2=1

Fig. 11. Phase projections for coexisting perigdigimes P11, P12 and ChA-
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Fig. 13. Attractor-basin phase portraits with 500k grid of initial conditions
for Eq.(1) of Fig. 7a. Parameters: m=1,L=508.2,c=1up=98l,0 =
15,A1=05, A2 =var.

13 chaotic attractor for cross-sectiaf = 3.95 (see Fig.10). Parameters: m =P0oincaré map - Cm 4x250Qx1000T (Fig. 12).At crassgisn
1,L=1,b=02,c=14=981l,0=15,A1=395 A2=1

Coexistence ofP1 stable solutions and ChA-Thaotic

attractor is shown on phase projections (Fig. ht)) @n

Fig. 12. Coexistence dfl stable solutions and ChA-13 chaotic attractor for
cross-sectioAl = 3.95 in the parametrically excited pendulumtesyswith
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Fig. 15. Domains of attraction of period-1 tip ratractor P11 tip RA (see
Fig. 7a and 14i) in a parametrically excited pendukystem: (a) obtained by 9
using a reverse contour mapping from a rectanp)eolftained by using Cell- ~*
to-Cell mapping with 501x501 grid of initial conidihs. Parameters: m = 1
Ll=1,b=02,c=11=981,0=15,A1=0.5,A2=3.44

-to-Cell mapping, are shown in Fig. 13-14.Comparisb two
different methods for building domains of attrantiof tip
kind rare attractor RIRA is represented in Fig. 15: (a) reverse

contour mapping from a rectangle; (b) Cell-to-Qabpping 12
with 501x501 grid of initial conditions. These meds show ;5

the same results of building domains of attraction.

IV. CONCLUSIONS

It is shown that using of the method of complefersation
groups allows to conduct the bifurcation analysit @
parametrically excited pendulum systems with addél
linear, and to find new bifurcation groups, raraators and
chaotic regimes. Amplitudes of rare attractors rhaygrater
than once of regular attractors. It might be supdabat rare
attractors can result in the loss of control anabifity of
oscillating systems, or in the other catastrophicrmexpected

phenomena. 17.

Some obtained new effects can be used for the pdii@m
stabilization of unstable oscillations in technaotad
processes. Authors hope to attract attention afnsists and
research engineers to the important problem of ineat
oscillations analysis and search of rare attractorsthe
pendulum-like or other dynamical systems.
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Aleksejs Klokovs. Pilnu bifurkacijas grupu metodes pielietojums parametriski ieromatas s\arstu sistemas

Tiek apfikots jaunas pilnu bifuicijas grupu metodes (MPBG) pielietojums parameiiistosiratas s\arstu sistmas ar papildus lingru atjaunatijmomentu un
ar periodiski vibgoSu piekares punktu divos virzienos. lerasindisipaivu s\arstu sistmu uzvedba var lit saregita un ar negaitiem fenomeniem. Neseni
petijumi nelineara dinamila rada, ka retie atraktori (RA) tika atrasti visos $kds nelineros modéos. Pilnu bifurlécijas grupu uziives metodes panaatr
stabilu un nestabilu periodisku Teiu turpirsjums. § metode ir izveidota, pamatojoties uz Puabk&irkhofa, Andronova un citu [6] idajn. Parametrisku
svarstu sistmu glokila bifurkacijas anatze lauj atrast jaunas bifugkijas grupas, retus atraktorus un haotiskusmes.

Aunekceii Kiioxos. [IppmMeHeHne MeTo1a NOTHBIX 0M(YPKAIMOHHBIX IPYNN B NAPAMETPUYECKH BO3MYIIEHHBIX MASITHHKOBBIX CHCTEMAax

IpencraBieHO MPUIIOKEHHE HOBOTO METOAa MHOJNHBIX Oudypkaimonusix rpynn (MIIBI) B mapamerpuyeckd BO3MYLICHHBIX MAsSTHHKOBBIX CHCTEMax C
JIOTIOJTHUTEIBHBIM JIMHEHHBIM BOCCTaHABIIMBAIOIIMM MOMEHTOM M C IIEPHOAMYECKHM BUOpHpYIOIIEH TOYKOH MojBeca B JBYX HampasicHusx. IloBeneHue
BBIHY)X/ICHHBIX JNCCHIIATUBHBIX MAasSTHHKOBBIX CHCTEM MOKET OBITh CIOXKHBIM M C HEOXHIaHHBIMH (peHOMeHaMH. HemaBHue MCCleIOBaHHS B HENHHEIHOM
JIMHAMHKE TIOKa3bIBAIOT, YTO peikue aTTpaktopbl (PA) ObUIM HaiICHBI BO BCEX THIIMYHBIX HEIMHEHHBIX MOAeisix. IlocTpoeHHe MOMHBIX OMQYpPKALHOHHBIX
TPYIIN OCHOBAHO HA METOJIE TIPONOJDKEHHs YCTOMUMBEIX M HEYCTOMUMBEIX EPHOTMUECKHX PEKHMOB 10 ApaMeTpy. DTOT METoJ| OCHOBAH Ha jesx IlyaHkape,
buproda, AugponoBa u apyrux [6]. I'moGambHblif Ou(ypKAaIMOHHBINH aHAIM3 IapaMETPUYCCKUX MAsTHUKOBBIX CHCTEM IO3BOJSCT HAXOJHTh HOBBIC
OndypKanOHHBIE TPYIIIEI, PEIKHE aTTPAKTOPBI K XaOTHYECKHE PEXKUMBI.



