Boundary Field Problems and Computer Simulation

2012 /51

Strong-stability-preserving, One-step, 9-stage,
Hermite—Birkhoff-Taylor, Time-discretization
Methods Combining Taylor and RK4 Methods

Truong Nguyen-Bj Abdulrahman Karounta Thierry Giordand Rémi Vaillancouft, *“University of Ottawa

Abstract — The ODE solver HBT(12)4 of order 12 (Can. Appl.
Math. Q. 16(1) (2008) 77-94), which combines a Taylseries
method of order 9 with a Runge—Kutta method of orde 4, is
expanded into optimal, one-step, 9-stage, explicgtrongstability-
preserving (SSP), Hermite—Birkhoff-Taylor methods, HBT(p), of
orders p = 6, 7, . . ., 12, with nonnegative coefficientThese
methods are constructed by combining Taylor methodsT(p — 3),
of orders p — 3 with a 9-stage Runge—Kutta method, RK(9, 4),fo
order 4. Several new one-step SSP methods arise hvihigher
order than those appearing in the recent literature The Shu—
Osher form of RK methods is extended to the aboveombined
methods. Compared to Huang'sk-step hybrid methods, HM(,
p), of the same order, the new HBT{) generally have larger
effective SSP coefficients and larger maximum effdee CFL
numbers on Burgers’ equation, independently of thewumber k of
steps of HM(k, p). The new HBT() are listed in their canonical
Shu-Osher form in the appendix.

Keywords — Strong stability preserving; Hermite—Birkhoff-
Taylor method; SSP coefficient; time discretization;method of
lines; comparison with other SSP methods.

|I. INTRODUCTION
We are concerned with the numerical solution ofiahi
value problems

= ft, y(t)); y(to) = wo.

1)
where the functio f : B x BY — B" is such that

llu(t + At)[| < [ly(#)]l;

for all At == (1. Here]| -
any convex functional.

It is assumed thdtof (1) satisfies the discrete analog of (2),

Yn + At f(tn, yn)l| <

| B+

©)

for the forward Euler method (FE) wift < Atgg where
the vectol ¥~ is a numerical approximation w{fa + ndi).

may be a norm or, more generally,

Recently, new strong-stability-preserving Runge-t&ut
(SSP RK) methods have been developed for solviphgyth
that

(4)

Unt|| = [|yall,

for 0 =< At < Adpge = o 55P BE) At whenever
inequality (3) holds. Here the numbgSSP RK), called the
SSP coefficient of SSP RK, depends only on the migale
integration method but not on the vector function

To consider the Hermite—Birkhoff—Taylor methodsooder
p, (HBT(p)), FE is expanded into a series method of order at
least 1, denoted by B¢ 3),

p—3
i " im—1
= YT E "Fll.".ﬁ”mf " I!_!'”._.‘,.';::-
m=1
= Yn T [J,l|.ﬁr':_.“l'f;;._.'_.l-.,-_:'

¥n+1

(®)

n—.4
|'||'1|l

+ ) {mAY™ F D, y)
m="2 i‘|I|_

of degreep -

Sp - 3) is

coefficients 5 = . m=1,2.....p— 3

3in At wheren, < . Itis to be noted that
3), if the

Hence, in

the usual Taylor method, gr(-

general, Sf -
Taylor method, T, of orderr,r=1,2,3,...p- 3,if S{p

3) is similar, but not identical, to the usual

@ _ 3) has an error of order 2, 3, . p5 2, respectively.

Moreover, it is assumed that, besides the discaatdog
(3), f of (1) also satisfies
r—3 |
|

Un + fm [ At :”',.F”I:_ ; {Ens ¥n |
1

G (6)
L] -IH. m—AL) | T
H:fn"-' T Z.I T-‘r b (tn. yn il = |ltnll;
m=
for method S - 3) of (5) with At < Adg, 4.
The number
ﬂ'n.fn.:_gxp_::,_. = min{ Atgg, Adg P 3y} (7
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stands for the maximal time step for which inegiedi(3) and applied to Burgers’ equations. Seven of the new GBT

(6) hold. methods are listed in the Appendix in their Shu-&d$brm.
Similar to the expansion of usual RKs into SSP RiKs,
main contribution of this paper is an expansiorttef HBT [I. NINE-STAGEHBT(P) METHODS

ODE solver HBT(12)4, developed in [14], into SSP HB _
methods of ordep (SSP HBTp)) that preserve the absolute Nine-stage HBT) methods are constructed, as a subclass
monotonicity property (4) for of general linear methods, by the following tennfoiae to

0 < At < Aty — (SSP HBTL?'J:'QIFE_S;;,_:;-. perform integration fronfy to tr=1-

= whenever : .
inequalities (3) and (6) hold. Here the numg@&SP HBT()) Le‘t %‘f de”"}f the. step S'Ze'. The abscissa Yector
is called the SSP coefficient of our SSP HBTiethods. €1.e2,03.....007 defines  the eight off-step points

The monotonicity property (4) is suitable to avaidor tn+eyAt. Inall caseser =0 and, by conventior ey = 1.
growth as it follows property (2) of the true sabut Let F = f; and
The main application of such monotonicity resutes faund Fy = fltn + e,ALY,). = 2,3.....0. denote the jth

in the numerical solution of hyperbolic PDEs, intalar, of stage derivatives.

conservation laws. For the one-dimensional equation

With the initial stage valueY| = g, HB polynomials are
v + gyl =0, y(z,0) =iz, (8) used as predicto F; to obtain the stage valul; to order
p- 3
. . . . . i—1 B—a
the spatial derivativegli )= can be approximated by a . A . £ - -
conservative finite difference or finite element at 1t~ Yn T AL} agkyd > (A ym yi™,

x.0=1.2,....N, (see, for example, [7], [15], [21], [1]). =1 i . (

Such spatial semidiscretization will lead to the EDBystem o T .2"3 """ S (.10)

(1). An HB polynomial is used as integration formulaotitain
In this paper, to solve system (1), we construet egplicit, 2™+ 0 ordem,

SSP, one-step, multiderivative, 9-stage, genarahli methods g p—3

of orderp, p=6, 7, . . ., 12, with nonnegative coefficieassa Unst =Un+ ALY BFr+ Y (A yom ™. (12)

combination of Taylor methods of ordpr 3 and a 9-stage 1=1

RK method of order 4 (RK(9,4)).

We shall denote our new SSP 9-stage methods of prae Formulae (10)—(11) are the Butcher form of HB)I(
HBT(p) or, more explicitly, HBT(9p) since HB interpolation  One sees that the derivativys, . m = 2.3 ... p—3.
polynomials enter in their construction as it ieefly sketched gre computed only once per stept = #,. The defining
in Section 11 (see [14] for fuller developmentsheTobjective ¢4 ilae  of HBTP) involve the usual RK
of such high-order methods is to maintain the alisol
monotonicity property (4) while achieving higherder

m=2

parametersci. iy and By and the Taylor expansion

R ; - ) arameter:7i.5- Then, we can represent an HBJ (method

accuracy in time, perhaps with a modified tlme—steE ; o AT _
restriction, measured here with the SSP coefficgnBT(p)): PY Its coefficient schemi(A.b, 4] where A denotes the
0x0 matrix A= {(a;;). b the 9-vector
At < «(HBT(p)) Atse sip—3)- 9 b= (b.bs..... he)? and g the 10 x (p —4) matrix
o = [7e,7) of Taylor expansion parametei,;- One can

The SSP coefficient describes the ratio of the maki display the coefficient schen(A,b,«;) and thec; in the
HBT(p) time step to the time steAtre sip—a). for which the  Butcher tableau
two conditions (3) and (6) hold. |

A brief review of the development of SSP methodf wi
appear in Section V on the construction of HBT(

The new HBTP) have larger effective SSP coefficients than
known k-step SSP hybrid methods (HKI(p)) of the same :
order p. In particular, no counterparts of one-step HBT( fo)a01 Qa3 -~ G938
methods of order greater than 8 have been foundhén by b - B bo
literature among hybrid and general, linear mudpst
multistage methods.

Section |l introduces 9-stage HBY)( methods. Order
conditions are listed in Section lll. Section IVrides the
Shu— Osher form of HBPj. In Section V, several new
HBT(p) methods are constructed by a computer search.
Section VI presents numerical results for seve& $hethods

9 | a9
4 | a3 a3z

and thelD = (p — 4) matrix “¥g-

44



Boundary Field Problems and Computer Simulation

2012 /51
0 0 0 =4
22 2.3 12,p-3 ¥ = Dbt [Z ¥y + At B, Fy
~o = 3.2 73,3 3,p—3 (12) (20)
: : - Z-:jr;”fa‘,,,,, o™, §=2,3.....10,
T2 T10,3 To,p—3 m==23
Yn+1 = Yio.
Notation 1: We shall denote the SSP methods used in this We can rearrange (20) as follows:
paper as follows: i—1
e HBT(p) or HBT(9, p) for one-step, 9-stage, HBT ¥, = vy I—Zr‘:,-}[i YN g F]
methods of ordep. =2 .y
o HM(K, p) for k-step hybrid methods of ordpr r i1
o LM(k, p) for lineark-step methods of ordex b oo |3+ At ﬂ' fn (21)
¢ RK(s, p) for sstage RK methods of ordpr P + i .
o TSRK(s, p) for 2-steps-stage RK methods of ordpr s Z (Agym LT B¢, m ylm) ;99 10
In a table head, OM( p) designates any of the othég p) agg T Y T 3
methods, except HBPJ, appearing under it. _" =
All the methods considered in this work are SSRer@fore  ¥n+1 = Y1o-
the denomination SSP will often be omitted. Here, consistency requires that
[Il. ORDERCONDITIONSFORHBT(9, P) A _ .
ry -+ Z oy g =1, =28 ..., 10. (22)

We impose the following simplifying assumptions on

HBT(p) (see [14]):

i—1

ffz.y-‘jf + ke =

1=1

1
ke

fori=2,3,...,9ank=0,1, ..

There remain six sets of equations to be solved:

.p- 4

: 1
S bk kg = ——, k=01,...p-4
e E+1
: 1
Z biek = ST k=p—-3.p—-2,p-1,
_,u-:{ 1
by 1 = ;
Z Z;“‘ "(p -:3,_1!] (p—1)!
| f“i',:_H L _[
by P ——
Z’ [Zj e3P
*? i—1 p—2 1
E.I
T by [Z 0y g I:-P'_ TI':| = !T
=2 =1
1—1 ~j—1 o _'.!_ o
Zhr [Zf!.:):-;rli'ﬂ- 311‘] PF

IV.HBT(9, P) IN MODIFIED SHU-OSHERFORM

7=1

If all the coefficients . i 5. s 4. 6 m are nonnegative and

13 .

(13) suitable conditions are imposed f; - ¢ = 2.3, ....10 and
m=2,3,...p- 3,the norn||¥;| of (21) can be expressed
as less than or equal to convex combinations ofmaarf the
FE and §§ - 3) methods, with a modified time step. The
following straightforward extension of a result geated in
[5], [8] holds.

(14) Theorem 1if f satisfies conditions (3) of the forward Euler
and (6) of the series B¢ 3) methods, then the one - step, 9-
stage HBTp) methods (20) satisfy the monotonicity property

(15) .

Unslll = .!,l'ul
provided
(16) At < Creasle AFE Sip— 13-
where
a7 o CEaitle g the minimum:
. e R T
- i {TI} g =R 1, (23)
(18) o the followmg conditions are |mposed 9,m.
i=2,3,...,10anh=2,3,...p—- 3:
---.rrl - [ ] " ]-
(19) Oy 4 = -_'-'fEHS.l'b]E:| m (24)

with the convention thza/l} = +oc, under the assumption
that all coefficients of (20) are nonnegative.

We have the following modified Shu-Osher form of Proof: Each stage of the HBPY method (21) can be
HBT(p) which is a generalization of the Shu-Osher foam f rewritten as a convex combination of forward Euwlsps and

RK methods (see [17], [4]),

yn + At B f + TP (An)™ &= ™ We have by the

convexity of | - || that
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1—1 T - p
: . : B4 Y =vy, +a¥ + At3F +dfg, 25
¥l = H!'u;!jr,-+Zf.h,g_J. [1;, + Ag 2l r} Un +a | fa (25)
e Oy Ynt+1 = Yio.
p—3 £
i - -'i faa I i
+ @y [H” A _-lf” iy Z ( Apym 2m .!f.i,-m Il Here consistency requires that
i, i kg1 1R
i—1 = v+ Qe = Eln,
7 — ; At
< vy ||lyml| + ;m._. HTj r.&mblef.'H where the 10-vectcein is
| M AT UKo Y™ g ol e =11 0K c R 26
+ oy 1 [t + fat Y [ J — yimii 1 (26)
| |-'fEES.I.'b]E m—a r.l.-Esjbl.E T |

e B. Butcher form in vector notation
<  lyall 4 Z“ Wernll e il This subsection describes a generalized resulthi®mew
i R R Bl HBT(p), using the result for RK methods, following clyse

g1
=

section 3.2.1 of [4, pp. 31-32].

Thus, by (22), we obtai [ Yi]| = ||ya|/fori=2,3,...,10.In |t & — 0, then the Shu-Osher form (25) becomes,
particular, this yield:||¥n+1|| = |[yx|| fori = 10. N

It is to be noted that each representaty;. o ;. i ;and Y = l'fa'i_'l' AtBF + 8 fg. (27)
di.m. of HBT(p) (21), which satisfies the conditions of Ynt1 = Yio.

Theorem 1, will produce a so-called feasible SS&ffmient,
Cfeasitle- defined in this theorem. What we really want is aot
feasible HBTp) with a feasible SSP coefficiel cfammie. but
one with the largest SSP coefficient. This questiah be
considered in subsection 1V-C.

Transforming formulae (10)—(11) into the Shu-Osfeem  \;here ey is defined in (26). Hence the Butcher form (27)

of HBT(p) (20) and vice versa will be considered inCan be rewritten as
subsection IV-B.

which is the Butcher form. The eleme v, 3. d of (27) are
then denoted evo. (Jo. 7¥o- respectively. Here, consistency
requires that

v = €1n (28)

The next three subsections, IV-A, IV-B and IV-Csdgbe Y = ewn? + At8.F + 29
the generalized result for the new HBY,(following closely I_J"r;‘_._ & Yol (29)
the result for RK methods found in [4, Sectionst8.B.4]. Yn+1 = 110

A. HBT(9, p) in compact vector notation
In the following sections, it will be helpful topeesent an To find the relation between the Shu—-Osher coeffits and

HBT(p) method in a more compact Shu-Osher form. To thite Butcher coefficients, we can solve (25) Yosince I — c
end, we define vecto v « B1”, is invertible becausex is strictly lower triangular,

v LT PR 35 14] e
Y-(I-a) vyl +At{I-a) 'BF +(I -a) ' &f;.
_ (30)
strictly lower triangular matricesex, @ £ R!"*!"_ and Comparing (30) with (29), we have the followingatibns

rectangular matrice § = R!"=@-4 with zero first row, between the generalized Shu—Osher coefficients tued
with components vy, e, 5. 34 4.8,y coming from equation Butcher coefficients,
(20). Moreover Y, F' = RY=N gnd fg & RIP-H=N: _ -1

o= —ax) v

Bo=(I-a) "8, (31)
7o = T — a) A

Y == |1-|_Ig ..... ]!-|_|':|T. F = II'-I_.}_-_] ..... F].'. T.
Iz = [(A6)y, (A1) 'y (AP T,

These relations will enable us to transform a Shahe®
with the following N-vectors: Y5, Fy for form of HBT(p) into its Butcher form and vice versa.
In fact, the form (29) is the Butcher form (10) gid) with

Fr="T1,2, w10, r,."" for . ) ) ) .
j—9a,.. B S, P Ve hod and o defined in (12) and the following matrix,
Fio = faq1.

Thus, we can compactly write the HB) (method (20) in
the following Shu—Osher form:
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[ 0 ] 0 0 -« 0 07
o | { ] 1] ‘v 0 0O
a3y azaz 0O 0o -« 0 0
A —| a1 a3 aaz 0O 0 0 (32)
gy @oga agz --- mas 0O 0O
by by by - by By O |

C. Canonical
optimization problem in vector notation

To find the SSP coefficient of an HBJ)( method, it is
useful to consider a particular Shu—Osher formhefrnatrices

c. A. in which the raticr = £ is the same for = 2, 3,
4,...,10and=1,2,3,...,F 1, suchthad; #10.
Generally, if this particular Shu—Osher form ccfand 3 is
sparse, Shu—-Osher forms of HRY (ill allow for a reduced-
storage implementation, just like optimal expl8BP Runge—
Kutta methods [10].

We shall denote the coefficient matrices of thiscsal form
by ar. 3.. and require thac, ri3.. Substituting this
relation into (31), we can solve f3; in terms ol3; andr.
Thus we find

(I-+8,)7'8. = 8

& B, =By 8.5
= ,lljr. |1 - i".'ljl"-_:l = In'_:n‘[_..
Hence, since I + r3, is invertible, the coefficients for this

form are given by

v =T+ r,-'i.-_.]"l vy = (I — oy ) 002, (33)
B, =By (I +78,)" = B, (T — ), (34)
oy =B, =rBg (I +7By)" =rByl —ar),  (35)
0y = (I +v8y) : ¥ = (I — o) g,

(36)

where the identit (I — a,.) = (I + r3,)" " follows from
(I —ar) (I +r8;) =T —rB:) (I +r8;)
=I+r8;—r3,—r3.8,=1
since r3, = r8; — r*B,.8p.
It is to be noted that using (31) and (34), we waite /3,
as

B, = Bo(I +r8) "
= Gy I —ar)
= (I — o) 3y (37)
= (I +r8;) " 8.

Shu-Osher form and formulation of th'¥ =

As in [4], we shall refer to the form obtained blyet
relations (33)—(36) as theanonical Shu-Osher fornof
HBT(p):

Y = vyl + oY + AtS.F + 8, fz. (38)

which can be written in terms of the Butcher array:

[I:I + f',Sh:l_J L”.]L":-j:-_. * .-"‘ﬂ.-:"u (I + r""-ji'l.:' B ¥
oot ; (39)
+ At8g (I +rfp)” F] + [I'I +18g)  vofs|-

Using (37) and (39), we obtain

Y = (I+rBa)" [voys +
(40)

Bo (rY + AtF) + v, fz| -

Here the consistency condition is

.:I + r'l."i,;':-_J g+ T I 4 I',lﬂ“:_l Il'j:]f'||| = €11, (41)
which is equivalent to condition (28).

Generally, the sparse canonical Shu—-Osher formy ¢B8
(40) will allow for reduced-storage implementation.

Note also that the Butcher form (29), with coe#iui vector
vy and coefficient matrice: 3.7y, corresponds to the
canonical Shu—Osher form (38) or (40) with 0.

The relations (33)—(36) will enable us to transf@imply a
Butcher form of an HBT) method into its canonical Shu—
Osher form and vice versa.

Since the raticr = :—'— is the same for=2, 3, ..., 10

andj=1, 2, ..
the result presented in Theorem 1 holds.

Theorem 2if f satisfies conditions (3) of the forward Euler
and (6) of the series B¢ 3) methods, then the one-step, 9-
stage HBTp) methods (20) satisfy the monaotonicity property

1, the following slight modification of

i —
.

Un+1 | < Un
provided
Ad < LV O, .l.?r.vljr:"_l"l.fp:-_al;,___;h,
where
e the feasible SSP coefficielc|#y, cep, 3..d:) is the
number:
r={r;i} b =23 dl f =135 i—1. (42)
, HLd

o conditions (24), witl ca==mi= replaced by, are imposed
on . 1 23100 m = 2,3,....p — &
to enhance the performance of the optimizationsoft
these conditions can be rewritten as:

'fj'l-l'.rllr'm"”!_f"l'.l < 0, { (43)
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with the convention the a/ll = +=c. under the assumption was used to toleranci()—!? on the objective function

that all coefficients of (21) are nonnegative.
To optimize HBTp) and obtainc(HBT(p)), by Theorem 2,
we maximize

max  clvy, ap, 3e. 00 ) = c(HBT(p)).
k. 5 N
Hence, the problem of optimizing HB3)( can be

formulated as

c{HBT(p)) = maxr, (44)
subject to the component-wise inequalities

(I +r8g)  wo >0, (45)

(I +r8) " Ba =0, (46)

(I +78g) " 70 > 0, (a7)
together with conditions (43) and order conditigh8)—(19)

for orderp.
Since the consistency condition (41) is satisfiadquality
(45) is equivalent to the following inequality,

F v —1
rid (I +r3;)  ew < emn.

It is to be noted that each representa (g, cty, 3. O )
which satisfies conditions (45)—(47) together withnditions
(43) and the order conditions (13)—(19) for orger will
produce a feasible SSP coefficii “&asiie defined in Theorem
1 and a feasible SSP HB)(in the Shu—-Osher form (21).

Definition 1 The effective SSP coefficiemf an SSP
methodM is denoted by

e(M)

, (48)

..,_?.UI =
wherel is the number of function evaluations Mf per time
step and(M) is the SSP coefficient ofl.

The SSP coefficientsg(HM(k, p)) and c(RK(k, p)), of

c(HBT(p)) provided all the constraints were satisfied to
tolerance1()— 4.

The formulae of new HBT) are listed in the Appendix
with theirc(HBT(p)), cet(HBT(p)) and abscissa vecter

A. Sixth-order methods
Ketcheson [12] pointed out that LKkJ(6) of order 6 with
nonnegative coefficients requires at lekst 10 steps and

cegl LM({10.6)) = 0.052. Huang [8] introduced HM( 6)

with k=5, 6, 7 and largestces/HM(7.6)) = 0.220.

Ketcheson, Gottlieb and Macdonald [11] found a step 12-

stage RK method of order 6 wices( TSEE(12.6)} = (.365.
Our best HBT(6) hac.s{ HBT(fi}) = 0.285.

B. Seventh-order methods

Ketcheson [12] pointed out that LK)(7) of order 7 with
nonnegative coefficients requires at lekst 12 steps with
regr( LM(12.7)) = 0.018. Huang [8] showed that HM(7,7)
exists withc=[HM{7.7)) = 0.117. Ketcheson, Gottlieb and
Macdonald [11] found a two-step 12-stage RK methotls
order 7 witheeg{ TSEE(12. 7)) = (1.231.

Our best HBT(7) haregl HBT(T}) = 0.224.
C. Higher-order methods

Ketcheson [12] pointed out thitstep LM, p) of orderp

with nonnegative coefficients require the indicateomber of
steps with correspondirces:

car{ LM(15.8)) = 0.012,
ces{LM(22.10)) = 0.010,
cam( LM(30.12)) = 0.002.

Two-step RK methods of order 8 with nonnegative
coefficients are found in [11]. The best of theas h

cax{ LM(18.9)) = 0.003,
cas{LM(26.11)) = 0.012,

cel 1 SRE(12 8)) = 0.07S.

We found HBT(8) with goouw. HBT(5)) = 0.185.
It is not mentioned in the literature that gendirsar, one-

hybrid and RK methods are found in [2], [8] and ][18 step, multistage, SSP methods of order 9 to 12 with

respectively. In this papet,= 5 +p for HBT(p), | = 2 for
HM(k, p), andl = k for RK(k, p) (see [16]).

Gottlieb [3] pointed out that one looks for higlder SSP
methods with (-} as large as possible,
computational costs and orders into account. Thficeents

cax(-] provide a fair comparison between methods of th=

same order, although, in practice, starting methstisrage
issues and order reduction may also be important.

V. CONSTRUCTIONOFHBT(9,P)

taking their

nonnegative coefficients exist. However, our stoflpne-step

HBT(p) methods shows that SSP methods of high order with

nonnegative coefficients exist.

For example, HBT(9, p) of order 9 to 12 have good
effective SSP coefficients, shown in Table I. Ttable also
lists ciHBT (p)), cax!{HBT(p)). and

o HM{ k. pl). ceglHM{k, p)} for the hybrid methods (HM)

on hand. Column 8 lists
PEG{ces HEBT(p) ). casl HM( &. p) ) )which is seen to be non
negligible.

Table | also shows that the new HBJ(methods are

Since HBTp) methods contain many free parameters, th@enerally competitive with the other methods on chalfor

MATLAB Optimization Toolbox was used to search the

methods with largest(HBT(p)). Several authors, [18], [19],

[4], have successfully used this technique to fipdimal RK
methods. In this work, the MATLAB Optimization T dmmlx

48

example,
s el HBT(6)) = coe(HM( K, 6)), for k= 5.6,7.
o ceml HBT(p)) > coe{ HM(7, 7)), for p= T, 8,9, 10, 11.
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From now on, we shall use the total variation saorm,

VI. NUMERICAL RESULTS

-1

T‘i'-l'_lljul =S Z |.T.|'1_-._|-i-l — Yng [y

=1

B. Percentage efficiency gain

Definition 2: The percentage efficiency gaifPEG) of the

SSP coefficients cex(M2) of method 2 overces{MI) of
method 1 is

(49)

PEG{cegi M2, ceg( M 1)) =

and say that a method is total variation diminigh(RVD) if

TV(yns1) < TV(yn).

(50)

We compare our new methods numerically with HM of
Huang [8].

A. Numerical verification of the orderqd HBT{(p)

To show the relevance of the theoretical order BfTEp)
when solving ODEs, we have applied these methodk wi
various constant stepsizes on the following initisdlue
problem oveit & [0.t,] with exact solutior:(t):

Ui
U3
Yy
U}

vt

= —Hi,

3.
—H2,

1,

m{l)=1,
ya(0) =1,
yall) =1,
yal) =1,

-1 + (g2 + yamz), ws(0) =1,

wilt)
ya(t)
ualt)
uilt)
usit)

In Fig. 1, the global error (42 and us at ty;,

sin f,

cost,

£

max{|yzn — waltn)|, [ysn — us(tn)|} = O(AT),

(31)

Ftsint.

is plotted in a log-log scale for the listed HBRJ(methods
applied to problem (51) ovet & [0, ] with different
constant stepsizdsso that the curves appear as straight lines
with slopep whenever the leading term of the global error is
of orderp. For HBT(), the slopes of the straight lines which
approximate the data in the least-squares senseegreclose

to p, which confirms the orders of the methods.

It is to be noted that HBT(6), HBT(8), HBT(10), HBIP)

cegl H2) — cag(M1)

(52)

et M1}
0
#
-1t + 1
T *
B ol s 1
bt 4‘* + o
] # 4
-3 -3 =+"+- -|-" o ]
] +t 4B
E -4t +__+- 3 a .
_E‘ ¥ +F o
_5 - + HEr -
o8
-5 . . .
-04 -02 0 D2 0.4
logth}
HBT(6) +. HBT(T) +. HBT(8) [
=2
_.;- ) ki g __T
8 1 4 .- o X
& M
5 A
=] BT -
2 _sg} g7
g ol
-10 Y
-2 : . -
-0.4 -0.2 ] 02 D2
log, ,(f)

HBT(9) +, HBT(10) <. HBT(11) 7. HBT(12) A

Fig. 1.lozyplzlebal emar) yersys oo b gt tn for the listed HBT)

use tn =7+32 and HBT(7), HBT(9), HBT(11) use applied to problem (51) ovit = 0. £a] with constant stepsizes.
ty = 11,

Table |

PEG{rer{HBT k., p) . cors (HM[ &, ) 1) TAKEN ROW-WISE

P HBT(p) ciHBT(p)) | car{HBTip)) HMik,p) | c(HM(E, p)) | ca(HM{E, p)) PEG
'] HET(H) EREE! [ 4 TS 8 0IE (AL I %

" " - HMI,6) 0362 0.181 57 %

" " - HMIT 6 0440 0.220 30 %
7 HBT(T) 2.692 0.4 HMT,T) 014 0117 o2 %
B HBT(E) 248 0.188 " - " 61 %
o2 HBT{%) 2.240 0.160 " 37 %
10 HET{10) 2.057 0137 17 %
11 HET(11) 18845 0118 1%
12 HET(17) 1.782 0.105 -10 %
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C. Comparing HBT(p) with other methods on Burgers’
equation with a unit downstep initial condition

As a first comparison of our seven new methods Rikh
methods, following Huang [8], we consider Burgezguation
in Problem 1.

Problem 1:Burgers’ equation with unit downstep initial

condition,

thl f“-i l '1"I.3 =0
(=t)+ 5|5 u(x, t)°| =10,

R G)
wlz ) = {,;1]- x =

r >,

i
at

and boundary conditiou(—1,) = 1 for ¢ = (L.

We discretize the spatial derivative of the fluxnadtion
flu) =ulz,t)2/2 by
oscillatory finite difference scheme of order 5 (W@®&5) of
Jiang and Shu [9] with spatial steps Ax = 1/150. This
leads to the semi-discrete system

d
) === I+ — fr-as2
(54)
where Urlt) &= ulzg ) iy T = JAL
j=..72-1,0,1,2 ..., an fiz is the numerical

flux, which typically is a Lipschitz continuous fcition of
several neighboring valueu;it) (see [9] for details). Then
time discretization can be applied to (54).

We consider the total variation semi-norm (49) bé t
numerical solution atgpa 1.8. For this purpose, we let
mim.# be thelargest effective CFL numbeefined as

(1)

such that the TV error in the numerical solutiotisfi@s the
inequality

At 1

MM = max -
Ax

1 (55)

TV(ulx, thaa)) — TV (uiz, 0))| < 5.0e02, (56)

and we let max Aty = [Arnumes be the maximum
numerical time stepHere | is the number of function

the weighted essentially non-

Definition 3: The percentage efficiency ganf numeg(M2)
for method 2 ove nunwg(M1) for method 1 is

s (M2) — numes (M1)

S :\, 7 ¥ i : =
PEGnnmes| Lil TN | ”1] uun]e:—{:'dl_:l

(57)

We write PEG{mum.=) or more simply PEG when the
context is clear.

For Problem 1, Table Il listaumes in column 3 for
HBT(p) and column 5 for OM(, p) (other methods). The
PEG{num.g) is in column 8.

It is seen that:

(a) mumes{HBT(p)) = mumes(OM(L._p)) for methods of

the same ordgr and allk,

(b) quite remarkably, even thouc.s{HBT{12)}=0.105 <

ceg HM(7.7)) = 0.117, in this example, HBT(12)

allow a larger time step since
mum.={HBT(12}) = 0.181 =
mmg{ HM({7. 7)) = (L1237,
(c)
PEG{num.(HBT{p}}. mumx(OM{k.p))} = 0 take

n row-wise for all cases on hand.

A. D. Comparing HBT(p) and other methods on Burgers'’
equation with a square-wave initial condition

As a second comparison, we consider Burgers’' equati
with a square-wave initial value in Problem 2, whis the
fourth of Laney’s five test problems [13, p. 312].

Problem 2:Burgers’ equation with a square wave initial
condition,

a ;
—ulr.f) +

o E

(58)

|z = %
=% e <,

and boundary conditiou{—1,t} = u(1,t} for ¢ = 0.

We discretize the spatial derivative of Problemy2/ENO5

and compute the total variation of the numericélitson as a
function of the effective CFL number (55)tsma = 0.6.

For Problem 2, Table Il listmin.g in columns 3 and 4 for
HBT(p) and in columns 6 and 7 for OK)(p) (other methods),
respectively. ThiPEG{num.#)} is in column 8.

It is seen that the results for Problem 2 listed able I
confirm the observations (a)-(c) obtained for Peabll as

evaluationger time step. We note that inequality (56) is uselisted in Table II.

becausttfma is small.
It was numerically observed that the TVD propersp)(
holds with error (56) for the methods listed in Teal with

E. Differences between computing
derivatives directly or recurrently
In this section we describe the differences betwee

the higher

At < max Atgen. These numerical results confirm the resulEomputing the higher derivatives directly or usiegurrences.

of Theorem 2 that HBT) methods are also TVD when
combined with the WENO5 space discretization. Thmes
situation holds for Problem 2 below.
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v = o+ foy' = fo+ Rf, o FOr each seriesp = Yoo Bh g =312 Qs v =
Yy = fut U f + Fu o+ fl e+ Fuf ) (59) S og Lkt ... we find formulae for generating thth
Taylor coefficient from the preceding ones as foio
etc. Then the solution is a) r=ptq
., Bir=5H+Ch: +=01:., (64)
arl i T v Aoy kL) 1 I!E'I,_Ir___
ylto+h) = ylta) + v {toth + "' (ta) T (60) b) r— pg the Cauchy product yields
i
Formulae (59) soon become very complicated for drigh Ry = Z Pyth 4, i=0,1,... (65)
derivatives. 7=0
e The second approach, the “right approach”, isait,f c) v = p/q. write p = rq, use formula b) and solve
an extension of Newton's approach and has been for ;-
rediscovered several times (Steffensen 1956 [26]). 1T i—1 3
. il P S i ’ e
Yl — %U”"I'l’r:_]. Fitl = %,.I‘""'rf..!,r[fllllr_-r., (61) R, = O _’r" Z J'?.'l'f'l-J"'Jd- y 1=01,... (66)

be the Taylor coefficients «y(t)and f(t.%(t}).so that (60)
becomes

ylito + k) = Z Ryl

Then, from (1),
1

Y+l —
i+1

Fi, (62)

Now suppose the f(t. ) is the composition of a sequenc

of algebraic operations and elementary functiotss Teads to
a sequence of series [6, pp. 46—49],

Y. g, 7. .., and finally f. (63)
Tabl

PEG{NUMer (HBT(p) ), NUMzr (OMik, p

=00
There are formulae for several other elementargtfans.

VII. CONCLUSION

New explicit, 9-stage, one-step, SSP Hermite—Bifikho
Taylor methods, called HBP), of ordersp =6, 7, ..., 12,
with nonnegative coefficients are constructed byniciming
Taylor methods with a 9-stage Runge—Kutta (RK(9,4))
method of order 4. We found no counterparts of ste@-
HBT(p) methods of order greater than 8 in the literature
eamong hybrid and general linear, one-step, muiesta
methods. Our new HBP] tend to have larger effective SSP
coefficients compared to effective SSP coefficianithybrid
methods [8] of the same order and other frequentigd
methods.

ell

|3 TAKEN ROW-WISE FOR PROBLEM 1.

P HBTip) | numgHBT(p)) || OM{k,p) | nums{OM[k, p)) FEG
6 HET(6) 0.276 HM(5.6) 0174 39 %

" " HM(6.6) 0.1&9 63 %

" HM(T.6) 0.189 46 %
7 HET(T) 0.271 HM(T.T) 0.127 113 %
g HBT(8) 0.236 " " 86 %
a HET(¥) 0.221 74 %
10 || HBT{10) 0.201 58 %
11 || HBT{11) 0.194 3%
12 || HBT{12) 0181 43 %

Table 11l

PEGINUMes (HET(p) ), NUM=g (OM{k, ) ) TAKEN ROW-WISE FOR PROBLEM 2.

p HBT(p) mumF HB T p)) OM{E, p) | numes{OM(E, p)} PEG
B HET(6) 0.J88 HLE 6 RN &0 U5
" " HMI(5.6) 0.174 64 %

HM(7.6) 0.194 47 %

7 HEBT(7) 0.271 HM{T.T) 0124 119 %
8 HBT(8) 0.231 - " 86 %
9 HBT(%) 0.228 £2 %
10 || HBT{10) 0.206 Ya
11 || HBT{11) 0.179 44 %
12 || HBT{12) 0.186 50 %
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APPENDIX

This appendix lists the canonical Shu—-Osher fornowf

seven new HBT) methods with

their ¢(HBT(p)),

cex{ HBT(p) ) and abscissa vecterforp=6, 7, ..., 12.
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To advance integration froifn to tn+1. once ¥n+1 is
obtained by formula (21), the functio, with input
(tne1:Uns1)

[ (2] lp—3)
_Jrﬂ+l~.4.";|_ EREEE: | | = gltn+1; Ynt1 ),

outputs fn+1 and 1;n , to oo + 13] by means of the recurrent

power series method. In adding, multiplying or tekpowers
of input power series, this method computes, ire@umrent
way, thekth term of the output power series as a combination
of the preceding terms of the input series.

For precision and efficiency, Horner's scheme isduso
evaluate the summation

—3
Z[Az-,m'ﬁi m ,T,I'I.T”

m="2
in (21) as nested polynomials /t.
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