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Abstract –  The ODE solver HBT(12)4 of order 12 (Can. Appl. 

Math. Q. 16(1) (2008) 77–94), which combines a Taylor series 
method of order 9 with a Runge–Kutta method of order 4, is 
expanded into optimal, one-step, 9-stage, explicit, strongstability- 
preserving (SSP), Hermite–Birkhoff–Taylor methods, HBT(p), of 
orders p = 6, 7, . . . , 12, with nonnegative coefficients. These 
methods are constructed by combining Taylor methods, T(p − 3), 
of orders p − 3 with a 9-stage Runge–Kutta method, RK(9, 4), of 
order 4. Several new one-step SSP methods arise with higher 
order than those appearing in the recent literature. The Shu–
Osher form of RK methods is extended to the above combined 
methods. Compared to Huang’s k-step hybrid methods, HM(k, 
p), of the same order, the new HBT(p) generally have larger 
effective SSP coefficients and larger maximum effective CFL 
numbers on Burgers’ equation, independently of the number k of 
steps of HM(k, p). The new HBT(p) are listed in their canonical 
Shu–Osher form in the appendix. 
 

Keywords – Strong stability preserving; Hermite–Birkhoff-
Taylor method; SSP coefficient; time discretization; method of 
lines; comparison with other SSP methods. 

I. INTRODUCTION 

We are concerned with the numerical solution of initial 
value problems 

                                        (1) 

where the function  is such that 

                                                        (2) 

for all  Here  may be a norm or, more generally, 

any convex functional. 
It is assumed that f of (1) satisfies the discrete analog of (2), 

                                               

(3) 

for the forward Euler method (FE) with  where 
the vector  is a numerical approximation to  

Recently, new strong-stability-preserving Runge–Kutta 
(SSP RK) methods have been developed for solving (1) such 
that 

                                                                   (4) 

for  whenever 
inequality (3) holds. Here the number c(SSP RK), called the 
SSP coefficient of SSP RK, depends only on the numerical 
integration method but not on the vector function f. 

To consider the Hermite–Birkhoff–Taylor methods of order 
p, (HBT(p)), FE is expanded into a series method of order at 
least 1, denoted by S(p −  3),    

                      (5) 

of degree p −  3 in  where  It is to be noted that 

S(p − 3) is the usual Taylor method, T(p −  3), if the 

coefficients  Hence, in 

general, S(p −  3) is similar, but not identical, to the usual 

Taylor method, T(r), of order r, r = 1, 2, 3, . . . , p −  3, if S(p 

−  3) has an error of order 2, 3, . . . , p −  2, respectively.  

Moreover, it is assumed that, besides the discrete analog 
(3), f of (1) also satisfies 

    (6) 

for method S(p −  3) of (5) with  

The number 

                                  (7) 
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stands for the maximal time step for which inequalities (3) and 
(6) hold. 

Similar to the expansion of usual RKs into SSP RKs, the 
main contribution of this paper is an expansion of the HBT 
ODE solver HBT(12)4, developed in [14], into SSP HBT 
methods of order p (SSP HBT(p)) that preserve the absolute 
monotonicity property (4) for 

 whenever 
inequalities (3) and (6) hold. Here the number c(SSP HBT(p)) 
is called the SSP coefficient of our SSP HBT(p) methods. 

The monotonicity property (4) is suitable to avoid error 
growth as it follows property (2) of the true solution. 

The main application of such monotonicity results are found 
in the numerical solution of hyperbolic PDEs, in particular, of 
conservation laws. For the one-dimensional equation 

                                   (8) 

the spatial derivative  can be approximated by a 
conservative finite difference or finite element at 

 (see, for example, [7], [15], [21], [1]). 
Such spatial semidiscretization will lead to the ODE system 
(1). 

In this paper, to solve system (1), we construct new explicit, 
SSP, one-step, multiderivative, 9-stage, general linear methods 
of order p, p = 6, 7, . . . , 12, with nonnegative coefficients as a 
combination of Taylor methods of order p− 3 and a 9-stage 
RK method of order 4 (RK(9,4)). 

We shall denote our new SSP 9-stage methods of order p as 
HBT(p) or, more explicitly, HBT(9, p) since HB interpolation 
polynomials enter in their construction as it is briefly sketched 
in Section II (see [14] for fuller developments). The objective 
of such high-order methods is to maintain the absolute 
monotonicity property (4) while achieving higher-order 
accuracy in time, perhaps with a modified time-step 
restriction, measured here with the SSP coefficient c(HBT(p)): 

                                            (9) 

The SSP coefficient describes the ratio of the maximal 
HBT(p) time step to the time step  for which the 
two conditions (3) and (6) hold. 

A brief review of the development of SSP methods will 
appear in Section V on the construction of HBT(p). 

The new HBT(p) have larger effective SSP coefficients than 
known k-step SSP hybrid methods (HM(k, p)) of the same 
order p. In particular, no counterparts of one-step HBT(p) 
methods of order greater than 8 have been found in the 
literature among hybrid and general, linear multistep, 
multistage methods. 

Section II introduces 9-stage HBT(p) methods. Order 
conditions are listed in Section III. Section IV derives the 
Shu– Osher form of HBT(p). In Section V, several new 
HBT(p) methods are constructed by a computer search. 
Section VI presents numerical results for several SSP methods 

applied to Burgers’ equations. Seven of the new HBT(p) 
methods are listed in the Appendix in their Shu–Osher form. 

II.  NINE-STAGE HBT(P) METHODS 

Nine-stage HBT(p) methods are constructed, as a subclass 
of general linear methods, by the following ten formulae to 
perform integration from  to   

Let  denote the step size. The abscissa vector 
 defines the eight off-step points 

 In all cases,  and, by convention,  

Let  and 

 denote the jth 
stage derivatives. 

With the initial stage value,  HB polynomials are 

used as predictors  to obtain the stage values  to order  

p −  3, 

   

                                                              .    (10) 

An HB polynomial is used as integration formula to obtain 
 to order p, 

      (11) 

Formulae (10)–(11) are the Butcher form of HBT(p). 
One sees that the derivatives  

are computed only once per step at The defining 
formulae of HBT(p) involve the usual RK 
parameters and  and the Taylor expansion 
parameters  Then, we can represent an HBT(p) method 

by its coefficient scheme  where A denotes the 

 matrix  the 9-vector 

 and the  matrix 

 of Taylor expansion parameters  One can 

display the coefficient scheme  and the  in the 
Butcher tableau 

 

and the  matrix   
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                    (12) 

Notation 1:  We shall denote the SSP methods used in this 
paper as follows: 

• HBT(p) or HBT(9, p) for one-step, 9-stage, HBT 
methods of order p. 

• HM(k, p) for k-step hybrid methods of order p. 
• LM(k, p) for linear k-step methods of order p. 
• RK(s, p) for s-stage RK methods of order p. 
• TSRK(s, p) for 2-step, s-stage RK methods of order p. 

In a table head, OM(k, p) designates any of the other (k, p) 
methods, except HBT(p), appearing under it. 

All the methods considered in this work are SSP. Therefore 
the denomination SSP will often be omitted. 

III.  ORDER CONDITIONS FOR HBT(9, P) 

We impose the following simplifying assumptions on 
HBT(p) (see [14]): 

                             (13) 

for i = 2, 3, . . . , 9 and k = 0, 1, . . . , p −  4. 

There remain six sets of equations to be solved: 

   (14) 

           (15) 

                             (16) 

                             (17) 

                                       (18) 

                      (19) 

IV.  HBT(9, P) IN MODIFIED SHU–OSHER FORM 

We have the following modified Shu–Osher form of 
HBT(p) which is a generalization of the Shu–Osher form for 
RK methods (see [17], [4]), 

            (20) 

 

We can rearrange (20) as follows: 

          (21) 

 

Here, consistency requires that 

                          (22) 

If all the coefficients are nonnegative and 
suitable conditions are imposed on  and 

m = 2, 3, . . . , p −  3, the norm of (21) can be expressed 

as less than or equal to convex combinations of norms of the 

FE and S(p −  3) methods, with a modified time step. The 

following straightforward extension of a result presented in 
[5], [8] holds. 

Theorem 1: If f satisfies conditions (3) of the forward Euler 
and (6) of the series S(p −  3) methods, then the one - step, 9-
stage HBT(p) methods (20) satisfy the monotonicity property 

 

provided 
 

where 
•  is the minimum: 

                         (23) 

• the following conditions are imposed on   
     i = 2, 3, . . . , 10 and m = 2, 3, . . . , p −  3: 

                                                   (24) 

with the convention that  under the assumption 
that all coefficients of (20) are nonnegative.  

Proof: Each stage of the HBT(p) method (21) can be 
rewritten as a convex combination of forward Euler steps and 

 We have by the 

convexity of that 
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Thus, by (22), we obtain for i = 2, 3, . . . , 10. In 

particular, this yields for i = 10. 

It is to be noted that each representation, and 
of HBT(p) (21), which satisfies the conditions of 

Theorem 1, will produce a so-called feasible SSP coefficient, 
defined in this theorem. What we really want is not a 

feasible HBT(p) with a feasible SSP coefficient,  but 
one with the largest SSP coefficient. This question will be 
considered in subsection IV-C. 

Transforming formulae (10)–(11) into the Shu–Osher form 
of HBT(p) (20) and vice versa will be considered in 
subsection IV-B. 

The next three subsections, IV-A, IV-B and IV-C, describe 
the generalized result for the new HBT(p), following closely 
the result for RK methods found in [4, Sections 3.1 to 3.4]. 

A. HBT(9, p) in compact vector notation 
In the following sections, it will be helpful to represent an 

HBT(p) method in a more compact Shu–Osher form. To this 
end, we define vectors  

 

strictly lower triangular matrices  and 

rectangular matrices  with zero first row, 
with components coming from equation 
(20). Moreover,  and  

 

with the following N-vectors:  for 

 for 

 and 
 

Thus, we can compactly write the HBT(p) method (20) in 
the following Shu–Osher form: 

                                  (25) 

                             

Here consistency requires that          

 

where the 10-vector  is 

                                          (26) 

B. Butcher form in vector notation 
This subsection describes a generalized result for the new 

HBT(p), using the result for RK methods, following closely 
section 3.2.1 of [4, pp. 31–32]. 

If   then the Shu–Osher form (25) becomes, 

                                              (27)       

                            

which is the Butcher form. The elements  of (27) are 
then denoted as  respectively. Here, consistency 
requires that  
                                                                            (28) 

where  is defined in (26). Hence the Butcher form (27) 
can be rewritten as 

                                      (29)       

                      

To find the relation between the Shu–Osher coefficients and 
the Butcher coefficients, we can solve (25) for Y since  
is invertible because  is strictly lower triangular,  

 

(30) 
Comparing (30) with (29), we have the following relations 

between the generalized Shu–Osher coefficients and the 
Butcher coefficients,  

                                                          (31) 

These relations will enable us to transform a Shu–Osher 
form of HBT(p) into its Butcher form and vice versa. 

In fact, the form (29) is the Butcher form (10) and (11) with 
 defined in (12) and the following matrix, 
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       (32) 

C. Canonical Shu–Osher form and formulation of the 
optimization problem in vector notation 

To find the SSP coefficient of an HBT(p) method, it is 
useful to consider a particular Shu–Osher form of the matrices 

 in which the ratio  is the same for i = 2, 3, 

4, . . . , 10 and j = 1, 2, 3, . . . , i −  1, such that  

Generally, if this particular Shu–Osher form of  and  is 
sparse, Shu–Osher forms of HBT(p) will allow for a reduced-
storage implementation, just like optimal explicit SSP Runge–
Kutta methods [10].  

We shall denote the coefficient matrices of this special form 
by  and require that  Substituting this 
relation into (31), we can solve for  in terms of  and r. 
Thus we find 

 

Hence, since is invertible, the coefficients for this 
form are given by 

           (33) 

         (34) 

        (35) 

           

(36) 

where the identity  follows from 

 

since  

It is to be noted that using (31) and (34), we can write  

as 

                                                     (37) 

As in [4], we shall refer to the form obtained by the 
relations (33)–(36) as the canonical Shu–Osher form of 
HBT(p): 

                           (38) 

which can be written in terms of the Butcher array: 

     (39) 

Using (37) and (39), we obtain 

 

(40) 

Here the consistency condition is 

             (41) 

which is equivalent to condition (28). 
Generally, the sparse canonical Shu–Osher forms (38) or 

(40) will allow for reduced-storage implementation. 
Note also that the Butcher form (29), with coefficient vector 

 and coefficient matrices  corresponds to the 
canonical Shu–Osher form (38) or (40) with r = 0. 

The relations (33)–(36) will enable us to transform simply a 
Butcher form of an HBT(p) method into its canonical Shu–
Osher form and vice versa. 

Since the ratio  is the same for i = 2, 3, . . . , 10 

and j= 1, 2, . . . , i −  1, the following slight modification of 

the result presented in Theorem 1 holds. 
Theorem 2: If f satisfies conditions (3) of the forward Euler 

and (6) of the series S(p −  3) methods, then the one-step, 9-
stage HBT(p) methods (20) satisfy the monotonicity property 

 

provided 

 

where 
• the feasible SSP coefficient  is the 

number: 

    (42) 

• conditions (24), with replaced by r, are imposed 
on  
to enhance the performance of the optimization software 
these conditions can be rewritten as: 

             (43) 
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with the convention that  under the assumption 
that all coefficients of (21) are nonnegative. 

To optimize HBT(p) and obtain c(HBT(p)), by Theorem 2, 
we maximize 

 

Hence, the problem of optimizing HBT(p) can be 
formulated as 

                                                        (44) 

subject to the component-wise inequalities 

                                                        (45) 

                                                        (46) 

                                                        (47) 

together with conditions (43) and order conditions (13)–(19) 
for order p. 

Since the consistency condition (41) is satisfied, inequality 
(45) is equivalent to the following inequality, 

 

It is to be noted that each representation  
which satisfies conditions (45)–(47) together with conditions 
(43) and the order conditions (13)–(19) for order p, will 
produce a feasible SSP coefficient  defined in Theorem 
1 and a feasible SSP HBT(p) in the Shu–Osher form (21). 

Definition 1: The effective SSP coefficient of an SSP 
method M is denoted by 

                                                              (48) 

where l is the number of function evaluations of M per time 
step and c(M) is the SSP coefficient of M. 

The SSP coefficients, c(HM(k, p)) and c(RK(k, p)), of 
hybrid and RK methods are found in [2], [8] and [18], 
respectively. In this paper, l = 5 + p for HBT(p), l = 2 for 
HM(k, p), and l = k for RK(k, p) (see [16]). 

Gottlieb [3] pointed out that one looks for high-order SSP 
methods with  as large as possible, taking their 
computational costs and orders into account. The coefficients 

 provide a fair comparison between methods of the 
same order, although, in practice, starting methods, storage 
issues and order reduction may also be important. 

V.  CONSTRUCTION OF HBT(9, P) 

Since HBT(p) methods contain many free parameters, the 
MATLAB Optimization Toolbox was used to search for the 
methods with largest c(HBT(p)). Several authors, [18], [19], 
[4], have successfully used this technique to find optimal RK 
methods. In this work, the MATLAB Optimization Toolbox 

was used to tolerance on the objective function 
c(HBT(p)) provided all the constraints were satisfied to 
tolerance  

The formulae of new HBT(p) are listed in the Appendix 
with their c(HBT(p)), ceff(HBT(p)) and abscissa vector σ. 

A. Sixth-order methods 
Ketcheson [12] pointed out that LM(k, 6) of order 6 with 

nonnegative coefficients requires at least k = 10 steps and 
 Huang [8] introduced HM(k, 6) 

with k=5, 6, 7 and largest  
Ketcheson, Gottlieb and Macdonald [11] found a two-step 12-
stage RK method of order 6 with  

Our best HBT(6) has  

B. Seventh-order methods 
Ketcheson [12] pointed out that LM(k, 7) of order 7 with 

nonnegative coefficients requires at least k = 12 steps with 
 Huang [8] showed that HM(7,7) 

exists with  Ketcheson, Gottlieb and 
Macdonald [11] found a two-step 12-stage RK methods of 
order 7 with  

Our best HBT(7) has  

C. Higher-order methods 
Ketcheson [12] pointed out that k-step LM(k, p) of order p 

with nonnegative coefficients require the indicated number of 
steps with corresponding  

 

Two-step RK methods of order 8 with nonnegative 
coefficients are found in [11]. The best of these has 

 

We found HBT(8) with good  

It is not mentioned in the literature that general linear, one-
step, multistage, SSP methods of order 9 to 12 with 
nonnegative coefficients exist. However, our study of one-step 
HBT(p) methods shows that SSP methods of high order with 
nonnegative coefficients exist. 

For example, HBT(9, p) of order 9 to 12 have good 
effective SSP coefficients, shown in Table I. This table also 
lists and 

 for the hybrid methods (HM) 
on hand. Column 8 lists 

which is seen to be non 

negligible. 
Table I also shows that the new HBT(p) methods are 

generally competitive with the other methods on hand. For 
example, 
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VI.   NUMERICAL RESULTS 

From now on, we shall use the total variation semi-norm, 

                                       (49) 

and say that a method is total variation diminishing (TVD) if 

                                                     (50) 

We compare our new methods numerically with HM of 
Huang [8]. 

A. Numerical verification of the order p of HBT(p) 
To show the relevance of the theoretical order of HBT(p) 

when solving ODEs, we have applied these methods with 
various constant stepsizes on the following initial value 
problem over  with exact solution  

 

In Fig. 1, the global error of  and  at  

 

is plotted in a log-log scale for the listed HBT(p) methods 
applied to problem (51) over with different 
constant stepsizes h so that the curves appear as straight lines 
with slope p whenever the leading term of the global error is 
of order p. For HBT(p), the slopes of the straight lines which 
approximate the data in the least-squares sense are very close 
to p, which confirms the orders of the methods. 

It is to be noted that HBT(6), HBT(8), HBT(10), HBT(12) 
use and HBT(7), HBT(9), HBT(11) use 

 

B. Percentage efficiency gain 

Definition 2: The percentage efficiency gain (PEG) of the 
SSP coefficients of method 2 over of 
method 1 is 

        (52) 

 

 

Fig. 1.  versus  at  for the listed HBT(p) 

applied to problem (51) over  with constant stepsizes.    

 

 

Table I 

TAKEN ROW-WISE. 
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C. Comparing HBT(p) with other methods on Burgers’ 
equation with a unit downstep initial condition 

As a first comparison of our seven new methods with RK 
methods, following Huang [8], we consider Burgers’ equation 
in Problem 1. 

Problem 1: Burgers’ equation with unit downstep initial 
condition, 

   (53) 

and boundary condition  for  

We discretize the spatial derivative of the flux function 
 by the weighted essentially non-

oscillatory finite difference scheme of order 5 (WENO5) of 
Jiang and Shu [9] with spatial stepsize  This 
leads to the semi-discrete system 

                           

(54) 

where  with  

 j =. . . ,− 2,− 1, 0, 1, 2, . . ., and  is the numerical 

flux, which typically is a Lipschitz continuous function of 
several neighboring values  (see [9] for details). Then 
time discretization can be applied to (54). 

We consider the total variation semi-norm (49) of the 
numerical solution at  For this purpose, we let 

 be the largest effective CFL number defined as 

                                                 (55) 

such that the TV error in the numerical solution satisfies the 
inequality 

                 (56) 

and we let  be the maximum 
numerical time step. Here l is the number of function 
evaluations per time step. We note that inequality (56) is used 
because  is small. 

It was numerically observed that the TVD property (50) 
holds with error (56) for the methods listed in Table II with 

 These numerical results confirm the result 
of Theorem 2 that HBT(p) methods are also TVD when 
combined with the WENO5 space discretization. The same 
situation holds for Problem 2 below. 

Definition 3: The percentage efficiency gain of  
for method 2 over  for method 1 is 

 

We write or more simply PEG when the 
context is clear. 

For Problem 1, Table II lists  in column 3 for 
HBT(p) and column 5 for OM(k, p) (other methods). The 

 is in column 8. 

It is seen that: 
(a) for methods of 

the same order p and all k, 
(b) quite remarkably, even though  

 in this example, HBT(12) 
allow a larger time step since 

 
 

(c) 
take

n row-wise for all cases on hand. 
 

A. D. Comparing HBT(p) and other methods on Burgers’ 
equation with a square-wave initial condition 

As a second comparison, we consider Burgers’ equation 
with a square-wave initial value in Problem 2, which is the 
fourth of Laney’s five test problems [13, p. 312]. 

Problem 2: Burgers’ equation with a square wave initial 
condition, 

     (58) 

and boundary condition  for  
We discretize the spatial derivative of Problem 2 by WENO5 
and compute the total variation of the numerical solution as a 
function of the effective CFL number (55) at  

For Problem 2, Table III lists  in columns 3 and 4 for 
HBT(p) and in columns 6 and 7 for OM(k, p) (other methods), 
respectively. The  is in column 8. 

It is seen that the results for Problem 2 listed in Table III 
confirm the observations (a)–(c) obtained for Problem 1 as 
listed in Table II. 

E. Differences between computing the higher 
derivatives directly or recurrently 

In this section we describe  the differences between 
computing the higher derivatives directly or using recurrences. 

• The first approach is to compute directly the higher 
derivatives of the solution of (1) which, by successive 
differentiation, are obtained as 
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                 (59) 

etc. Then the solution is 

        (60) 

Formulae (59) soon become very complicated for higher 
derivatives. 

• The second approach, the “right approach”, is, in fact, 
an extension of Newton’s approach and has been 
rediscovered several times (Steffensen 1956 [20]). Let 

               (61) 

be the Taylor coefficients of and so that (60) 

becomes 

 

Then, from (1), 

                                                           (62) 

Now suppose that  is the composition of a sequence 
of algebraic operations and elementary functions. This leads to 
a sequence of series [6, pp. 46–49], 

                                             (63) 

For each series  

 we find formulae for generating the ith  

Taylor coefficient from the preceding ones as follows: 
a)  

                                           (64) 

b)  the Cauchy product yields 

                              (65) 

c)  write use formula b) and solve 
for  

                  (66) 

There are formulae for several other elementary functions. 

VII.  CONCLUSION 

New explicit, 9-stage, one-step, SSP Hermite–Birkhoff– 
Taylor methods, called HBT(p), of orders p = 6, 7, . . . , 12, 
with nonnegative coefficients are constructed by combining 
Taylor methods with a 9-stage Runge–Kutta (RK(9,4)) 
method of order 4. We found no counterparts of one-step 
HBT(p) methods of order greater than 8 in the literature 
among hybrid and general linear, one-step, multistage 
methods. Our new HBT(p) tend to have larger effective SSP 
coefficients compared to effective SSP coefficients of hybrid 
methods [8] of the same order and other frequently used 
methods. 

Table II 

TAKEN ROW-WISE FOR PROBLEM 1.  

 

Table III 

TAKEN ROW-WISE FOR PROBLEM 2.  
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APPENDIX 

This appendix lists the canonical Shu–Osher form of our 
seven new HBT(p) methods with their c(HBT(p)), 

and abscissa vector σ for p = 6, 7, . . . , 12. 
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To advance integration from  to  once  is 
obtained by formula (21), the function g, with input 

 

 

outputs  and  to  by means of the recurrent 

power series method. In adding, multiplying or taking powers 
of input power series, this method computes, in a recurrent 
way, the kth term of the output power series as a combination 
of the preceding terms of the input series. 

For precision and efficiency, Horner’s scheme is used to 
evaluate the summation 

 

in (21) as nested polynomials in  
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