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Abstract. This paper is concerned with the problem of full
bifurcation analysis in piecewise-smooth systems thi
controllable switching. Models of this kind of systms are widely
used in engineering practice, in particular in powe electronic
converters. In distinction to majority of known methods this
paper presents novelty approach, allowing the comepte
bifurcation analysis. Exact analytical methods forthe search of
periodic regimes and their stability estimation areused along
with various numerical computation techniques. Mainresults are
illustrated on one of the simplest forms of switchiig converters —
step-up (boost) converter, for which the completere-parameter
bifurcation diagrams and two-parameter diagrams are
constructed. The results include — the detection ofarious types
of rare attractors, smooth and non-smooth events a&h the
investigation of different principles of birth of chaotic attractors.

Keywords: Bifurcations, border collisions, chaos, numerical
continuation, power converters, rare attractors, sbharmonics.

|I. INTRODUCTION

It has been shown in the several last decadesOBaDC
converters, being time-varying nonlinear dynamisgdtems,
are capable of exhibiting several periodic steadgtes
responses as well as chaotic behavior [1]-[4]. Tieper
design of the DC-DC converters assumes that therdigmces
of all possible steady state responses on variatiatifferent
converter parameters are known in advance. Thuss it
possible to avoid the occurrence of dangerous ptiepe
during operation — like increased output voltagple, audible

called Method of Complete Bifurcation Groups (MCB&Y].
The MCBG allows finding some important unknown riagu
and chaotic attractors and new bifurcation groupthé model
under consideration, exploring complex dynamicsydtems
with one and several degrees of freedom.

This paper contains the first (to the author's klemlge)
application of MCBG for the analysis of nonlineagmdmics
of one of the most widespread switching power DC-DC
converters — boost converter under voltage moddrapn
operating in discontinuous current mode (DCM).

The objectives of this paper are two-fold. To deeig of
switch mode power supplies, some commonly seenotbern
ignored nonlinear phenomena exhibited by switching
regulators, are shown. To circuit system theoridifferent
kinds of transition to subharmonic and chaotic afieg
regimes are demonstrated. Nevertheless, the igedisin
provided in this paper focuses on the particulaangde —
boost converter, general results regarding stratinstability
of the system and different types of bifurcationsammon to
smooth systems, hold for the wide class of switgltionverter
circuits under different control strategies.

Il. THE DISCRETETIME MODEL OF VOLTAGE MODE
CONTROLLED BOOST CONVERTEROPERATING INDCM

The schematic diagram of the conventional voltageden
controlled boost converter operating in discontumio

noise or even the damage of power switching elesnenconduction mode with a feedback path comprising a

Therefore, a complete knowledge about the domaihs
subharmonic operation and chaos in the paramebteess of
particular importance for the power electronicsiglesrs as it
is necessary to choose parameter values in ordevaoa
undesirable and even dangerous regimes of operation
The main widely used tool for nonlinear analysiattehows
the equilibrium solutions as a function of one Gaveral)
parameters is called a bifurcation diagram (map)order to
generate this diagram, the derivation of a discismtive
map is needed. In literature, the bifurcation daags for this
map are generally created with a brute force ambrda].
This approach could be implemented by means afatroode
and has the advantage of capturing most (but mpbhkhe
long time dynamics, but has the disadvantage obaiwtg able
to capture some features playing an important ilehe
global analysis of the systems, such as unstabidésoand
narrow stable regions (also called rare attrad&j)s Thus, the
brute-force approach gives incomplete informatibow the
possible types of nonlinear phenomena in the system

In contrast to majority of known researches we tise
improvement of innovative approach, allowing thenptete
bifurcation analysis, considering stable and uretaibits,
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eomparator without latch is shown in the Fig.1.

Fig. 1. Simplified schematics of voltage mode colfeed boost converter.

As is common to all power electronic systems, tlr®sh
switching regulator is a multi-structural systemhwits circuit
topology varied according to the states of the cves.
Normally the switch and the diode are turr@d andOFF in
the complementary fashion. The inductor currenthia case
never reaches zero and the converter is operatinghe
continuous conduction mode (CCM). However, if tladue of
inductancelL is relatively small or the switching period is
relatively long, the inductance current may reaelozvalue
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before the beginning of the next cycle. In thisec®ere exist
time interval during which both diode and switchS are not
conducting — this is referred to as discontinuoosdaction

approaches used for the analysis of dynamic systednish
implies the following procedures: for fixed parasrstof the
system — detection of all stable and unstable geriorbits

mode (DCM). The critical value df, which should not be and bifurcation subgroups with unstable periodiEnitiums

exceeded in order to operate in DCM, could be deffias:

(UPI), on plane of states — construction of reginasins of

attraction; for varied system parameters — constrgof one

L, =D(l- D)2RT /2 (1)

parameter bifurcation diagrams and bifurcation mapise

continuation along a solution branch of definitginge (not

Although the switched model is the most accuratdgtion

of the switch-mode DC-DC converter, it does nowwll
analysis to be performed in a conventional fashidns, C.K.

Tse [4] has derived the more desirable model fer tibost
converter operating in DCM — the unimodal (havingeo
maximum or one minimum) iterative map, which pr@sdhe

tool for the direct investigation of various typefssmooth and
non-smooth nonlinear phenomena:

Ve nsi=(@V (Ve mE)+ED(H(D-K(Ve Vre)))) (Ve E)  (2)
D=V((1-a)(Vrer— E)Vrer/bE?),

where a=1-T/RIC+T%2/C*/R?, b=T42/LIC, D — steady-state
duty cycle;H(.) — function, limiting the range of duty cycle
between 0 and Vi — reference voltagek — small signal
gain; T — switching period.

As it could be seen, the discrete time model of bloest
converter is the function that relates the capaciwltage
vector at one instar{.1)) to the vector at previous instant
(vy) (as the converter is operating in DCM, the inductor
current takes zero value for a finite sub-interefltime and
does not act as a state variable in this discrétee-model).

Il.  THE CONCEPTS ORMCBG
The Method of Complete Bifurcation Groups, devebbd

parameter) is of special importance in the MCBG.isTh
approach allows finding new stable regimes thathat been
known before, in broadly used dynamical modelstairgly |
nonlinear oscillatory systems.

One-parameter bifurcation analysis within the MCiBGludes
following procedures:

The construction of periodic skeleton: all stadiel
unstable periodic solutions at fixed value of
bifurcation parameter are found, the number and
types of bifurcation groups are detected,;

On the basis of obtained periodic skeleton, usigg t
method of numerical continuation, the branches of
bifurcation diagram, corresponding to each found
group are constructed. In many cases, on the
branches of diagram corresponding to unstable
regimes, the greater or smaller stable fragmergs ar
found (rare attractors).

The complete bifurcation diagram is composed,
including stability estimation procedure, defining
appropriate  monodromy matrixes for all found
regimes and determining their multipliers.

The revision of the diagram allows detection of
different types of RA and UPI (unstable periodic
infinitiums — the area in which only unstable pdi®o
orbits of definite bifurcation group exist [6]).

Riga Technical University in a group under guidarmfe The described procedure will be applied to the rh¢2eand

professor M.V. Zakrzhevsky [6], includes the complef

appropriate bifurcation diagrams for boost DC-DGnazrter
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Fig. 2. Bifurcation diagram for boost converterwibllowing parameterd®=12.5(Q), L=208(uH, C=222(uF), T=333(1S), Vref=25, E=16(V), k=var, depicting
1T, 3T and two 4T bifurcation groups. Solid boldldénes represent stable orbits, solid light lireanstable orbits and thick dashed dimepresents bord
when duty cycle ¢0. PD- states for period-doubling bifurcation, Sidedle-node bifurcation, RA- rare attractor, URlstable periodic infinitium.
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will be constructed in the following sections.

IV. THE COMPLETE ONE-PARAMETERBIFURCATION
DIAGRAMS

The discrete-time model provided in section Il ¢enused to
obtain the evolution of state variables startirgrfrany initial
conditions, avoiding numerical computation of thbage
space orbit from the continuous time model. The nmp
therefore very useful in quick computation of thgstem
behavior in the defined parameter range.

As it has been already mentioned in the previosti®se the
first step in obtaining the complete one-parambtimcation
diagram is the construction of periodic skeletorhew all
stable and unstable periodic solutions (up to defiorder) are
found for fixed parameter values. The periodic stal for the
boost converter was constructed forO3. The points in
periodic skeleton are characterized by their comtgis(v(,)
and characteristic multipliers, defining the stiépibf found
regimes. The fixed points from the periodic sketetwere
used as starting points in the numerical path-fahg,
constructing the branches of complete bifurcatiaghms.
Fig.2 represents the complete bifurcation diagraor
parameter values defined in the appropriate captibithe
figure. It should be noted that for the sake ofgdiaity this
diagram represents just several bifurcation groaps-2T, T3
4T, and 4T,.

As it was already mentioned, the (2) representstypéal
example of unimodal map. The common route to cHaos
this kind of maps is the following:

initially the bifurcation parameter is chosen ireth
region, where system exhibits stable period-
operation;

f

period doubling bifurcation;

if the value of parameter is further increased, the
typical subharmonic cascade and chaotic mode of
operation is observed.

The described sequence of events could be obséovetie
bifurcation group 1T. The bifurcation diagram shotse
transition from P1 to P2 and P4 orbits throughgrédoubling
bifurcations. The period doubling cascade evolves fanally

for k=0.12 the UPI-1 could be observed. As the diagram does
not show any stable bifurcation groups coexistirit WPI-1,

it could be concluded that at this point the bamstverter is
operating in chaotic (aperiodic regime).

The obtained diagram also shows one 3T and two 4T
bifurcation groups. As it could be seen from Figall, the
mentioned groups include the so-called “tip typ& @ee for
example [9]). The general features of these atiracare the
following: on the one hand, it becomes unstableoubh
period doubling bifurcation and, on the other hatipugh
the saddle-node bifurcation. The possibility of ed¢ion of
these types of attractors is one of the main adwmst of
MCBG.

Fig.2 shows that no changes in the behaviour ofsifstem
could be observed as the branches of bifurcatiagrdim cross
the upper boundarg,=0. However it should be noted that
there is the other boundary, depicting the situatibend,=1,
which for the parameter values defined in the ceptf Fig.2,

is situated much lower and is not shown in the m@iag In
order to probe the effects of interaction of thisderline with
bifurcation groups, we alter the input voltage obobt
converter and on the basis of periodic skeleton kfe.4,
pbtain another complete bifurcation diagram (segdfi

The bifurcation diagram for new parameter valueswsh

then the value of bifurcation parameter is incrdasedlmost the same qualitative behavior of the systdawever

and we observe that the system loses stability vihe most distinctive feature of the diagram showthee Fig.3
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| Fig. 3. Bifurcation diagram for boost converter wihe following parametersR=12.5(2), L=208(uH, C=222(uF), T=333(:S), Vref=25, E=13.2(V), k=var,
depicting 1T, 3T, 4T and 6T bifurcation groupslibold dark lines represent stable orbits, sbitit lines — unstable orbits and thick dasheddirepresel
border, when duty cycle,d0. PD- states for period-doubling bifurcation, Sidddle-node bifurcation, DIB-discontinuity indudgflircation, RA- rare attractor.
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is the appearance of 6T bifurcation group through-smooth
saddle-node bifurcation. The careful observatiothefregion
of bifurcation (shown as dotted circle in the Fjgl8ts to
conclude that the characteristic multiplier in tbése does not
smoothly cross the unit circle, but abruptly jumpger +1
value. This is the main feature of discontinuityduned
bifurcation (DIB) [5], caused in this case by imetion of
orbit with the boundary defined foly=1.

Based on the obtained bifurcation diagrams it issfile to
conclude that:

chaotic modes of operation;
converter;

saddle-node bifurcation,

bifurcation boundaries, marking the transition tblsarmonic
or chaotic state.

The bifurcation map was constructed for the booswerter in
thek-E plane (see Fig.4).

The bifurcation map obtained in this study couldused to
prove results from the previous sections. If wdofeldashed
horizontal lines in the Fig.4 in the direction atiement ok,

we would obtain the information about existencestdble
periodic orbits in the bifurcation diagrams in thig.2 (BD2)
and Fig.3 (BD2).

the boost type DC-DC converter, operating in DCM,
may exhibit various types of subharmonic and

VI. CONCLUSIONS ANDFUTURE WORK
The application of a new approach for the glob&lrbation

RA of tip type are common in the dynamics of thisanalysis of strongly nonlinear dynamical systems t@idely

used power electronic converter is under consiaerailhe

smooth bifurcations such as period doubling anthain idea of the approach is a concept of comlitecation
interplay with the nongroups and periodic branch continuation along stadhd

smooth bifurcations, such as DIB, defining mairinstable solutions. In this paper it is shown tiegt use of

gualitative changes in the dynamics of the system.

V.THE COMPLETE TWO-PARAMETER BIFURCATION ANALYSIS

The switching power converters have two parametasely
input voltage and load resistance that can varytimoeously
during the operation. The other parameters likaudtahce,
capacitance are generally set at the design stagjeu@ not
assumed to be time dependent variables. The cenventier
study may undergo bifurcations during operation eseling
on various combinations of the continuously varyin
parameters keeping others unchanged. It is ther@fecessary
to study the bifurcations over parameter spade afidR.

The diagram, showing two parameters on axes, ikedal
bifurcation map and is obtained by means of celidb
mapping approach [10]. In the bifurcation map thgnaptotic
behaviour of the system is depicted with definitéoar over a
grid in the parameter space. Using such parameteesthe
designer can place the nominal operating point avay

e
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Fig. 4. Bifurcation map for boost converter withlldaing parameters:
R=12.5(Q), L=208(uH), C=222(uF), T=333(xS), Vref=25, E=var, k=var.

Each color in the map represents definite perigeigime. White colc

depicts chaotic (aperiodic) behavior. This map wasputed by means

cell-to-cell mapping in the grid 700x700 points.

25

hs it has already been mentioned,

MCBG allows finding new nonlinear effects and unimo
before periodic (rare attractors) and chaotic regimn
switching DC-DC converters.

The present study also shows that as the operaticonverter
should be robust against changes in parameterss thea
necessity of working out the bifurcation patterns the
parameter space at the design stage to place theénalo
operating point away from boundaries marking défer
asymptotic behaviour. For this purpose one-paramete
bifurcation diagrams and bifurcation maps shouldbiained.

the Fig.4 showes t
dependence of periodic and chaotic regimes on two
parameters. However in this case it is not possdtietect the
kind of bifurcation that leads to the loss of slipbf selected
regime. That is why it is proposed to use two-patem
bifurcation diagram, which could be constructednibans of
numerical continuation of bifurcation points in qolex
parameter plane. The work on the MATLAB code, which
could provide these possibilities, is still in press.

The obtained diagrams allow the power electronpexislists
choosing parameter values in order to stay awayn fro
undesirable and even dangerous regimes of operatton
should be noted that in practice all types of lifitions are to
be avoided, but it is also known that designingteaysfar
away from bifurcation boundaries may degrade
performance characteristics such as transient sfi¢éedefore,
the design based on the complete bifurcation dragrar
maps, should have a significant impact on the [maict
methodologies taken to make design trade-offs and
performance optimization.

the
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Dmitrijs Pikulins. Paaugstino% tipa DC-DC parveidotaja pilna bifurk aciju analize.

Dotais raksts tiek vals pilnas bifurkiciju anatzes pielietoSanas iegipm gabaliem linaram sisemam ar periodisko frslegsanos. &li modsi
tiek plaSi pielietoti inZenieru praks piengram, impulsu spriegumaapreidotiju dinamikas aprakstam. Afi§iba no plasi pielietojaam
metodtm, dotais raksts pi@da inovatvo pieeju — Pilnu Bifurkciju Grupu Metodi — kurdauj veikt nelin@ro sisemu pilnu bifurkaciju anaizi.
Galvenie rezultti tiek pagditi par piengru npemot vienu no viericS&akiem impulsu spriegumaapveidogjiem — ar spriegumu vadu
paaugstinastipa (boost) prveidogju, kurS darbojasastrauktas stivas refma. Dofa tipa ieficei, balstoties uz viendimensia disketa laika
modeli, tiek sagtiitas pilnas vienparametrigk bifurkaciju diagrammas kondensatora spriegumam un kidijik kartes. RBtijumu gaiti tika
konstagts, ka boost frveidotajos ir nogrojamas gluds perioda dubultoSanas un seglu — mezglpunktakatfijas, kuras ir rakstigas ar
neprtrauktam sistmam. Darla ir paidit, ka nowrota negludo bifurkciju paiadiSaris ir saistta ar vaibas sigala darbaizpildes koeficienta
piestinajumu. Darla tiek paadits, ka Pilno Bifurkciju Grupu Metodes pielietoSana impulsu spriegurmygddogju nelinaras dinamikas
analzei lauj nowrtet to stabilifiti, noteikt ©€to atraktoru, gludo un negludo bifdadiju pa@diSanas nos@iomus, Kk afm izpetit haotiskis
darlibas raSanaselonus. legitas pilnas bifurkaciju diagrammas var tikt izmantotas spriegunaaveidogiju projek€Sanas procés laujot
elektronikas spetgiistam iz\eleties sltmas parametru diapazome(mot \Era af attiedgas pielaides) kurierice darbosiesdélamajp periodisk
vai aperiodisk reAma.

Jmutpuii lInkyann. Ioanslii 6udypranuonnblii anaius nosbimapmero DC-DC npeodpa3soBarensi.

JlaHHast CTaThs MOCBSILEHA OMHCAHUIO IMPHMEHEHHUS MOJNHOTr0 OM(ypKaLMOHHOTO aHaIM3a s M3ydeHUs HENUHEHHOW NMHAMHUKHM KyCOUHO-
TTIAJKUX CHCTEM C MEPHOJUMUYECKUMH NEPEKITIoUeHUsIMUA. MOZENN Takoro pojia MIMPOKO HCIOIb3YIOTCSl B HHKEHEPHOH MPAKTHKE, HApHUMeEp,
JUTSL OIMCAaHWs IWHAMHUKH HUMITYJIECHBIX IIpeoOpa3oBarelniell HanpspkeHus. B oTimdne oT oOBIYHBIX METOMOB HETMHEWHOHN MMHAMUKH, JaHHAS
CTaThsd IpeiaraeT HOBBIM noxxox — Metox Ilomueix Budypxanuonnsix I'pynnm — mo3Bosstronmii MpOBOANTH MONHBIA OH(YpKAIIMOHHEIH
aHann3 HeJUHEHHBIX cucTeM. OCHOBHBIE PEe3yNIbTAaThl JaHHOTO MOAXOJAA JEMOHCTPUPYIOTCS Ha OJNHOM M3 IPOCTEHIHX mpeoOpasoBarelei
HAaIpsDKEHHs] — TOBBIIIAIONIETO THIIA C YIIPABICHUEM IO HANPSHKEHHIO, pabOTAIOMIero B pesKMMe NPEPhIBUCTHIX TOKOB Jpocces. [ qaHHoro
YCTPOMCTBA Ha OCHOBE €TI0 JUCKPETHON MOZIENN OBUIH IIOCTPOEHHI HOJIHBIE OXHONAPaMETPUUNCKHC AUArpaMMBI IS HAIPsHKEHHST BEIXOIHOTO
KOHZeHcaTopa U OudypkanuoHHbEIe KapThl. B Xone nccienoBanust ObUIO OIpeeeHo, 9TO B UMITYJIbCHBEIX IPeo0pa3oBaTesiX MOBBIIIAIONIIETO
THUIA HAOJIIOAAIOTCS IIafkue OudypKaluy yIBOCHHS HEPUO/a U CEIOBbIe OM(YpKali, XapaKTepHbIE U OOJIBIIMHCTBY INIaJKUX HEIMHEHHBIX
cucreM. B paboTe nokaszaHo, 4to HabmoaeMoe BOSHUKHOBEHHE HEIIaKUX OM(ypKaluii B JaHHBIX IIPe0o0pa3oBaTeisX CBA3aHO Pa3IM4YHBIMU
BUJAMH HACHILIEHHUS KO3(D(UIMEHTa 3al0JHeHHUs yIpaBisionero curtana. VccinenoBanue mnokasbiBaer, uTo npuMenenne Merona ITomubix
budypkaunonnsix I'pynn B aHanu3e HEIWHEHHOW IUHAMUKH HMMIIYJIBCHBIX IpeoOpa3oBareliell HampsHKeHHs I03BOJISIET OLCHUTH KX
YCTOIUMBOCTh B 3aJaHHOM [Mala3o0HE MapaMeTPOB, ONPEAEIUTh YCIOBHS BO3HHUKHOBEHHS DPEAKUX aTTPAKTOPOB, TIAIKUX M HETNaJKuX
Oudypraimii, a TawkKe M3y4UTh NPUYMHBI BOSHUKHOBEHMS XaOTHYECKMX PEXMUMOB KojeOaHui. IlocTpoeHHbIE mosHble OH(ypKALMOHHBIC
JarpaMMbl MOTYT OBITH HCIOJNB30BAaHBI B IIPOIECCE IPOSKTUPOBAHMS NpeoOpa3oBareiiedl HAIpPSDKEHUs, IMO3BOJIIS CHELHANINCTaM CHIOBOI
9JICKTPOHUKH OCMBICJICHO BBIOUpATh JHana3oH HapaMeTpos (IPHHHMasi BO BHUIMaHHE JOMYCTUMBIC OTKIIOHEHHS) B KOTOPOM YCTPOHCTBO Oyner
paboTaTh B 3aJaHHOM HMEPHOJMIECKOM MU AlIEPHOIITIECKOM PEKHME.
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