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Abstract: In this paper, during the freezing process of ice
construction the laws of ice crystal formation and growth are
considered with the help of the obtained foundry ice model. The
growth of dendritic structures is described by means of fractal
geometry, which gives the approach to the measurement of the
dendritic surface area of ice model, as well as to the description
of its crystallization front. It provides a possibility to investigate
the processes of obtaining ice constructions, in general, and the
ones, which are used in the foundry industry, in particular.
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. INTRODUCTION

A characteristic feature of the modern technological use of
science in production is involvement of environmentally
secure materials, appropriate for the development of resource-
constrained processes, into the research field. In the modern
foundry technology, the formation of metal parts in sand
molds gives 75-80 % of the casting tonnage. At the same
time, the search for optimal materials for foundry models,
which meet the above-mentioned criteria, continues. Here, it is
necessary to take into account that the best precision of
castings is achieved at moulding with one-time patterns.

In comparison with traditional one-time paraffin-stearic and
foam plastic (melted and gasified) patterns, ice models give
information about the pollution of the molding sand.
Therefore, recently such models have become the subject of
intensive researches of different scientists [1]. However, still
the actual problem is the research of the polycrystal structure,
as well as the process of obtaining the ice foundry models.

Evaluating the gradual development of ice technologies as
one of the steps towards the industrial production at a new
level of the environmental culture, we can note that, in our
opinion, a boom of cryotechnologies, compared with the
today's focus on nanotechnologies, is still expected.

1. ANALYSIS OF THE LATEST INVESTIGATIONS

At the beginning of the 20th century, Polish geophysicist
prof. A. B. Dobrowolski proposed to call “cryology” the
branch of science, which studies the ice in all its forms and
developments [2]. At present, the term “cryotechnologies” is
common only among physicians and specialists in
refrigeration equipment. Ice, as a material for the production
of industrial constructions, is still not widely used. Ice

structure under different conditions of water freezing
determines the properties of ice products, which include, in
particular, foundry ice models. Mathematical modelling of this
structure formation is the example of involvement of cryology
into modern environmental technological processes.

It is known that water has such physicochemical anomalies
as high surface tension and viscosity, ability of supercooling
to low temperatures, high melting heat of solid phase (ice) and
others. These anomalies may be explained by hydrogen bonds
and by water structure. They define the complex nature and
dynamics of the crystal formation process during the process
of obtaining the ice foundry model.

Thus, when the temperature of water decreases to the point
of crystallization, a new network of hydrogen bonds between
molecules H,O appears that is more stable in space and time.
The technical water goes into another aggregative state — the
solid phase — at low negative temperatures, which depend on
the mineralization. The process of crystallization traditionally
begins in the discrete local areas — germs of crystals.
Conditions, which promote growth of ice crystals in the water,
are determined by the degree of supercooling, the presence of
crystallization centres and the rate of the crystallization heat
removal.

Some minimum crystal size corresponds to each state in the
process of the crystal growth. Such size is called the critical, if
the spontaneous crystal growth begins at that size. Crystals,
which have sizes, smaller than the critical size for the given
conditions, no longer grow but dissolve. According to the
determination of the minimum perfect ice crystal [3], the
critical size of the germ at water crystallization consists of
460-470 molecules of the volume 15.7 nm®. This corresponds
to the sphere with the radius 1.56 nm.

It is experimentally determined that ice crystals grow
mostly parallel to the mold base in cases, when overcooling
increases away from its surface into the water column, and the
base is only the place of the crystal origin, but not the source
of cold. On the other hand, ice crystals grow mostly to the
base under the condition of the heat transfer in this direction in
case when overcooling into the stage of protocrystallization is
limited by a sufficiently thin water layer, adjacent to the base.

After the formation of a primary permanent centre of
crystallization, the crystal growth continues in all directions.
For the study of ice crystal growth in water, the cluster model
has been applied [4]. In this model, water is a conglomerate of
large associates (clusters) of molecules, which arise and then
again decompose. Water displacement during the formation
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(crystallization) of the ice model results in the formation of the
displacement front, which is very unstable.

From the mathematical point of view, the process of
crystallization of the ice foundry model is analogous to the
process of aggregation of particles, which is described by
fractal geometry as the appearance of fractal clusters [5].
Thus, fractal modelling can be effective enough in studying
the formation process for ice foundry models.

1. GOAL OF THE INVESTIGATION

The goal of this work is applications of concepts and means
of fractal geometry for investigations of polycrystal structures,
as well as processes of ice models obtained in the modern
foundry.

V. PROBLEM STATEMENT AND RESULTS OF THE
INVESTIGATION

Analysis of the latest investigations shows that foundry ice
models are not investigated enough at present. Therefore in
this paper there is stated the problem of using the concepts and
possibilities of fractal geometry for identification of principles
of the structure formation for environmentally safe ice models
in foundry.

Fractal geometry allows describing different irregular and
fragmentary forms during crystallization of the ice model,
setting the family of figures, which are called fractals. The
fractals are natural structures, consisting of particles, which in
some sense are similar to the whole [5]. Thus, the
crystallization front of the ice model may be considered a self-
similar and compact, i.e. bounded and closed, set E of the

Euclidean space R". Such a set may be presented as a finite
union of its subsets E., which do not intersect each other:

n?
E=E|J...|JE,. The simplest example of the self-similar

fractal is the classical Cantor set [6].

Fractal structures, which appear during crystallization of ice
models, contain elements of randomness regarding the
subordination to the static laws of the crystallization process.
Therefore, it is convenient to consider fractal structures, which
appear during crystallization of ice foundry models, to be
some fractal sets. An experimenter most often observes such
sets as a recurring form of typical treelike configurations, or so
called dendrites.

The law of the crystallization process of the ice model in
the mold is the following: heat is evolved at the points of
crystallization, and it is absorbed at the points of branching of
a dendritic tree at the interface of liquid and solid phases.

In practice, the density of crystallization sources of the ice
model determines the volumetric multidendritic nature of the
crystal formation. It varies depending on the interface of liquid
and solid phases, as well as on the intensity of thermal effects.
Fractals in this process combine a wide class of objects, i.e.
they form some fractal set, which may be considered a set of
points in Euclidean space R".

At fixed thermodynamic conditions there is a spatial frame
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of fractal clusters with a statistical distribution by size. The
decrease in temperature, thus, leads to the increase in
molecules in the cluster. Hence, according to the cluster
model, ice-similar formations in water exist even before the
formation of stable clusters.

Therefore, in the inter-dendritic space, floating ice crystals
are intensively generated, which on a vertical plane create
convection currents, directed downward. Simultaneously,
convection currents of water, replaced by floating ice crystals,
are directed upward. It is obvious that the wider the inter-
dendritic space is, the higher the convection rate is. Here, the
flow of ice crystals, which are deposited, heats up, but the
counter flow of liquid is cooled. Therefore, the higher the
convection rate is, i.e. the greater the area of deposition is, and
the more intensive the growth of crystals is on the branches of
dendrites.

After solidification, the ice model as a polycrystalline body
is a mixture of periodic structures: microlayers of a coarse-
grained crystal structure and spaces between them, filled by
microlayers of a fine-grained structure, alternate. Such layers
have the increased strength. The average size of crystals of
fine-grained structures, as well as the difference in size
between large and small crystals, is determined by
technological additions such as surface-active materials and
binders, which are usually introduced into liquid water
composition of the ice model. Also, they are determined by
freezing conditions, such as the rate and the degree of
overcooling, etc.

To illustrate ice structures, a “classical” photograph taken
by the famous Soviet mineralogist and crystallographer G.
Lemmleyn [7] is provided in Fig.1. It shows outlines of
conjoint crystals and water bubbles in places where melting
began. M. Shaskolska gives this photograph when describing
the dense polycrystalline mass of the ice cover of rivers and
glaciers [7]. Such ice consists of separate crystals, but it is not
always possible to discern them because they are small,
transparent and accrete together. In spring, during the ice
melting, one can see that the ice consists of columns, mostly
hexahedral ones. Such columns are parallel to each other and
perpendicular to the water surface; they resemble pencils in a
pack and each such “pencil” is an ice crystal.

A dendrite ice structure of the foundry ice model is
confirmed by our photographs of ice samples with a diameter
of 100 mm and a thickness of 10 mm, which were frozen in
the freezer at -15°C (Fig. 2).

In order to determine boundaries of crystals, water for the
samples was tinted with ink and other dyes. Among the
various options of structures at freezing there was observed a
local darkening of the sample with the displacement of the dye
molecules by growing water crystals mainly to the centre (Fig.
2). Also, two dark spots were observed, which were pierced by
dendritic needles (Fig. 3).

The intergrowth of ice crystals during the formation of ice
foundry models occurs not as a result of the joining of separate
molecules, but with some “jumps” through the joining of
whole blocks of molecules with the size of 107-10° m.
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Fig. 2. The example 1 of the ice model with a thickness of 10 mm

It is natural that crystals of the dendritic layer of the ice
model can not grow continuously, therefore the process of
crystallization of the dendritic layer can be divided into four
phases: the solid phase, the liquid-crystal phase with the
predominance of the solid phase (the dendritic layer), the
liquid-crystal phase with the predominance of the liquid phase
(the adjacent layer with floating crystallization centres) and
the liquid phase.

When the quantity of overcooling heat, eliminated through
the dendrites, is much greater than the quantity of heat,
absorbed by the dendritic space, the dendrite vertexes begin to
expand and close up, forming a solid crystalline layer.
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Fig. 3. The example 2 of the ice model with a thickness of 10 mm
During the further process of the dendritic layer

crystallization, the difference of temperatures between the
interface of liquid and solid phases and the surface at some
distance inside the solid phase is minimal. Therefore, due to
random inhomogeneities in some points on the interface of
liquid and solid phases, the overcooling heat, emerged during
the crystallization process, does not have time to eliminate.
This leads to melting of microvolumes of the solid crystalline
layer, and the dendritic tree of crystals begins to grow on it.

Also, the mechanism of cluster growth does not exclude the
possibility of joining separate molecules to the growing crystal
face. However, this process is minor, especially at the
significant water overcooling. At small overcooling, i.e. at the
overcooling in the parts of Celsius degrees, the fractal cluster
introduction is possible in practically full agreement of its
orientation with the growing crystal orientation [3].

During freezing of the model, the process of water
transition from the liquid state to the solid one occurs in the
volume of the mold cavity, which is technologically given by
the metal casting configuration. Therefore, in this case we do
not have any crystallization front, but we have some
crystallization area. This area includes the part of overcooled
water, within which clusters with the corresponding
quasilattice orientation can join the crystal surface. Moreover,
this area contains the zone, closest to the interface inside the
crystal, where the relaxation of structural crystal imperfection
takes place.

Thus, there is some transition zone, which, responding to
changes in external conditions, determines the structure and
morphology of crystals of the ice foundry model. Here, the
rate of the model crystal growth is determined by the rate of
the substance (ice) introduction or the rate of the
crystallization heat elimination. The direction of natural
changes during freezing and the rate of their implementation
are essentially only forms, in which the heat energy
distribution is implemented.

If the axes of a rectangular Cartesian coordinate system
present the time and the temperature, then the behaviour of the

63



Scientific Journal of Riga Technical University
Computer Science. Boundary Field Problems and Computer Simulation

2011
Volume 50

freezing ice foundry model can be described as a movement of
a point on this plane. Using the concept of the complex
number a+ib, where @ and b are real numbers, i=+—1, we
can consider the temperature as an imaginary time. It means
that some equations of usual dynamics are transformed into
thermodynamic expressions when you change the time,
expressed in real numbers, for pure imaginary numbers ib.
Therefore, the water cooling process in the ice foundry model
can be considered a thermodynamic process in time but along
its imaginary axis.

Using the methods of thermodynamics of irreversible
processes for the growing ice mass flow, we can write [8]:

dT
Qs = all(dp +psQ?) ,

where o, is the coefficient of the ice shear resistance, p; is
the density, Q is the heat of phase transitions, dT is the

change in temperature, dP is the change in pressure.

Due to the large reaction rate, the form of ice model crystals
is very sensitive to external conditions. The water environment
change can cause a rapid aggregate change in its forms, which
can grow or persist. Thus, any jut on the surface of the
growing crystal is in more favourable conditions for growth.
During the slow crystal growth, solid faces are formed with
growth lines, parallel to the base. If the crystal basal plane is
parallel to the growth surface, then separate “steps” in height
about 0.4 - 0.6 mm are formed on the plane.

The fresh-formed ice of the foundry ice model is exposed to
many  microstructure transformations related to the
recrystallization and completion of the crystal structure. In
natural water there always are extraneous elements, which
have a significant effect on the freezing and nature of
crystallization during the process of obtaining the ice model.

Considering the process of the ice model crystallization in
terms of fractal geometry, we underline that the concept of
distance between points in space is central in determining the
fractal dimension during the model crystal growth.

We consider the area of crystallization of the ice foundry
model to be a compact set £. According to the Heine—Borel
theorem, it is possible to cover the set E by a finite system of
closed sets with diameters, not exceeding some real number
6>0, and for each & one can determine the minimum
number N (&) of such sets [6]. Here, the function N(&) has

only natural values and increases with no limit at 6>0. We
note that this function also depends on the metrics of the
compact set E. Different metrics of the compact set E have, in
general, different functions N (J), hence the metric order of
the compact set E is not a topological invariant.

Thus, we can measure the area of the crystal surface of the
crystallization zone for the ice foundry model as the value of
the set of points in space, dividing the space into small cubes
with the edge & or into small spheres with the diameter &
[6]. Placing the centre of the small sphere into any point of the

. . 1
set, we get that all points on the distance r < 55 are covered

by this sphere. Calculating the number of spheres, which cover
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the set of points, we obtain a measure of the value of this set
of points.

Let us consider the set of points that form the surface of the
crystallization area for the foundry ice model. Obviously that
the number of squares with the side &, that are necessary to
cover some surface, can be determined from the expression

Sy

N(5):§ at o—>0, where S, is the area of the

crystallization surface. Then the normal measure of the set of
points, which form the surface of the crystallization area of the
ice model, is the area S and we can write [6]:

S=N(3)x5” > 5

Therefore, the number of squares, needed to cover the
dendritic surface of the crystallization area of the ice foundry

model, is determined by the expression N (o) = % at 6 »0.

It is necessary to note that some sets of points form curves,
which can be twisted as much that the length of the curve goes
to infinity. For example, the Peano curves fill up the whole
plane. Analogously, there are surfaces, bent in such a
complicated way that they fill up the whole space. The
dendritic surface of the crystallization area of the ice model is
similar to those complex surfaces. In future, for more precise
study of such sets of points, it is expedient to generalize the
above-mentioned measures of the set values for more complex
surfaces.

V. CONCLUSIONS

In the fractal interpretation, the mechanism of the ice
structure formation of the foundry ice model is considered in
the paper. That can serve as a fragment of the theoretical
foundations of the development of such model production
technology. The basic concepts of fractal geometry, required
to identify principles of the formation of the ice foundry
model structure, are considered. The examples of ice models,
which motivate the research of dendritic structures by the
fractal geometry method, are presented. For the first time, it is
proposed to use the concepts of fractal geometry for the
original technology of the production of ice products.

Also, fractal geometry gives the approach to measure the
area of the dendritic surface of the frozen ice model, as well as
the front of its crystallization. This allows exploring in a new
way the processes of the model solidification and melting.
Understanding of the features of ice fractal structures, with the
self-similarity of separate elements to the whole product, may
explain the presence of coarse-grained and fine-grained
crystalline microlayers.

The nature of the influence of such microlayers onto the
construction strength, and the control of model parameters are
the issues for further research.

Laws of ice crystal growth during freezing of the ice model
and growth of dendritic structures have many similarities with
the crystallization of metals. Therefore, processes of obtaining
ice models, described in this paper, by analogy may be called
“ice metallurgy” or “foundry of ice constructions”.
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Development and application of such cryotechnologies to
obtain ice constructions may become a means of
manufacturing application of a large array of interdisciplinary
knowledge, including elements of physical and colloid
chemistry, surface phenomena, thermodynamics of
irreversible processes, etc. This will allow achieving the high-
tech ways of production at a new environmental and energy-
saving level.
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Vladimirs Kravéenko, Vladimirs Doro$enko, Olena Mul, Andrejs Shut. Fraktalu geometrijas pielietojums lieta ledus mode]u pétisanai

Radot jaunas metala lieSanas tehnologijas, zinatnieki savos pétijumos ieklauj jaunus, videi draudzigus materialus. LieSanas process biis optimals resursu
saglabasanai, kad smilSu formas materials maksimalu skaitu reizu atkartoti kontakt€ ar lieSanas izkauséto metalu. Sim kriteri jam visvairak atbilst vakuuma forma
no sausam smiltim bez saistvielas, ripnieciski parbaudits virziens smil§u form&$anai ar atkartotu smil$u ciklu un minimalam regeneré$anas izmaksam. Tomer
rodas jautajums par $o formu lieSanas modelu optimaliem materialiem. Lielako 1&juma precizitati dod viengabala smilsu formas modeli, kas izlieti vienu reizi.
Salidzinajuma ar tradicionaliem $ada veida parafina — stearina un putuplasta modeliem mazako piesarnojumu smilSu veidn@s var dot ledus lieSanas modeli, kuru
pétisana veikta $aja darba ([lopomenko B.C. IIpeanochuiku co3nanms TEXHOIOTUH JIUThS IO JICASHBIM MOJEISAM B BaKyyMHpYeMbIX (opmax / MeTat u JTuThbe
Vkpaunsl. — 2009. — Ne 5. — C. 27-30). Ledus ka riipnieciski raZotu konstrukciju materials pagaidam nav radis plasu pielietojumu. Ledus struktiiru form&Sanas
matematiskd modelé$ana dazados Gidens sasalSanas apstaklos izraisa interesi k@ dabu sargdjoSas kriotehnologijas iesaistisana misdienu tehnologiskajos procesos.
Ir zinams, ka Gdenim piemit fizikali — kimiskas anomalijas, kas izraisa kristalizacijas sarezgitu raksturu un dinamiku, iegiistot lieto ledus modeli. Kristalizacijas
process sakas diskrétos lokalos apgabalos — kristala embrijos. NosacTjumi, kas veicina ledus kristalu palielinasanos Gideni tiek noteikti ar parsalSanas pakapi,
kodola kristalizaciju un kristalizacijas siltuma zuduma atrumu. Katram kristala augSanas stavoklim atbilst noteikts minimalais kristala izmeérs, ko sauc par
kritisko, no kura sakas spontana augSana. Autori apliikojusi kristala veidoSanas un augSanas likumsakaribas, sasalstot ledus konstrukcijam lieta ledus modela
veidoSanas procesa. Dendritisko struktiiru picaugums aprakstits, izmantojot fraktalo geometriju, kas dod iesp&ju izmérit salstosa ledus modela dendritiskas
virsmas laukumu, ka ari ta kristalizacijas fronti. Tas atkldj plasas iesp&jas pa jaunam pétit ledus konstrukciju, kuras izmanto lieSanas razoSana, iegiiSanas
procesus.

Baagumup Kpasuenko, Baagumup Jdopomenko, Onena Myab, Auapeii IyT. Ilpumenenne ¢ppakTaibHOil TeOMETPHH ISl UCCIe0BAHUI JIHTEHHBIX
JIeASIHBIX MoeJIei

Co31aBast HOBBIE TEXHOJIOTHH JIATEHHOTO IPOU3BOACTBA METAUIMUECKHX JIeTalleH, yIeHble-TUTEHIINKY BOBIECKAIOT B CBOU HCCIIEAOBAHMS HOBBIC DKOIOIHIECKU
Oe3onacHble MaTepransl. JInTeiHbIl nporecc OyaeT ONTHMAIBHEIM 110 PECypcocOepeKeHUIO TOTa, KOTla MaTepHaIIbl TeCYaHOH (POPMBI CMOTYT MaKCHMAJIEHOE
KOJIMYECTBO a3 MOBTOPHO KOHTAKTHPOBAaTh C PACILUIABICHHBIM METAIUIOM OTJIMBKH. DTOMY KPUTEPHIO HauOolee COOTBETCTBYET BaKyymupyemas dopma u3
CYyXOro Ilecka 0e3 CBSI3YIOILIEro, MPOMBIIUICHHO IIPOBEPEHHOE HAIpaBIeHUE MeCYaHOH ()OPMOBKH C HMOBTOPHBIM IHKIMPOBAHHEM IECKAa M ¢ MHUHHMAIbHBIMU
3aTpaTaMH Ha ero pereHepanuio. OIHAKO BO3HHKAeT BOIPOC 00 ONTHMAIBHBIX MaTepHalaX JIMTEHHBIX Mopmesel st oToi ¢opmbl. Hanbonpiryo TodHOCTH
OTIMBKM JAlOT OJHOPA30BbIC MOJEIHM B HEpa3beMHON mecuaHoi ¢opme. Ilo cpaBHEHHMIO ¢ Takoro poja TPaJHLMOHHBIMH Iapa(UHOCTEAPUHOBBIMH K
HEHOIUIACTOBBIMH MOZCISIMU HaUMEHbIIICE 3arpsi3HEHHE (POPMOBOYHOTO MECKA MOTYT JaTh JICASHbIC JINTCHHBIC MOZICIIN, UCCIE0BAHUE KOTOPBIX U POBOJUTCS B
nanHoi padote (Jopomenko B.C. IIpennocsuikyu co3naHus TEXHOIOTUH JIUThS 110 JEASHEIM MOJENSIM B BAKYYMHPYEMbIX (opmax // MeTtai u Iutbe YKpauHBL.
—2009. — Ne 5. — C. 27-30). Jlex kak mMatepual ajisi U3rOTOBJIEHHUs MPOMBIIUIEHHBIX KOHCTPYKLMHI I10KA HE HALIEN IIMPOKOro NpuMeHeHus. MaTeMaTtiuieckoe
Mo/IeNipoBaHne GOPMUPOBAHUS CTPYKTYPBI JIbjla B PA3IHYHBIX YCIOBUSX 3aMOPAKHBAHHS BOJbI BBISHIBACT MHTEPEC B CBETE BOBJICUCHHS NMPHPOIOOXPAHHBIX
KPHOTEXHOJIOTUH B COBPEMEHHBIE TEXHOJIOTHYECKHe TIponecchl. M3BecTHO, 4To BoJa 001anaeT pU3HKO-XMMHYECKUMH aHOMAJIUSIMY, OTIPEASIIIOIINMU CIIOKHBIH
XapakTep M JUHAMUKY [poliecca KPUCTaI000pa30BaHus IPU HOIy4EHUHN JIMTEHHON nensHoil Moaenu. IIponecc KpUCTaIIn3alul HAaYMHACTCS B IUCKPETHBIX
JIOKAJIBHBIX 00JIACTSIX - 3apOJBIIIAX KPHCTAILIOB. Y CIIOBHS, OJarONpUsTCTBYIOIINE POCTY KPUCTAJIIOB JIbJd B BOJE, ONPEACISIOTCS CTEICHBIO IEPEOXIIaKACHHS,
HaJIM49UeM sIep KPHCTAUIM3allMi M CKOPOCTBIO yIAJEHMS TeIUIOTH KpHCTAUIM3anud. KakaoMy COCTOSHHIO B IpOIecce pocTa KPHCTaJUla COOTBETCTBYET
OIIPE/ICICHHbIH MUHUMAJIBHBIN pa3Mep KPUCTAJlIa, HAa3bIBACMbIH KPUTHYCCKHM, NMPH KOTOPOM HAYMHACTCS €r0 CIHOHTAHHBIN POCT. ABTOpAaMH PacCMOTpPEHbI
3aKOHOMEPHOCTU O0pa30BaHUs U POCTA KPUCTAIUIOB JibJia MPU 3aMEP3aHUH JICSHOW KOHCTPYKIMHU HA MpUMEpE MOJIydeHHs JIUTEHHOH JensHol monxenu. Poct
JICHAPUTHBIX CTPYKTYpP ONMUCAH IPH HOMOIIY (ppaKTaIbHON TeOMETPHH, KOTOPast JaeT IMOIXO0A K M3MEePEHHIO IUIOMAAN JeHIPUTHOH IOBEPXHOCTH 3aMep3aromnieit
JICITHOI MOJIENH, a TaK)Ke ONUCaHHI0 (pOHTA ee KPHCTALIM3ALMH. DTO OTKPBIBACT LIMPOKHE BO3MOXHOCTH I10-HOBOMY HCCIEIOBATh HPOLECCHI MOITYUCHHS
JIEITHBIX KOHCTPYKIMIL, B Y4aCTHOCTH T€X, KOTOPBIE UCIIONIb3YIOTCS B JINTEIIHOM MPOM3BOJICTBE.
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