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Abstract — Optimal k-step, 4- to 10-stage, explicit, strong-
stability-preserving Hermite-Birkhoff (SSP HB) methods of
order 4 with nonnegative coefficients are constructed by
combining linear k-step methods with 4- to 10-stage Runge—Kutta
(RK) methods of order 4. These new methods preserve the
monotonicity property and prevent the growth of error;
therefore, they are suitable for solving hyperbolic PDEs by the
method of lines. Moreover, the series of new HB methods have
larger effective SSP coefficients and larger maximum effective
CFL numbers than Huang’s hybrid methods of the same order
and RK methods of the same stage number and the same order
when applied to inviscid Burgers’ equations.
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I. INTRODUCTION

In our research, we are concerned with the numerical
solution of nonlinear time-dependent partial differential
equations (PDEs) by the method of lines. Here the spatial
discretization yields a set of time-dependent ODEs with initial
condition of the form
% = flt,y(tl), yita) = vn. D
where y = R" is the semi-discrete state and f : R =« RY —
BN represents the discretization of the spatial variables
forming a system of semi-discrete equations.

The development of strong-stability-preserving (SSP)
methods is motivated by the observation of the solutions of
PDEs. Indeed, the solutions of many important PDEs satisfy
the monotonicity property

llu(t + At < |lyit) ], )

where || - || is a norm, semi-norm, or, more generally, any

convex functional. Therefore, when applying a spatial
discretization to PDEs to obtain (1), it is important to keep the
discrete monotonicity analogous to (2), i.e.,

ln+1ll = llall. (3)

where U= isa numerical approximation to {fo + ).

Here, we assume that the semi-discretization is designed so
that the solution of the resulting ODE system (1) satisfies the
monotonicity property analogous to (2) under the forward
Euler method (FE), i.e.,

It + StF (s )| = [Jyall. (4)
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for all 0 < Af < Afpzand all ¥= where Aipg is a maximal
step size for which (4) holds, and || - || is a given convex
functional.

Under this assumption, we are interested in higher-order,
explicit Hermite—Birkhoff (HB) methods, that is, a class of
multistep and multistage numerical methods which preserve
the monotonicity property

[l || = 11_:1:L:-Eck||_-;.'.,‘_:||. 0= At < eMdpg, (5)
when coupled with the spatial semi-discretization. Here k is a
positive integer representing the number of previous steps
used to compute the numerical solution at the next step. The
monotonicity property (5) is desirable since it mimics property
(2) and prevents approximations from error growth.

A method, which gives the solution satisfying monotonicity
property (5) for (1) which satisfies the FE condition (4) is
called the SSP method. The number c is referred to the SSP
coefficient, which depends only on the numerical method. In
the literature, ¢ has been denoted by the CFL coefficient.
However, SSP coefficient is a more suitable term because the
CFL condition is derived from the ratio between the time step
and the spatial grid size, while the SSP coefficient describes
the ratio between the SSP time step and the strongly stable FE
time step. A great effort has been devoted to search for the
numerical methods with the largest SSP coefficients (see [3],
[4] and [6]).

In this paper, we concentrate on constructing new explicit,
multistep, multistage, SSP general linear time-discretization
methods of order 4 with nonnegative coefficients in order to
solve system (1) by discretizing one-dimenional conservation
laws:

et glyle =0, ylx,0) =iz, (6)

by finite differences or finite elements (see, for example, [1],
[7], [10], [17D).

There are reasons to call these methods SSP HB methods.
Firstly, the construction of new methods involves HB
interpolation polynomials, and they are combinations of linear
k-step methods and s-stage Runge-Kutta (RK) methods of
order 4, called HBks. Secondly, by convexity and using the
extension of Shu-Osher representations, we can decompose
the method in terms of SSP FE method, so these methods will
maintain the monotonicity property, while having high-order
accuracy in time, perhaps under a modified restriction

Mf < o(HBEs ) Adpr. @)
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The paper is organized as follows. Section Il introduces 4-
to 10-stage SSP HB methods. Order conditions are listed in
Section 1ll. In Section IV, we derive the Shu—Osher
representation of k-step, 4- to 10-stage HBks of order 4. The
new methods are formulated as solutions of optimization
problems in Section V. Section VI compares the effective SSP
coefficients of our new SSP HB methods with other known
SSP methods. In Section VII, numerical results are presented
for several methods when applied to inviscid Burgers’
equations. The new methods are listed in Appendix A in their
Shu—Osher form.

I1.SSP HB METHODS WITH K STEPS AND S-STAGES
OF ORDER 4 AND SOME NOTATION
Throughout this paper, the following notation will be used:
Notation 1:
ek denotes the number of steps of a given method,
e sdenotes the number of stages of a given method,
e HBks denotes k-step, s-stage SSP Hermite—Birkhoff
methods of order 4,
e  GLks denotes k-step, s-stage general linear methods,
HMk denotes k-step SSP hybrid methods of order 4,
RKs denotes s-stage SSP Runge—Kutta methods of
order 4.
All the methods considered in this paper are SSP and are of
order 4, so the denominations “SSP” and “order 4” will
generally be omitted in what follows.
Notation 2:

e The abscissa vector & = [cp,c0,08,..., 0
0 < ¢; = 1, defines the off-step points t. + ¢;Af
For simplicity, set ¢1 =0 and ¢} = 1 by convention.
e At each off-step point, let F; := f(t, +c;At.Y;) be
the jth-stage derivative where Y; is the jth-stage value
and set ¥ = yp..
An HBks method includes the following s formulae to
perform integration from . to #.41.
An HB polynomial of degree 2k+i—3 is used as predictor
F; to obtain the ith-stage value ¥,

k— i—1 k-1
Z i Un— ,.+.lf[ZauF +Z Bij fa- ]

=1

i=23...,8 (8)

I

An HB polynomial of degree 2k+s—2 is used as the

integration formula to obtain i=+1 to order 4:
k—1 s k—1
Untl = 3 Qjtinj + At [z biFi+Y " Bifn —j} - (9)
3=0 =1 i=1

I111. ORDER CONDITIONS OF HBKS

For the construction of the order conditions for HBks, we
shall use the following expressions derived from the backsteps
of the methods:

2011
Volume 50
st SR |—f,|"‘1
Et-.;j;=zm,_~ Z i=1,2.....4,
=1 =1
i=223.....s (10
Like with Runge—Kutta methods, we impose the following
simplifying ~ conditions on  the  abscissa  vector
T = o1, 00,08, ...c‘,]r
i=1
F;=Zﬂ;:;.+B,I;1;I. i=213,...,. (11)
i=1

Expanding the numerical solution produced by formulae
(8)-(9) to agree with a Taylor expansion of the true solution,
we obtain the following multistep- and RK-type order
conditions that must satisfy with HBKs:

k—1
Z%=1 i=2,3,....s (12)
=0
E—1
Z a; =1 (13)
!=|:|

- 1
Z biel" +m!Blm+ 1) =

m=10123. (14)

p— m+ 1’
= i 1 1
;-5 [qzlaz_?r,.+5’|2;]+5’|3} ar (15)
Zb [Zaur_?+_ﬂ|2,|}+ﬂl4; (16)
1 |
Zb [Z % o ~ + B; .3;] + B{4) = it (17)
= : 5—1
Zb [ [Zawfk+5’|2;]+3|3;]+ﬂl—1; ik
=1 =1
(18)

where the backstep parts, B(j), are defined by

k-1 Y E—1 fovi—1
= Z ¥ # + _.'J: L"Ir
& (7 =1

i=l1

B(j) j=1,2,3.4. (19)

IV.SHU-OSHER REPRESENTATION OF HBKS

Now we extend the Shu-Osher representation to our
methods so that we can rewrite our s-stage HBks methods in
formulae (8)—(9) as convex combinations of FE method [13]
to show that they will preserve the monotonicity property (5).

Firstly, let
i—1
Mt Aapre =0, ) Ag=1, i=34.. 5 and
=1
Z Aopre= L (20)
=1
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Then formulae (8) and (9) become where the coefficients are
o1 i—1
i—1 - i—1 . .
. A= 5 — e, =01,... . k—1,i=2.3,...,5
¥i= |:Z J}'-z.t‘i| i W +Z b lm—j + At |:Z ﬂa’;!ﬂ N ! ; :
f=1 =1 =1 =
k—1 Aj =0y — epovgg,  J=01,... k-1,
+ _'.j'lz_ﬂ;: Jrn—_-'_l:|- i= 3-4 caag By (21) ;
_1;:1 i—1
. k-1 By=8;— Y ewby, j=01,... k-1i=23.s
Untl = |:Z ,:'l.5+1_{‘ LaTyy 7 + Z i ln—j =0
=1 =1 sl )
. 1 By=8—Y efyy,  j=01,... k-1,
+ At [Z biFy +Y 5 fn_:] : (22) =2
;1:1 _':;=1 i—1
gij = @ij — Z eaag;, i=3,4,...,8, j=2,3,...i—1,
Secondly, express the term ¥ in formulae (8) as a =i+l
function of ¥. -
g5 =b; — Z epagy, J=2,3,....5,
f=4+1

| k—1 i—1 k-1
U = W—!D{E—Z 0¥l g — O [Z a;_.;;F:+Z _.-;l‘;_.;;;fﬁ__»,:] }

=1 5=1 =1
i=273...,8 (23
To avoid confusion, we replace the index i by m in formulae
(23) to obtain

m—1

k—1
Yo = %{h - ; Oimjnj — A {Z s B

i=1

(24)

k-1
+ Z _.-imjf,,,_j;] } i=23....s

=1

Thirdly, for i=3,4,...,s and 1=1, 2,,... -1, we substitute
(24) into the terms Aszctinty in (21) with m = 1. Similarly, we
replace ¥» in terms of A-iiemoy. in (22) by (24) with
m = |. If we set

P5j=)l.i_.:.ﬂi|j_."'l."t':|j. _j'=2.3..‘—1 E.=3._—'1.......
a;1 = i, i=23...,5
=P =)l.5+1__.:.lf't'|:|_."l'-"t':l:l- j= 2__ 3._. vy Sy

by = fo.

then after some calculations, formulae (8) with i = 2, (21) and
(22) become:

E—1 k-1
Y= [Zﬂ Aijin—j + At Zﬂ Bi:fn—:] +

i—1 i—1
[Z%}; + At Zgijﬂ]__ i=2.3,.. .5 (25)
=2 =2

k-1 k-1

Ul = |:Z .‘:].:yn_: + A Z B_‘.‘- fn__.;;:|
=01 ::'_' ) (26)
+ [z ':?j]::j + Jﬁf ZQ?F-"'}
=2 =2

88

Since it is assumed that all the coefficients in the Shu-
Osher form are nonnegative, one can easily verify that

-1 i—1 E—1 =
A+Y ey=1,i=23,....5 3 A+ g=1
=i =2 =i =2

k
a

Moreover, by convexity, the HBks methods can be
decomposed into a combination of FE method with new step
sizes:

e In (25) for ¢ =2,3,...,5, the step sizes are f—-ﬂ.r
j=0...k—-1and At J=23...i-1L
for the first and second bracI;eted terms, respectively.

e In (26), FE terms have step sizes
%m.; =0,.... k=1 and LAt j=2.3,.. . s
in the first and second brackets, respéctively.

Thus, we can conclude:
Theorem 1: If the FE method is SSP under the time-step

restriction At <0 Adzz, then the k-step, s-stage HBks (25)—
(26) preserve the monotonicity (5), that is the method is SSP
under the restriction

At = o({HBks) Afpg.

where the SSP coefficient c(HBks) is the minimum of the
following quotients:

.‘515_1:

LR E . S L £ SEELE N

~min {&} i=3,4,...,8 (28)
=23, .,i-1 .';'zj

with the convention that a/0=+4cc and under the

assumption that all coefficients of (25)—(26) are nonnegative.
This result is the following straightforward extension of the

result presented in [5], [6] and the idea for the proof is in [14].
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V. CONSTRUCTION OF OPTIMAL HBKS

In order to start, we search for an optimal k-step, s-stage HB
scheme by maximizing its SSP coefficients according to
Theorem 1. This means we seek the global maximum of the
nonlinear programming problem

max c{HBks),

Ay Buyeijamij Ay Byeg e

(29)

where all the numbers in all pairs

[A; By, =001, k-1,

A, Byl, i=23,. .8 j=01, k-1,
lejigit, G=2.3,...,5,

leingi ), =34, ...8 §=23,.. i1,

are nonnegative real numbers. Note that if the coefficients in a
pair are zero, it is defined as NaN (in MATLAB), and hence it
is not included in the minimization process. Furthermore, the
objective function (29) is subject to
e the convex combination constraints (20),
o the simplifying assumptions (11) for HBKks,
o the order conditions (12) to (18) for HBks,
o the conditions on the
ey =0.0<¢; <1 §=23,...,s.

abscissae

V1. COMPARING EFFECTIVE SSP COEFFICIENTS

A. Effective SSP Coefficients and Percentage Efficiency Gain
When the time step is limited by the monotonicity property,
the computational efficiency of the method can be measured
by the effective SSP coefficients, which is very helpful to make
a fair comparison between two methods of the same order.
Definition 1: (See [12]) The effective SSP coefficients of an
SSP method M, i M) is defined by

ol M

f'e:':";ﬂj-;' = 1 (30)

where ¢ is the number of function evaluations of method M
used per time step and c(M) is the SSP coefficient of M.
For instance, in this paper, ¢ is also the number of the stages
for HBks or RKs method and ¢ = 2 for HMK. By definition,
ceel FE) = 1.

Definition 2: (See [15]) The percentage efficiency gain
(PEG) of the effective SSP coefficients cegiM2) of method 2
over sl M1} of method 1 is evaluated by

el M2) — oo M1

PEG{comi M2, (M1} ) =
L Ceffl Sh1s |y Cagf| HLL) ) cerr(M1)

(31)

B. List of Known SSP Methods of Order 4

We now list some known SSP methods of order 4 in the
literature so that we can compare them to HBks. Shu and
Osher [13] constructed a series of second- to fifth-order SSP
RK, several of which are downwinded ones. Ruuth and Spiteri
[11] showed that there is no s-stage SSP RK method of order
p >4 with nonnegative coefficients. Moreover, they also
proved that there is no four-stage explicit SSP RK method of

order 4 with positive SSP coefficients (see more in [12]).
However, in [16], they constructed s-stage RK method of
order 4 with nonnegative SSP coefficients for k = 5,...,8. The
10-stage RK method of order 4 implemented with two
registers and a great effective SSP coefficient was found by
Ketcheson.

TABLE |
cppp(HBR2) FOR B = 2,3, 4.5 AND 2 =4,5,. .., 10,
5 HEZs | HE=: HE4ds HES:s
q 0359 | 0481 043 045
5 0452 | 0504 050=
& 0428 | 0512 0514 0515
7 0532 | 05 053
g 0553 | 05538 | 0554
g 058a | 0527
10| 0glo | 0Rl4

« RKS with o{RK5) = 1.508 and c5(RK5) = 0.302,
« RK6 with o{RK6) = 2.295 and r,5(RK6) = 0.382,
« RK7 with o{RK7) = 3.321 and cz(RK7) = 0.474,
« RKS with o{RKS) = 4.146 and cz(RK8) = 0.518,
« RK9 with o{RK9) = 4.869 and r;(RK9) = 0.541,
« RK10 with ¢(RK10) = 6.000 and rz(RK10) = 0.600,

For HM method, in [6], Huang found the following k-step
hybrid methods of order 4 with nonnegative coefficients:

« HM3 with o{HM3) = 0.494 and c,g(HM3) = 0.247,
« HM4 with o{HM4) = 0.682 and c,g(HM4) = 0.341,
« HMS with o{HM5) = 0.793 and c,g(HMS5) = 0.396,
« HM6 with o{HM86) = 0.879 and c,g(HMG) = 0.439,
« HM7 with o{HMT7) = 0.938 and cg{HM7) = 0.469,

Gottlieb, Shu and Tadmor [5] proved that there is no two-
step hybrid multistep RK method of order 4. However, in our
research, we have constructed 2-step, s-stage HB of order 4
with non-negative coefficients fors = 4,....,,10.

In the case of general linear methods, Constantinescu and
Sandu discovered GL24, GL34 and GL44 (see more in [2]).

o GL24 with o(GL24) = 1.590 and e GL24) = 0.308,
o GL34 with ¢(GL34) = 1.840 and e GL34) = 0.461.
o GL44 with o(GL44) = 1.930 and e GL44) = 0.483.

C. Comparing Our New HBks with the Above-Mentioned SSP
Methods

The ¢ coefficients and the formulae of HBks methods are
listed in Table I and in Appendix A.

Remark 1: From Table I, we can observe that:

e For a fixed stage, the effective SSP coefficients increase
as the number of steps k increases because the set of
feasible solutions of Problem (29) is larger.

e For a fixed step, especially in the case of order 4, the
effective SSP coefficients increase up to ten stages when
the number of stages increases. However, it does not
happen for all order. In fact, when the set of feasible
solutions of Problem (29) is larger, c(HB) increases, but if
the difference between c(HB) at s-stage and (s + 1)- stage
is smaller than c. (HB) at s-stage, then ceat (s + 1)-stage
decreases.
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TABLE Il
LOWER RIGHT BLOCK: PEG(Cgrr) OF HBKS OVER HMK AND RKS

HM T HM4 T HMS T HMs RES EE& RET REE EES T EEID
oo oAod | OsET | 070F [ 0ET9 1305 | 2393 [ 3520 | 4146 | 4869 [ &0
el G 0247 | 0541 | 05% | 0430 [ 0302 | 0382 | Q494 | 0518 | 0541 | 0600

HB=d 1979 0.40d L 5% IS [EES) ad% 20% % T -0

HB35 2520 0.504 1045 450 il 156 L] 32% G -ME 1%

HB 34 3093 0515 1095 510 300 178 1% 355 o 1%

HB27 ENE 0.534 5% 5% % 7% 405 13% 3% -1%
HBZ 4424 0.553 40% e B3% 450 17% 74 2% B
HB 34 5279 0587 4% Q4% 545 4% 13 0 -2
HB210 | &102 | 0610 147 % TOE | A% | W% [ e | ek 200 18 | 13 2%

In Table 11, we compare the efficiency of our methods with
the efficiency of other methods.
Remark 2:

o At first glance, we can see that our best HBks method
is HB310. In fact, its c. is greater than all of the hybrid
methods and RK methods, especially RK10. While
HB210 has the same c. with the optimal explicit two-
step RK method of order 4, HB310 is slightly better
(See more in [4]).

o All of our new methods (except for one method HB24)
have the greater c. than those of hybrid methods listed
in Table II.

e As shown in Table | and Il, RK5 and RK6 have the
smaller ¢ than those of HBks methods.

e In comparison with RKs for s = 7,..., 10, the cy of
HBks with multistep are larger for the same stage.

e GL methods and HB methods have the same SSP
coefficients and = for the same number of steps and
stages.

Therefore, our investigation, to obtain HBks methods of order
4 by combining linear k-step methods and 4- to 10-stage RK
methods of order 4, shows that these new SSP methods have
good SSP coefficients.

07
s 05 M/@/,ﬂ
< e
5 .
e 05| o—e */,/"’ -
o b /
5 04 v
P
.v'/l
4 6 8 10

Number of stages s

HB3s of order 4 o, RKs of order 4 #

Fig. 1. Effective SSP coefficients versus number of stages, s, of 3-step HB3s
methods of order 4 and RKs methods of order 4, including Ketcheson’s RK10

Fig. 1 compares HB3s and RKs of order 4 on the basis of
their effective SSP coefficients as functions of their number of
stages. Clearly, the new methods, generally, have larger
effective SSP coefficients, especially when the number of
stages of both methods is small.
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VIl. NUMERICAL RESULTS

In this section, we present some numerical results to
confirm the validity of our new optimal schemes on two
problems of inviscid Burgers’ equation with different initial
conditions: the first problem is with unit downstep initial
condition and the second is with a square-wave initial
condition.

From now on we will use the total variation semi-norm

[t | = TVi{u.) where

TV(ga) = ltn i1 = Ui, (32)

7
and say that a method is total variation diminishing (TVD) if
TV (tng1) = TViy,. (33)
The following two definitions will help us compare
different methods with different computational costs more

easily and fairly (See more in [6]).
Definition 3: The largest effective CFL number of method

M denoted by (M ). for error €.

[TV wlx, tagal) ) — TViniz, fa0))]| < e, (34)

is defined by

Af 1
(M) = ms —_— =,
Ter( M) nﬂx{ A f}' (35)

where ¢ is the number of function evaluations per step of the
method.
Then max Af gy = CArngg( M) is called the maximum

numerical stepsize. We let max{ At} be the maximum
theoretical time step taken as

max At heor = ol M ) Af g (36)
and Hpuy be the ratio of the maximum numerical and
theoretical stepsizes

max Afpm
v max M figear (37)
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Definition 4: The percentage efficiency gain, PEG(ne), of
Ness Of method 2 over method 1, is defined by

(W2y — (V1)
PEG (nog) — el M2} Re.ﬂl. ]
gl ML)

(38)

To apply the HB schemes, we need some starting values
computed by using the optimal RK54 scheme [11] with a
small initial step size h == 1.0e-04.

TABLE Il
Neft (HBKS) FOR HBKS APPLIED TO PROBLEM 1

] HBZs | HE% | HBd= | HE3:

E] T30 [ 036s | 030 | eed |

bl 0385 | 0405 | 0395

[ 0430 | 0440 | 0420 [ 0421

7 || o421 | 042s | 042

L] 070 | 0375 | 0377

a 0360 | 0365
10 || nas0 | 0asd

A. Burgers’ equation with a unit downstep initial condition
As in Huang [6], we consider the following problem.
Problem 1: Burgers’ equation with a unit downstep initial
condition,

o

L,
wix, 0) = {[]

and boundary condition

LIRS = B B S
_u|\1_t|+£ [5 wiz, ) } =10,

—1 = =0,

39
0<x=1. (39)

u(—1,t)=1 t=0.

First, we discretize the spatial derivative of the flux function

flu)=wu(x,t)*/2 by the weighted essentially non-
oscillatory finite difference scheme of order 5 (WENO5) of
Jiang and Shu [8] with the spatial step size fx = 1,/150 to
obtain the semi-discrete system

. 1
)= —5= v — fi-aml,  (40)

where with r; = jAmrx,
j=-150, -149, ...., 149, 150, and f;+g1,.-2_1 is the numerical
flux, which typically is a Lipschitz continuous function of
several neighbouring values w;(#) (see [8] for details). Now a
time discretization can be applied to (40). For Problem 1, we
consider the total variation norm of the numerical solution at
fina = 1.8 and take Ad sufficiently small such that (34)
holds with & = 5.0e-02.

The numerical results show that the FE method satisfies the
TVD property (33) under time step restriction

uilt] = wmy d)

At < Atpg = 0.325Ax. (41)

The megiHBES), for s =4.5,..., 10, as a function of s for
this problem are listed in Table I1I.

The largest effective CFL numbers ny of several HBks, and
HMKk for k = 3,...., 6 and RK10 applied to Problem 1 are listed
and compared in Table 1V.

TABLE IV

LOWER RIGHT BLOCK: PEG(nes) OF HBKS OVER HMK AND RK10 AND RATIO
Rnr=MAX ATnum/MAX ATtheor FOR HBKS, HMK AND RK10 APPLIED TO

PROBLEM 1
313 E] AME | AR HME | FEEI0
T ' Fiaf WA | nZed | 0F [ ) 1,345
Fo' Fox 2a66 | L3E2 | 1355 1.918 1774
HEZA [ELTI] 3013 TN 05 19%: WL 153%
HE» 0365 2437 1% £ 1% 15 5%
HEZ5 0385 2623 B0 Ay 17% 41% 1%
HE¥s 0440 2647 1019 639 EIC 51 24
HE47 0421 2434 Ll 1 285 4% %
HE48 0377 292 76 LEL ] 15% E-L A
HEZ 0360 1891 G8% - Qi L 4%
HEZ10 Q350 1765 6l 2l =] B 1%

The lower right block lists the PEGi «.g) of HBkS over the
other methods on hand.
Remark 3:

o HBks have larger nes than HM methods and RK10, thus
every percentage efficiency gain is positive.

e Among HB schemes, although HB210 has the largest
n.#=0.610 (see Table II), it has the smallest n. when
applied to Problem 1.

e The HB36 has the greatest nes; among the HBks methods
listed in Table I11.

B. Burgers’ Equation with a Square-Wave Initial Condition
In the next comparison, we use the fourth case of Laney’s

five test problems [9, p. 312].

Problem 2: Burgers’ equation with a square-wave initial
condition,

9 f'+'5l ]
— ., - | —ulr, = .
gt T Eg [ M

- L |z < 3,
ujx, 0] = {[] 1 fl -

and boundary condition w(—1,¢) =0 for { = 0.
We use the same procedure as in Problem 1; however, now
trina=0.6 and ngs (FE)=0.183 instead of 0.325.

(42)

TABLE V
Nett (HBKS) FOR HBKS APPLIED TO PROBLEM 2

= HBZ [ HE3: | HEd: | HE3=

4 0405 [ 0350 | 0375 [ 0575

b 0410 [ 0405 | 0395

[ 0415 [ 0435 | 0451

7 Odds | 0441 0450

B 0400 [ 0410 | 0410

a 0400 0405
10 02300 [ 0390

In Table V, we list ng(HBks) for s = 4, 5, ..., 10 and
k=2, ...,5 for HBks applied to Problem 2.
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The ng of HBks, HMk and RK10 applied to Problem 2 are
listed in Table VI, respectively. The lower right block shows
PEG(cCes) of HBKks over the other methods on hand.

TABLE VI

LOWER RIGHT BLOCK: PEG(nes) OF HBKS OVER HMK AND RK10 AND RATIO
Rnr=MAX ATnum/MAX ATtheor FOR HBKS, HMK AND RK10 APPLIED TO

PROBLEM 2
HME T AMd T HME Hie T REID
Tiaif ', afE U0 | 0280 | 030 | a2od | 03
Ron’, Rox 4638 | 4480 | 4265 | 2532 | AA73
HEZ 11 Rt ] EER 5% IR ERLS o
HB34 0,350 4144 G719 ] 136 T2 1%
HB25 0.410 4053 Q5o 4a | 101 1%
HB s 0,435 4.640 1075 5% 40% [ 113% 17%
HB47 0.430 4584 114% 61% 45% | 121% %
HB2% 0.400 1046 1% 43% jtb 6 2%
HBZ10 0,390 245 % 0% 26% 1% 5%

Remark 4:

e For Problem 2, the neri{ HBks) listed in Table V, except for
HB34 = 0.350, are larger than the i of HMk and RK10
listed in Table VI.

e Although, according to Table I, of(HB25) = 0.452 is
smaller than ce(HB3R) = 05538 and el HB42) =
0.5544, it is seem in Table V that they have the same
g = 0.410 when applied to Problem 2. Similarly,
el HB35) = 0,604 < ep(HB39) = 0587, but have
the same . = 0495 when applied to Problem 2.

e Among the HBks methods, HB36 and HB46 obtain the
highest 7= for Problem 1 and 2, respectively (see Tables
[l and V).

VIIl. CONCLUSION

In our research, we extend the Shu—-Osher representation for
Runge—Kutta methods [13] to a Shu—Osher representation of
HB methods. Moreover, under this representation, new series
of optimal, explicit, k-step, s-stage, SSP Hermite-Birkhoff
methods, HBks, of order 4 for s = 4, 5,...., 10, with
nonnegative coefficients are obtained by combining linear k-
step methods with 4- to 10-stage Runge—Kutta methods of
order 4. Although some methods, such as HM, GL, and RK
methods of the same order, have been found in the literature,
HB methods have better SSP coefficients and larger maximum
effective CFL numbers when tested on Burgers’ equation.
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APPENDIX
This appendix lists the Shu—-Osher representation of the

HBks methods considered in this paper with their e(HBks),
cazr(HBks) and abscissa vector & = [e1, ¢z, . ..].

HB24 Hee o = | 503, oy = 0,308, and :
o = [0, 0, 4140218230007 A4, 0.0 100GTRRT 284861530, 0, 0000023G308362 1 56T
Yo = L31AT304200438025 601y, _y + N ONI26GALTAIE190T o) 1 y
# S ARI0NIG6 16513657 e-D 1AL £,
Ya = 3. 7611628586304 845 e 1 L A 230500106206 100 e 01N L,
+ GU23883T1 13045161 e-01 Y, + 301 T20TOHB0NG3T e 01 AL F,
Yo = GOLRTRBIS2MGSTORT ey, g + 4, S00ST8020281 6044 042y
¢ S OGHGLR251052635 <01 Y, + 5628444 1132346308 e 01 ALy

1 = 44524211403 TIONAGOD edd gy

ey -1 4

+ 240450113772 1100e-0108 £, + 1,67 1781036900 ¢-01Y 5
< O 208391 2086026305 e- 2N Fy + A UTTO0UTOGOMEN K e-0 1 Y
+ 254154 1T0TGLUE0GS e-O1L AL M,
HBM, Here ¢ = 1843, oy = (L4G], 2nd ;
o = [0, 03062281 41092704747, OO0 1 4431 1 839380, O.SSHIATHATAN46030]¢
Yo = LRIG265102T6534T0e 0 y,, .y + B IRITIAROT241652T -0 1 y
+ 4302542218422 1160500202 f,, _ ¢ + 4.3302023001936121 - OLAL f,
} 2.2 538I8S2TAIN0A T e y,, g + L2OITA2ITARSIR 20l L AL S, -
4 TTRAGINIIT2084321 e-01Y & 4. 22078B0T34040680 e 0L AL E,
Yy = 6. TA3082853087 0 ey, - o + 1,47 GULE P YR
+ T AG215451590T5T1 L e-02A2 £,y + BGITEIS66148841 30 e-01Y
¢ AGTA052408500 702 e 01 AL F,
fod 1 = 1O0AG2430500800049 02y, . 3 + 4. 40TOGIS6TOATT T el y
+ 2 3E2H0TOORRE392 e-O1 AL S, 4+ S 4RMRIAT2005T1 33 e-01Y
+ 2. 07453200435239095 - D1 AL F,
HEH, Hete ¢ = 1.932, con = 0453, andd
o [0, 02055067 2502500878, LAGASTOMSATLIS2864, O.8TAHDOTATOTOTGATSS 7
Y5 = 4. T524TTA5080053TT 002y, - 3 + 126850951 TUM28 ey -
+ B 2542431 5674004 L e-01 i, + 2. A58B659T56032358 - 0241 f,, o
+ G AGIASTIONCOORSTH e 024 £,y + 4 2TIRIOS24621 28T DL AL T,
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5 = LODIRSO0TASI3264 e-01 g,y + LOGOSETIN0ETHN020e-01A¢f,,
+ KOO8 10609251 LGT106-01 Y2 + 4. 143484601 2100330 01 At Fa,
Ve = 1268147603427 7145 0-0 sy, _y + 6.56 1486805877 1342 0208 1, ¢
+ B TIIRG2U65T225830-01Y5 + 4. 51 TH2S1610038256 ¢-01 A4 Fy,
Wus1 = 3.22388T206TTI0520 -3y, — 5 + 1.AT1IT252678287 12002y, —,
+ L0081 TA34TTTEN A0 e-00 y,, + T.6110523440503006 ¢-03AL -
+ 20TIR2TISRATOGA 14 e-01 At £, + 5.8125005268780758 ¢-01Y,
+ 3.0074341872002397 ¢-01 At F.

HB2S, Horo « = 2,258, cyq = 0,452, and
@ - [Il. (L3R4 TRIDGORGRT, (0, 4921 2070702055379, 0.51952005303075192,
0.05306303132083556] 7
Y2 = 10y 4+ 4330487200868 1 26 DI AL 4,
Vi = 2.61540303291 64566 D1y, _y + 1. 1330TAB3T00T120 eDLAL S,y
A+ T-38450069GT08351 28 ¢.01Y + 3. 200441320251 | 562 e-01ALF,,
Yi = 119333089068 746225 e-01 gy, + 1LOG2TTONI21 252554 e-02y,.
+ 2 200268662001 3520 ¢-03A1 £, -y + 5.T01501TOGDT 28531 e-01Y
4+ 2.4T1THIB00GHAERN0] e-01 AL Fy,
Yy = LOY + 4. 335048 T829608683 e L AL F,
gy = 2 B0ASMATINTT 002y, + 2 1HT551411227070 ¢-O1y..
4 9. 206009301 G42301 08 e-02At
4- 2.42608121822441 22 ¢-01Y3 4 1.0500D03662560282-01 A0 Fy
+ 5. 19517421 2T5830TT e.01Y] 4 2.252280220055181 | e 01ALF,

HBXS How o = 2,520, cop = 0.504, and
o = [0, 0.30667202804458002. 0, 3473303254 1243025, 0.74401135435702003,
0.87211776033132926] 7,
Ya = 10g, + 3.00672028014588004888 ¢-01A¢ £,
Y3 = 3.1933300462023281 e p,, _; + 1. 266T0S2TE650540 eD1 AL 1, -
+ GB0GEGOOGATITETI0e-01Y5 + 2.70001 2010880831 8 ¢-01 AL Fy,
Yy = 1.0V, 4 2.0667202804458875 -0 1 AL Fy,
Yo = 3,0842700893420334 001y, + V. TATTHIOGIS0STINIT e-024A¢ £,
+ 101107430131 84673 e-02Y, 4 6724031 5800260308 01V,
+ 2.66T433080T492221 e-01 A1 Fy,
Yntr = 5.TI05391 119407718 03y, — 3 + 1.OROTA04146250084 e-01 g,
+ 523267 15235206312 -02A1 £, + 1.0426370402058658 e-01Y
4 T AGBSTOISATTAANA 0201 F)
4 6.330321 1440588204 -01Y7 + 2.5110613324410470 0-D1ALF; .

HB4S. Here ¢ = 2.042, conr = 0.508, and
o = [0, 0.3032T000064963307, 0. 68352604 10472677, 0. 72586181 18040602¢
(8532554061 20316707
Ya = 1.0y, + 3.9327000064063307 e-01 A1 f,,,
Y = 3001402927 1450676 01y, — ¢ + 1180400 1238998434 -O1AL S,
+ G O0SSO0TOT2EG044319¢-01Y5 + 2 TH23008725061062 -0 A ;.
Yy = 2.6134098851 7230508 ¢-02y,, _ y + 10278 133060002028 02410 f,,
+ D TIRGHON LARITEAGO -0 1 Y5 + 4 42321 02078558804 e D1 A,
Vi o= S6628058THATE85 10 a0y 4 1.4405107221283228 -0l At 1,
4+ 2, 33075T69257547 55 06,
4 G.BATOROSISOUTI016e-01 Y 4 2.4921001081730302c-01 A1 F,.
Yoot = 0.0422753003104897 e-04y,, _5 + 1.5868186323471 44201y,
+ . B2666TO2616854T ¢-02A¢1 £, + 1. 501502 THGEE621 9 e-01Y 2
+ 5, THOOSG244 270850 e-02A¢ F;
+ 6.8120363010000171¢-01Y5 + 2 6TROTE25T831580 e-OIAF,,.

HR26. Here ¢ = 2,930, o = 0,458, anil
o = [0, 0.84131501751 573518, 0.54403205600266 185, 0500785001 1 006662
0.55032054080032075, 0, 89T40336077124707]
Va = 1.0y, + 34131501 76157401 S e-01 At f,,,
Yy = 7283746006041 4606 ey, _y + 2.4860518050303010 e-02At .y
+ 9.2716259003058551 ¢-01Y; + 3. 1645440855084 128 e O1AF,,
Yy = 2.1165050044551004 01y, 1 + T.22415421 56875474 e-02A¢ f,,
+ T.RS34349955440001 e-01Y; + 2.600T3475358856T8 ¢ 1AL,
Yo = 5,2217420737060433 e-01y,, + 1.7522502045537952e-01 A1 £,
+ 7.320024327T284084 ¢-02V3
4+ 4.0457045034606084 ¢-01Y] + 13808507341 804070 01 AtF,

Yy = 416 163500TRSUSET6 002y, + 1 420428535851 8801 e-02A¢ f,,
F 2.3181004241883033 - 10Y
+ 0.5838364033020321 ¢-01Y5 + 3.2711073207810087 eH1LALFy,
Uns1 = 1.38R2061420736054 0020, _ 1 + 1,06562255784084119 001y,
+ 3.636TTABGO526T644 c-02A0 £,
+ 1. BTO0001BS3205066 ¢-01Ys + 5,651 5205020660152 0-02A1F,
+ 6.016953618463T270e.01Ye + 2.360860 1454414754 001 AtFYy.

HB36, Here ¢ = 3060, o q = 0.512 and
o = [0, 0.32582 16565 1383000, 057067 TSIBE501SGT, 06064000411 7975816,
Q.GERETI4041 1040717, 0.3207071]0023-‘5002[7.‘
¥y w L0y, + 4558216565 1453060 .01 At £,
Vi = 21101 780020046036 e-01 y,, ;4 0.0047 438062201244 e.02A ¢ f,, _,
+ T ASON21DTONGI00] e-01Y5 + 2.567TA2184515484 1 e Ak,
Yi= 10e-01Y; + 3 2582165651383000 «-01 84 5,
n = 5.0T661 252206354 200-01 y,, + L USHOTUSMIGI4120-01A2 f,
+ B IBTTSARISTERI622 005
4 A O0224654024520870 N Y 4 1LGO3RAGR0O023972T e 0L AL,
Yo = 20076200331 1341 T4 0Ly, 4 B 46362401200 IATOL eA2AL
4 3.2614058091237042 600Y
4 7402274094271 5230601 Y5 4 2 4115400322087 24 e AN AL F,
Yopr = 1 TRAS2OI043223408 03y, -y + | 13TS007462030007 .01y,
+ 2602021 166075347 e-02A¢ £,
+ G 5AT24T 140521250 20-402Y5 + | TITOO0TSSTIGTSS0 0024 ¢ Fy
+ R IS05662441 115424 001 Yy -+ 20685430 30TE62401 e-01 A1 Fy.

HE46. Hete © = 3083, o = 0514, andt
a e [0,0.232401 40560551406, 0412051 52077237552, 0,6439140F354 100463,
0.10724‘357298115063.04717303%027064‘.'513[".
Vy = 0106501 765132897 .02y, -y + D.0800340823436706 e-01y,,
o+ 2050004272051 1843 e 2AL £, | + 2045019646501 351 201 AL S, |
Yy = 1 ITITSR6003428308 .01y, —, + 3.80660033232452 1 4e-028¢f,
4 B E262113G6RTIONe-01Y -+ 286241004047 T2 e-01 80 F,
Vi = 1. 265430035047 4908 ¢-01 y,,
+ K. 7445603649525 1 05 e-01 Y5 + 2 835030850840 44821 e-01ALF,
Yo = AOG2OITASRSON0 e-01y,, + 1LI14SM0G0580058 0014 £,
+ SAMTOUIE2S L0 T E2e-01 Y + | 2868037510742 01 AL F,
Yo = J3M085169480GTUTd 000y, 4 LOSOG2GTTIO33364D e 01 AL ],
4 GO LAS TS 1062526 A1 Y5, 4 215345310007 31040 e AL F,
Vadt = 4BIT6621034632018 -0y, 4 L 31I3TI644T250133 01y,
4 3062630695400 140240 £,
4+ B.ESITSOGIITOG254 01 Yo + 2 SIGETOBI021 33125 -0 1A Fy.

HE27, Here c(HB27) w 3,720, cq(HB2) w 0.532, and
o = [0, 0. 268419807 449KTTO0, 0. UTH2S3L082003563, 6362481 4827801274,
LGTAISA2ATHI D523, 0 GOG260004 22072060, 0874655801 67050774]

Yo = LObesily, + 2084108744087 T00 e-01 A1 f,

Vo = 1332900330086 20062 e-01 3, -y 4 LETONTIHNTNOTST2 0200 1 -y
4+ RGOTHA0401 37082 -01Y) + 2. 32604066077 TTO21 e01 80 Fy,

Vi = 100405 4+ 263841 80744987700 01 A0 Fs,

Vi = 36363127191 257684 e-01 gy, + D.TOORLINSTOO2200 2 AL [,
+ LT600750196 L5010 o131, + 6.3459565216T80T20e-01 Y
+ 1T03USSA8022834 8 e 01 AL F,

Vo = 1.0T0T0U345380153T -0y, + 1. 33425066 10625620 01AL £,
+ 10040611 TO2002733 e 04Y5 + 5.0261 115034305562 ¢-01Y7,
4+ 13401072061 326405 -0V At Fy

Yo = +1.00e400Yy 4 284108074408 TTOR e-D101 F,

Pt = T AZOTHEHM2581 e-03,, 1 + 4. 201000J0GOEI0594 0025,

4+ LOSBTTOSS2TE308 M -2 AL f,, + 1 ATIN2R3ID00646TI 01 Y,
+ 3700821 22844 -2 A CF; + BO4D02GE8 3000284001 Y
+ 216051707 TO405530 e 0L At Iy

HIB37, Here c(HBAT) w 3,741, 6 (HB3M) = 0.534, aed
a = [0, 0.26T306TTHAASETL, 0, 36663150061 £TU007, 0032038573 141 28788,
1) 665222000 1055TR50, () GOGEISOE1IB003RLL, 0, Z6TS 190740401 7005|T

12 = LOD ety + 2.67I06TT2626488T2e-01 A4, ,
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Vi = 1325501 3308632302 e-01 7, _ | + 3543166165 1885202 0241 f,, _ 4
4 B.6TH40R169136T605 6.01Y 4 2.3157521097463354 .01 A5y,
Yy = 1.00e+00Y; + 2. 6TI06TTH626488T2 001 At Fy,
Vi = T.8339201 835580181 e02y,, + 2.0040509212805666 ¢-02At f,,
+ 2.RA23069641 243608 6-01Y,
+ 632421 10175107763 ¢-01Y, + 1600504436 020038 e-01 AL F,
Yo = 4528244075201 7000 -0y, + 1.21043030042007796-01 AL £,
4 4101019921576 1101 -02Y; 4+ 5.0616529325005806 e-01Y7
+ 13530143768 720652 e-01 A1 Fy,
Vi w 1435000008837 1840 e.02Y5 + 3.97101 13580703041 e-03A¢F;
+ 0.RS 14099091 162807 6-01Y, + 2.6333861268.40927 e 1AL Fy,
Pas1 = 8.30650455TO508T50 oMy, 3 + 4.86130081 72801175 e-02y,,
+ 1LOR742620410841 18 ¢-01Ys + 3.4413774361 3685404 e-02A 5
+ B.2180471195806348 ¢-01Yy + 2. 1067306525275113e-01A ¢ Fs,

HB4T, Here ¢(HB4T) = 3.749, g (HB24) = 0.536, and
o = [0, 02667 4073639327200, 03654030750 106731, 0,03223382 1 H8432031,
QLE658TOR308T515153, 0.60TETRIITIL0NE564, 0.56208353!03336-‘55]7.

Vi w 1.00es00y, + 2.66T4074630327200 .01 At £, .
Yy = 1.326146T8T018457T 01y, _, + 3.53T3T3R8403630063 e-02At £, _,
+ B6TE5532120815428 ¢-01Y5 + 2 3136 T00TO8963106 0-D1 AL F,
Vi = 1.00e400Y; + 2.6674074639327200 c-01 AtFy,
Vi = 13020051056568347 e-02, + 3. 4720780371297 781 ¢-03A1 £,
+ 35567888 199650903 ¢-01Y)
4 6.3120106304683261 e.01Y 4 1683047 | 690604486 .01 AtF,,
¥y = 1.60696754148T2575 e-01y,, + 1.2448704054004705 ¢-01 A f,,
4 2128546801 4204449.02Y5 4 51201 7777008676 e-01Y3
+ L365TO00422086239 ¢-01 At
Vs = 36181 200808897723 02V + 9.65102455184 18703 c-03A¢ Fa
+ 0.6381870013110224 ¢-01Yy + 2.5708972186143020 c-D1 At Fg,
Bregt = 2163406361 0TI08 16 e-04y,, — 5 + 562706001 535553926 e-02y,,
+ LOBTITI46260543806 6-01Y5 + 2.88537304 73820004 e-D2A 1 F
4 B.35633200655459537 ¢-01Ys 4 2.2251 T08291 464233 -1 ALy,

HE2S. Here o(HBST) = 4424, ry(HB3) = 0,553, and

o = [0, 0.22603206506303649, 0452065930 L1607 232, 0. 57595 1 0K40ME 5488,
03050303 3405031602, 0, 832760500867 54003, 0. 7687037 7403508664,
G 96AATTRNB240703) T

Yy e 1 00ce 0y, + 2.2603206506809669 e 01AL S, ,
Ya = L0V 4+ 2. 2603206506803669 ¢-01 A1 F3,
Yy = 2.02861 7231262384502y, -, + 108038741 TRS058R83 e-01y,,
+ 4.5858436TTTHAATRS e-03AL £, _
+ 4. T16T508580031 T30 e-01Y, + 10702730424 175827 01 ALF;,
Y = 40400530841 330118 e-01 y,,
+ 5.0530601 58H6088T e-01Y] + 1, 1423584032600020 ¢-01 A Fy.
Yo = 2,3834030846072800 01y, + 5. 3I8T4821256261370 -02A1 f,,
4 43546 100140383168 c-03Y3 + 7,57 2050825243337 2 0115,
+ 1.7 11 7385646408720 e- 01 At Fy,
Yz ow 1.0V 4+ 2.2603206500803666 ¢01 At Fy,
Ya = 3.3208281600016180e-02Y, + T.5107283544602212 c 0315
+ TAS0OSESTIETTIONT e-02Y,
+ 8042182051721 116 e-01Y: + +2.0126468628 708105 e-01 A Fy,
Ynat = 3062200051 5870660 c-03y,, - | + 3.430603734TROTE22 020,
+ 2.2397T2842T 651609 -01 Y + 5OGZE2ABTATANZAN o-H2AIFy
4 T.AR5680 1032408845 001 Ya + | CAOMI22R5403578 0| AtFe.

HE3S, Here o{HB3R) = 4431, o0 (HB38) = 0.5535, and

o = [0, 0.2256031 7763020257, 0,451 38630536058574, 0, 453054 TOROSTOE0D9,

(LT 14041 0TH031 3082, 0, 531 8504S0IRISZ00, (. TATHS262SK3027063,
0 IRI02L655955070]

Vi = 1 ey, + A0 TTOSR2RT 010 1., |
¥y = L0V, + 2 256031 TTGS020287 e-01 A F,

94

Y4 = LELIIERAI011337T45 002y, ~ ¢ + L M209TRITHEIS] | el gy,
+ 4.0933T25065890564 e 03AL fr, ¢
+ BATHR600T284020e-01Y5 4+ 1 BUOA2TA2ATTIO020% e- 01 At FYy,
Yo = LTITIN6T201854541 01y,
+ 5. 2828932758 165470¢-01Y + 1 1023120TOTOIS883 e DI ALF,,
‘o = 2,28020585154938864 ey, + 5. 1462750563545147 0-024¢ £,
& 2TTROO24 146443704 -02Y7 4 T 4 1D822430416260 .01V,
+ LGTO0S6206T23701 e-DINF,,
Y7 = 10Yy + 2.256031TT6802028d 0-01 At Fy,
Yo = T2TAIRTETOMAL308 ¢-401Y5 + 16N T34646 151653 e-0400 Fy
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HEB4Y, Here o{HBAS) = 4430, o |HB4R) = 05514, and
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Yr = 1LOYe + 22544870 448684556 01 A1k,
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+ 8.7024221340420028 ¢-011 + +1.961040TH62203228 e-01 Ae 7,

egr = 1181014341 4334708 004y, — 3 + 460G B26HSIAZ0TH 02y,

+ 1LRI0T2I0102382708 0-01Y 5 + 4. LIBSSIE0083T6O8E 0-U20¢ Fy
+ T.68B03524RE319558 ¢-01Y, + 1.7334830350028547 e- 01 A Fs.

HB29. Here o(HB29) = 5.271, c (HB29) = 0.586, and
a e (0,0 180TE51041 6279040, 0.3TO4TO20832559850, 05200081 1730088363,

0,331TT283105412421, 05215079361 1602348, D G3T232T0555722223,
0.7 TI2TTO0234084, 0040206381651 4521] 7,
Y2 = L0e+d0y,, + LEOTI51041 6279943 ¢-00 At £, |
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HE39. Here «{HB19) = 5.270, ¢, (HB3?) = 0,587, and
a = [0, 0. 18043721061 280203, 0. 3TASTA421 22560403, 0.51 1904 THH65 54606,

0,3322097 1334717834, 0,52 1 G469G300908034, 0,0425807300031 4262,
0,74627464684283040, 0. 93064568637063551 | >,
Yy = L00e+00y,, + 1L.80UST21061 280203 -01AL £, ,
Y3 = 1.0Y; + 1.8043T21061280X 8 e 0L AL F;,
Yi = 0.0203450073824 10202y,
+ DA0TAGHA00261THON 01 Yy 4 1. TRO3491 215218491 e LALFy,
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Yy = 6.2632270030300033 ¢-01y,,

+ 4. TAOTTLNNACA006GT e-01Y, 4 S.97321046T0TONEM e-020 ¢ Fy
Yo = 10Ys = LAOMST2106 1280203 o- 01 AL R,
F130T883TIMITROG e-01 y,, + 2 ASTRIGZARGI06245e-02A0 1, ,

4+ 28116942001 ME363T e-06Y

-
I

+ K. GEOOGSO51800GI8Ge-01Yy 4 1L.GAG331020558435 -0 1 At Fy
Yi = 1.8332627761800183¢-01Y3 + 3. AT2SR186641 52043 0200 F,
4+ 5. 00868809895505332 o413Y5
+ 810766033307 04767 e-01Y5 4 + 1. 5358006638022670 ¢-01 At F5
Yo = 1.3780243236016317 ¢-02Y + 26121907 7350424324 e-030 L Fy
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Unba = L9GTHMOTTIIE0RSd e- My, = 2 4 LTRISSEN0LUIETTORG -0 gy,
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+ 3. 207TIS102437TE02 e03Y5
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HE310, Here c(HB310) = 6,142, con(HB31O) = 0.614, and
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)
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Yh = A ASGTTANOSKOGT AT e 0] gy,
+ 55148226401 4002853 ¢-01 Yy + 807690891 30223021 e-02A1F;
Yo = GOT051 29853031833 ¢-02y,,
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e
e
|
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Huong Nguen-Thu, Truong Nguen-Ba, Tjeri Giordanos, Remi Vajenkurs. Ermita-Birkhofa k-solu 4. kartas laika diskretizacija no 4. Iidz 10. etapam,

kas saglaba stingru stabilitati

Nestacionaru parcialo vienadojumu diskretizacija péc telpiskas koordinatas ar taiSpu metodi noved pie parastu diferencialvienadojumu sistémas. Raksta apliikota
daudzsolu metozu saime iegitas parasto diferencialvienadojumu sist€mas skaitliskai integrésanai. Nelinearas stabilitates Tpasiba, kas piemit laika diskretizacijas
metodém, kuri saglaba stingro stabilitati (SSS), ir Tpasi piemérota hiperbolisko neziidamibas likumu integré$anai. Raksta ir konstruéta k solu atklato Ermita-
Birkhoffa metozu saime, kuri saglaba stingro stabilitati, ar kartu 4 ar nenegativiem koeficientiem. Metodes ir konstruétas uz linedras k solu ceturtas kartas
metodes kombingSanu ar ceturtas kartas no ceturta lidz desmitam posmam Runges-Kutta metodém. Metodes ir precizi formulétas un saglaba stingru stabilitati.
Sis jaunds metodes saglaba monotonitati un aizkavé kliidas picauganu, tadgjadi tas ir piemérotas parcialo diferencialvienadojumu risinasanai ar taisnu metodi.
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Piedavatam metodém ir lielaka efektivitate attieciba pret Kuranta-Fridriksa-Levi (KFL) koeficientiem. Visam jaunajam Ermita-Birkhofa metodém ir lielaks
efektivais SSS koeficients un lielaki maksimalas efektivitates KFL skaitli, salidzinot ar tas pasas kartas Huanga hibrida metodém un Runges-Kutta metodém, ja
tas pielieto neviskoziem Burgera vienadojumiem. Raksta aplikoti divi piemeri, kuros Birgera vienadojums risinats skaitliski ar piedavatajiem metodém.

Xyonr Hryen-Xy, Tpyour Hryen-bBa, Trepn l:xopaano, Pemn Baiienkyp. K-marosbie, ot 4 1o 10 3TanoB, JuCKpeTH3aUuu M0 BpeMeHH DpMHUTa-
Bupkxoda 4 mopsiaka, coxpaHsOLIHe CUIBHYIO YCTOHYHBOCTD

JluckpeTu3anys HeCTAlMOHAPHBIX YPABHEHUH B YaCTHBIX HPOMU3BOJHBIX 110 MPOCTPAHCTBEHHOI KOOPHHATE C MOMOIIBIO METO/A MPSIMBIX PHUBOAUT K CHCTEME
OOBIKHOBEHHBIX TH((hepeHIHaIbHBIX ypaBHeHHH. B cTaTbe paccMarpuBaeTcss ceMeificTBO MHOTOIIATOBBIX METOROB IS YHCICHHOTO HHTETPHPOBAHUS
MIOJTy4EeHHOH CHCTEMBI OOBIKHOBEHHBIX NH(M(EpeHIHANBHBIX ypaBHEHHH. HenmmHeliHOe CBOHCTBO YCTOMYMBOCTH METOJOB IHUCKPETH3AlUH II0 BPEMEHH,
COXPAHSIOIINX CHIBHYIO YCTOHYMBOCTb, JENIaeT MX OCOOCHHO IMPHBIICKATEIbHBIMHU I HHTETPUPOBAHMS THIIEPOOIMYECKNX 3aKOHOB COXpaHeHHs. B cratbe
MIPUBOJHUTCS HAOOp K-IIArOBBIX SIBHBIX, COXPAaHSIOMMX CWIbHYIO ycrodumBocth (CCY), meromoB Opmura-bupkxoda (CCY Db) gereproro mopsaka c
HEOTPULATENbHBIMH K03()(UIINEHTaMHU, HOCTPOSHHBIX MO NPUHIUILY KOMOUHUPOBAHHS K-IIArOBBIX METOAOB YE€TBEPTOTO HOPS/IKA C YETBIPEX — AECATHITAITHBIMU
Mmeronamu Pynre-Kyrtra werBeproro mopsiika. Meton TOYHO cHOPMYIHPOBAH M COXPAaHIET CHIbHYIO YCTOMYHBOCTB. llpemnaraemble METOIBI COXPAHSIOT
MOHOTOHHOCTH M 3a/Iep>KHBAIOT BO3PACTaHHE OIIMOKM, IODTOMY OHU IPHMEHHMBI AN perieHus AuddepeHnuansHbIX YpaBHEHHH B YaCTHBIX MPOHM3BOJHBIX
METOZIOM IIPAMBIX. BooOmie roBops, y HOBEIX MeTo0oB Dpmuta-bupkxoda 6onee sdpexruBubie kodaddunuents: Kypanta-Opunpukca-Jlesun (KOJI). V Beex
HOBBIX MeTo0B Dpmuta-bupkxoda spdexrusnpiii koadduuuentr CCY u uncna mMakcumaibHoi dpdextuBHoct KDJI Gonpiie, ueM y ruOpUAHOrO Meronaa
XyaHra TOro e HopsKa, TaK ’*Ke OHH OOJIbIIe [0 CpaBHEHHIO ¢ MeTonaMu PyHre-KyTTa, ecinu UX NpUMEHSTH JUIS pelIeHHs HeBsI3KHUX ypaBHeHHil broprepa. B
CTaThe PACCMOTPEHBI IBa IIPUMEPA, B KOTOPBIX YHCICHHO peIaeTcs ¢ IIOMOIIBIO IIPEUIOKEHHBIX METOI0B ypaBHeHHe broprepa.
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