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Abstract – New optimal strong-stability-preserving Hermite– 

Birkhoff (SSP HB) methods, HB(k, s, p), of order p = 4, 5, . . . , 12, 
are constructed by combining k-step methods of order p = 1, 2, ...,9 
and s-stage explicit Runge–Kutta (RK) methods of order 4, where 
s = 4, 5, . . . , 10. These methods are well suited for solving 
discretized hyperbolic PDEs by the method of lines. The Shu–
Osher form of RK methods is extended to our new methods. The 
HB(k, s, p) having the largest effective SSP coefficient have been 
numerically found among the HB methods of order p on hand. 
These SSP high-order methods are compared with other SSP 
methods and their main features are summarized. 
 

Keywords – Strong stability preserving; Hermite–Birkhoff 
method; SSP coefficient; time discretization; method of lines; 
comparison with other SSP methods. 

I. INTRODUCTION 

In this paper, we are concerned with the numerical solution 
of systems of N ordinary differential equations with initial 
conditions of the form 

                                          (1) 

We assume that the function f is such that 

                                                          (2) 

where  is any norm or semi-norm. It is also assumed that 

f satisfies a discrete analog of inequality (2), 

                                               (3) 

for the forward Euler (FE) method with a step size  smaller 
than a maximal step size  Here  is a numerical 

approximation of We are interested in 
higherorder multistep Hermite–Birkhoff (HB) methods that 
preserve the strong stability property [4], also called 
monotonicity property [10], 

                                                          (4) 

for  whenever condition (3) holds for the FE 

method. The positive integer k represents the number of 
previous steps used to compute the next solution value. The 

SSP property(4) is desirable in that it mimics property (2) of the 
true solution and prevents error growth. 
Strong-stability-preserving (SSP) methods have been developed 
to satisfy the SSP property (4) for system (1) whenever the FE 
condition (3) is fulfilled. The SSP property is guaranteed under 
the maximum time step where the SSP 
coefficient c depends only on the numerical integration method 
but not on f. Considerable research effort has been devoted to 
find numerical methods with largest c among various classes of 
methods (see [4], [8]).  

The main application of such SSP results are found in the 
numerical solution of hyperbolic PDEs, in particular, of 
conservation laws, an instance of which is the one-dimensional 
equation 

                                    (5) 

where the spatial derivative  is approximated by a 
conservative finite difference or finite element at  
 j = 1, 2, . . . , N, (see, for example, [7], [21], [30], [1]). Such 
spatial semi-discretization will lead to system (1) of ODEs. 

Recently, several new SSP methods have been constructed as 
combinations of multistep and explicit Runge–Kutta (RK) 
methods [13]–[18]. 

In this paper, to solve system (1), we construct new explicit, 
SSP, k-step, s-stage, general linear methods of order p with 
nonnegative coefficients as combinations of linear k-step 
methods of order p −  3 and s-stage RK methods of order 4. We 
shall denote these new SSP methods by HB(k, s, p) since HB 
interpolation polynomials enter in their construction as it is 
briefly sketched in Section II (see [19] for fuller developments). 

The objective of high-order SSP HB time discretizations is to 
maintain the SSP property (4) while achieving higher-order 
accuracy in time, perhaps with a modified CFL restriction, 
measured here with an SSP coefficient, c(HB(k, s, p)): 

                                                     (6) 

The SSP coefficient, historically called CFL coefficient, 
describes the ratio of the SSP time step to the strongly stable FE 
time step (see [4]). Since our arguments are based on convex 
decompositions of high-order methods in terms the SSP FE 
method, such high-order methods are SSP in any norm once FE 
is shown to be strongly stable. We use this fact to extend the 
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Shu–Osher form of RK methods to methods which combine 
multistep and RK methods. 

The new HB(k, s, p) have larger effective SSP coefficients 
than Huang’s [8] SSP hybrid methods (HM(k, s, p)) with the 
same k and p, especially when k is small. In particular, no 
counterparts of HB(k, s, p) for p = 9, 10, 11, 12 have been 
found in the literature among hybrid and general linear 
multistep methods. 

Section II introduces k-step, s-stage HB(k, s, p) methods. 
Order conditions are listed in Section III. Section IV derives the 
Shu Osher form of HB(k, s, p) and formulates the optimization 
problem. Section V compares effective SSP coefficients which 
are the SSP coefficients divided by the number of functions 
evaluations by time step. Section VI compares SSP HB time 
discretization methods of orders 4 to 12 with known SSP RK 
methods of order 4 of same stage number. 

II.  K-STEP, S-STAGE HB(K, S, P) OF ORDER P 

We construct our k-step, s-stage HB methods as general 
linear methods by the following s formulae to perform 
integration from  to  Let  be the time discretization 
step size. The abscissa vector  defines the s 

off-step points  In all cases,  and, by 
convention,  Let  

With the initial stage value,  HB polynomials of 

degree  are used as predictors  to obtain the stage 

values  

    (7)   

for i = 2, 3, . . . , s, where denote the 
stage derivatives for j = 2, 3, . . . , s. An HB polynomial of 

degree 2k + s −  2 is used as integration formula to obtain 

 to order p,  

 

Formulae (7)–(8) are the Butcher form of HB(k, s, p). The 
subscript B refers to Butcher, while, later, the subscript SO will 
refer to Shu–Osher. 

Notation 1: We shall denote the k-step SSP methods of order 
p used in this paper as follows: 

• HB(k, s, p): s-stage Hermite–Birkhoff method, 
• HM(k, p): hybrid method, 
• LM(k, p): linear multistep method, 
• RK(s, p): s-stage Runge–Kutta method, 
• TSRK(s, p): 2-step s-stage Runge–Kutta method. 

All the methods considered in this work are SSP. Therefore the 
denomination SSP will often be omitted in what follows. 
 

III.   ORDER CONDITIONS FOR HB(K, S, P) 

To derive the order conditions of s-stage HB(k, s, p) we shall 
use the following expressions coming from the backsteps of the 
methods: 

                (9) 

for i = 2, 3, . . . , s and j = 1, 2, . . . , p. Forcing an expansion of 
the numerical solution produced by formulae (7)–(8) to agree 
with a Taylor expansion of the true solution, we obtain 
multistep- and several RK-type order conditions that must be 
satisfied by s-stage HB(k, s, p) methods. 

First, we need to satisfy the following multistep-type 
consistency conditions: 

                           (10) 

Second, to reduce the large number of RK-type order 
conditions (see [12]), we impose the following simplifying 
assumptions: 

                           (11) 

for i = 2, 3, . . . , s and k = 0, 1, . . . , p −  4. Thus, there remain 
only five sets of equations to be solved: 
 

    (12) 

     (13) 

 

(14) 

       (15) 
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where the backstep parts,  are defined by 

       (17) 

for j = 1, . . . , p + 1. These order conditions are simply RK 
order conditions with backstep parts and  

IV.   HB(K, S, P) IN MODIFIED BUTCHER AND SHU–OSHER 

FORMS 

By setting  and  in 
(7)–(8) we have the modified Butcher form of HB(k, s, p): 

 

                                 (18) 

 

                                      (19) 

where  

As done in [16], (7)–(8) can be written as convex 
combinations of forward Euler methods as follows; 

 

                               (20) 

       

where consistency conditions are  

i = 2, 3, . . . , s + 1. The above form is called the Shu–Osher 
form of HB(k, s, p). This form is a generalization of the Shu– 
Osher form of RK first introduced by Shu and Osher in [27]. 

By setting  and  in 
(20), we have the modified Shu–Osher form of HB(k, s, p) for  
i = 2, 3, . . . , s + 1, 

     (21) 

The above form of HB(k, s, p) is a generalization of the 
modified Shu–Osher form for RK methods (see [5, p. 27]) since 

it can be rearranged as three linear combinations of FE 
methods: 

                      (22) 

for i = 2, 3, . . . , s + 1. As consistency requires that 

          (23) 

then, if  are nonnegative, each stage 

 is a convex combination of forward Euler steps. 
Hence, under these conditions, each representation 

 of (22) will produce a feasible  
HB(k, s, p) in Shu Osher form (22) with feasible SSP 
coefficient. 

The transformation of the HB(k, s, p) formulae (7)–(8) to the 
Shu–Osher form (21) and vice versa will be considered in 
subsection IV-B. 

The next three subsections IV-A, IV-B and IV-C describe 
generalized results for the new HB(k, s, p), using the results for 
Runge–Kutta methods, following closely sections 3.1 to 3.4 of 
[5]. 

A. Vector notation 
In the following three sections, it will be helpful to represent 

an HB method in a Shu–Osher form using a more compact 
notation. To this end, we define two real (s + 1)- vectors 

 

two strictly lower triangular  real matrices 

 

two  rectangular matrices with zero first row, 

 

where the components  come from equations 
(20). Moreover, we have the four matrices, 

 

where the subscript “back” refers to backstep of an HB(k, s, p) 
method. 

Thus, we can compactly write an HB method in the Shu– 
Osher form, 
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                         (24) 

Here consistency requires that 

 

where the (s + 1)-vector  and (k −  1)-vector  are, 

respectively, 

                                     (25) 

Provided all the coefficients of (22) are nonnegative, the 
following straightforward extension of a result presented in [6] 
and [8] holds. 

Theorem 1: If f satisfies the forward Euler condition (3), then 
the k-step, s-stage HB(k, s, p) methods (22) of order p satisfy 
the SSP property 

 

provided 
 

where the feasible SSP coefficient  is 

       (26) 

with the convention that  under the assumption 

that all coefficients of (22) are nonnegative. 
It is to be noted that each representation  

 of (22) will produce a feasible SSP coefficient 
 defined in Theorem 1. 

What we really want is not a feasible HB(k, s, p) with 
feasible SSP coefficient  but one with 
largest SSP coefficient. This question will be considered in 
subsection IV-C. 

Example 1: We consider a simple 3-step 3-stage HB method 
of order 3 denoted by HB(3, 3, 3). With   
this method becomes the well known Shu–Osher RK(3, 3) 

given in [27] with abscissae vector  

                                          (27) 

Note that this is in the Shu–Osher form (20) and produces the 
well known SSP coefficient c(RK(3, 3)) = 1 of RK(3, 3). This 
coefficient is a feasible SSP coefficient 

 of HB(3, 3, 3). However, we 

can rewrite the method with the new abscissa vector  
 and by dropping conditions and 

 we obtain a better result: 

 

which produces  This is still 
not optimal. Rewriting the method with the abscissa vector 

 we have 

 

Thus, one easily verifies that  
 This value turns out numerically to be the largest 

possible value of  for this method. 
We denote this value, c(HB(3, 3, 3)) = 1.735 which is the SSP 
coefficient of HB(3, 3, 3). 

B. Butcher form 
If  then the Shu–Osher form (24) becomes 

                         (30) 

which is the Butcher form. If  of (30) are 
denoted as  respectively, then the 
Butcher form (30) can be rewritten as 

                      (31) 

Here consistency conditions (10) are written in vector form: 

                                                          (32) 

where  and  are defined in (25). 
To find the relation between the Shu–Osher coefficients and 

the Butcher coefficients, we simply solve (24) for Y, since 
 is invertible because  is strictly lower triangular. From 

 

we have 
 

Thus, 
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             (33) 

Comparing (33) with (31), we have the following relations 
between the Shu–Osher coefficients and the Butcher 
coefficients for our HB methods, 

                                                             (34) 

                                                            (35) 

                                                             (36) 

                                                        (37) 

                                                       (38) 

These relations allow a simple transformation of the vectors 
and matrices  of a Shu–Osher form into 

 of a Butcher form and vice versa. In 
fact, form (31) is the Butcher form (7) and (8) with 

                            (39) 

                                         (40) 

         (41) 

       (42) 

     (43) 

C. Canonical Shu–Osher form and formulation of the 
optimization problem 

To find the SSP coefficient of a Hermite–Birkhoff method, it 
is useful to consider a particular Shu–Osher form of the 

matrices  in which the ratio  is the same for 

every i, j such that  that is, in a convex combination of 
forward Euler steps, the step length, 

 

is the same for every step in the second member of the 
righthand side of (22). 

We shall denote the coefficient matrices of this special form 
by  and require that  Substituting this 

relation into (36), we can solve for  in terms of  and r. 
Thus, we find 

 

Since  is invertible, the coefficients for this form are 
given by 

                (44) 

              (45) 

            (46) 

              (47) 

   (48) 

  (49) 

where the identity  follows from 

 

since  

It is to be noted that using (36) and (46),  can be written as 

                            (50) 

As in [5, p. 34], we shall refer to the form given by (44)– 
(49) as a canonical Shu–Osher form of an HB method, 

       (51) 

which can be written only in terms of the vectors  and 
matrices  of the Butcher form: 

 (52) 

Using the relation  

obtained in (50), result (52) can be written as, 
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The zeroth-order term of the Taylor expansion of (53) about  

leads to the consistency condition: 

     (54) 

which is equivalent to (32). 
Note also that the Butcher form (31), with the coefficient 

vectors  and the coefficient matrices  
corresponds to the canonical Shu–Osher form (51) or (53) with 

 
To simplify notation, in the following theorem the ratio 

 , which is the same for every  

and  becomes a feasible SSP coefficient 
of HB(k, s, p). Hence, this ratio r must satisfy two additional 
conditions: 

 

which is (56) and (63) and 

 

which is (57) and (64). Therefore, the following slight 
modification of Theorem 1 holds. 

Theorem 2: If f satisfies the forward Euler condition (3), then 
the k-step, s-stage HB(k, s, p) methods (22) satisfy the 
monotonicity property 

 

provided 

 

where the coefficient  is 

equal to  

                               (55) 

and less than or equal to: 

                                                                     (56) 

                      (57) 

with the convention that  under the assumption 

that all coefficients of (22) are nonnegative. 
With the newly defined r, to optimize HB(k, s, p) and obtain 

c(HB(k, s, p)), by Theorem 2, we maximize 

 

Hence, the problem of optimizing HB(k, s, p) can be formulated 
as 

                        (58) 

subject to the component-wise inequalities 

                                                           (59) 

                                                           (60) 

                                                          (61) 

                                                          (62) 

                                       (63) 

                                       (64) 

together with the order conditions (10)–(16) for order p. 

Since the consistency condition (54) is satisfied, inequality (59) 
implies the following inequality, 

   

(65) 
and inequality (65) implies inequality (59). 

It is to be noted here that each representation 
 which satisfies conditions 

(59)–(64) together with the order conditions (10)–(16) for order 
p, will produce a feasible SSP coefficient 

 and a feasible SSP HB(k, s, 
p) in Shu–Osher form (22). For example, it is easy to verify that 
the coefficients of each of methods (27), (28) and (29) verifies 
condition (59)–(64) together with the order conditions (10)–
(16) for order 3. 

V.  COMPARING EFFECTIVE SSP COEFFICIENTS OF THE METHODS 

ON HAND 

Definition 1: (See [25]) The effective SSP coefficient of an 
SSP method M is denoted by 

                                                                 (66) 

where ℓ is the number of function evaluations of M per time 
step and c(M) is the SSP coefficient of M. 

The effective SSP coefficients,  of hybrid methods 
are found in [8]. In this paper, ℓ = 4, 5, . . . , 10 for HB methods, 
ℓ = 2 for hybrid methods and ℓ = 1 for linear multistep methods. 

The coefficients  provide a fair comparison between 
methods of the same order, although, in practice, starting 
methods and storage issues are also important. Gottlieb [3] 
pointed out that one looks for high-order SSP methods M with 
c(M) as large as possible, taking their computational costs and 
orders into account. 

In Tables I–IX, for each stage value s, the row-wise 
maximum,  is listed with an asterisk and 
the global maximum is in boldface for each order p. This data is 
summarized in Table X and Fig. 9. It will be seen that, for a 
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given k,  first increases with s and then 

decreases. On the other hand, for a given s,  
first increases with k and then stabilizes. For these two reasons, 
further columns to the right and rows to the bottom are not 
added to the tables, or because the omitted methods are 
numerically worse than the included ones. 

A. Fourth-order methods 
Spiteri and Ruuth [28] found a 5-stage SSP RK method of 

order 4, called RK(5,4), with  and 
 Other fourth-order SSP RK methods 

with more stages can be found in [29] and [9]. Gottlieb, Shu 
and Tadmor [6] proved that there are no HM(2, 4) with 
nonnegative coefficients. Huang [8] found k-step HM(k, 4) of 

 

Fig. 1. and  as 
functions of s. 

order 4 for k = 3, 4, . . . , 7, 

 

Recently, Constantinescu and Sandu [2] obtained optimal 2- 
step general linear SSP methods of order 4, with certificates of 
global optimality for some of them. Ketcheson, Gottlieb and 
Macdonald [11] found 2-step RK(TSRK) methods of order 4 
with nonnegative coefficients. Among these, the 10-stage 
method has the best effective SSP coefficient, 

 
We numerically found optimal HB(k, s, 4) with stage number 

 Their  are listed in Table I with 
largest  It is seen that 

 especially when s is small. 
All our new methods (except HB (2,4,4) and HB (3,4,4)) 

have greater  than those of the hybrid methods listed above. 

Even with only 4 steps, HB (4, 4, 4) has larger  than 
Huang’s best 7-step, HM(7,4), that is, 

 
Moreover,  
and  HB 
and RK methods of order 4, including Ketcheson RK(10, 4), are 
compared in Fig. 1 on the basis of  as a 
function of the number of stages s. It is seen that 

 increases with  while 
 decreases with  At stages s = 7, 8, 9, 

Fig. 1 shows that  of HB methods and TSRK methods are 
almost equal. 

 

Fig. 2. and  as functions 
of s. 

B. Fifth-order methods 
Ruuth and Spiteri [24] proved that there are no fifth-order 

SSP RK methods with nonnegative coefficients. In [22] and 
[25], they recently considered fifth-order methods with negative 
coefficients with: 

 

Ruuth and Hundsdorfer [23] pointed out that fifth-order 
linear multistep methods with nonnegative coefficients require 
at least k = 7 steps with In [8], one 
finds HMs with nonnegative coefficients and the following SSP 
coefficients, 
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Gottlieb, Shu and Tadmor [6] proved that there are no 2-step 
HMs of order 4 with nonnegative coefficients. Two-step RK 
methods of order 5 with nonnegative coefficients are found in 
[11]. Among these, the 8-stage method has the best 

 
We numerically found optimal HB(k, s, 5) with stage number 

s = 4, 5, . . . , 10. Their  are listed in Table II with largest 
 

The effective SSP coefficients of HB (2, s, 5), for s = 
 4, 5, . . ., 10, and RK(s, 5), for s = 7, 8, 9, 10, are plotted in Fig. 
2. It is seen that the new methods have larger effective SSP 
coefficients when s > 6. 

We remark that, even with a low step number, some of the 
new methods are competitive with the best general linear and 

Table I 

 AS FUNCTION OF k AND s, AND  AND  AS FUNCTIONS OF s. 

 

Table II 

 AS FUNCTION OF k AND s, AND  AS FUNCTIONS OF s. 

 

RK methods on hand: 
• All Huang’s HM (k, 5). For example, the 4-step  

HB(4, 4, 5) has  

 compared to Huang’s best   
7-step HM(7, 5). 

• Ruuth’s 10-stage RK(10, 5). The 4-stage HB(3, 4, 5) has 
 

• With k = 2, although  are slightly smaller 
than  they are equal when  
However, as  

 Unlike 
the fourth order methods, the fifth order methods present 
an unusual behavior: for all step numbers, as the number 
of stages is greater than eight, it is not possible to obtain 
larger  than with 8-stage methods. This phenomenon, 
which will happen differently at different order, will be 
seen clearly in the next subsections. 

C. Sixth-order methods 
Ketcheson [10] pointed out that LM methods of order 6 with 

nonnegative coefficients require at least k = 10 steps with 
 

In [8], one finds k-step HM(k, 6) with k = 5, 6, 7 and 

 

Two-step RK methods of order 6 with nonnegative 
coefficients are found in [11]. Among these, the 12-stage 
method has the best  

We numerically found optimal HB(k, s, 6) with stage number 
s = 4, 5, . . . , 10. Their  are listed in Table III with largest 

 We remark that HB(k, 4, 6), with 
 are competitive with Huang’s best 7-step HM(7,6) 

of order 6. For instance,  
 Note the existence of the 2-step 

method HB(2, 7, 6) with only 7 stages. 
With s = 6, 7, HB methods have significantly better  than 

TSRK methods. 
In Fig. 3,  and  are plotted as 

functions of the number of stages s. It is seen that the new 
methods generally have larger effective SSP coefficients, 
especially when the number of stages of both methods are 
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small. It is also observed that HB(5, s, 6), for s = 5, 6, 7, have 
larger  than the 10-stage RK(10, 5). 

D. Seventh-order methods 
In [10], LM methods of order 7 with nonnegative coefficients 

require at least k = 12 steps with  

The 7-step HM(7, 7) of order 7 with  
and  was introduced by Huang in [8]. 

Two-step RK methods of order 7 with nonnegative 
coefficients are found in [11]. Among these, the 12-stage 
method has the best  

We numerically found optimal HB(k, s, 7) with stage number 
s = 4, 5, . . . , 10 [14]. Their  are listed in Table IV with 
largest  

 

Table III 

 AS FUNCTION OF k AND s, AND  AS FUNCTIONS OF s. 

 

 

Fig. 3.  and  versus stage number s. 

Table IV 

 AS FUNCTION OF k AND s, AND  AS 
FUNCTIONS OF s. 

 

Our optimal HB(k, 4, 7) are competitive with the 7-step 
HM(7,7), since  increases with  and 

 
For the same number of stages, the HB methods have better 

 than the TSRK methods in a row-wise comparison. 

In Fig. 4, the  of HB(k, 6, 7) and HM(7,7), both of order 
7, and HM(k, 6) of order 6 are plotted as functions of the 
number of steps, k. It is seen that HB(k, 6, 7) have larger  

than HM(7, 7) and HM(k, 6), for k = 5, 6, 7. Even with smaller 
step number k = 3, HB(3, 6, 7) has larger  than HM(7,7) 
and HM(k, 6) which require more steps, namely, 

 

Fig. 4. Effective SSP coefficients versus number of steps k of 6-stage HB(k, 6, 
7) of order 7, HM(7, 7) of order 7, and HM(k, 6) of order 6. 

Table V 

 AS FUNCTION OF k AND s. 

 

k = 5, 6, 7. 
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E. Eighth-order methods 
In [10], LM methods of order 8 with nonnegative coefficients 

require at least k = 15 steps with   
Two-step RK methods of order 8 with nonnegative 

coefficients are found in [11]. Among these, the 12-stage 
method has the best  

We numerically found optimal HB(k, s, 8) with stage number 
s = 4, 5, . . . , 10. Their  are listed in Table V with largest 

 
Even with only 5 steps, these new methods are competitive 

with HM(7,7). For instance,  

 

Fig. 5. Effective SSP coefficients versus number of steps k of 6-stage HB(k, 6, 
8) of order 8, HM(7, 7) of order 7, and HM(k, 6) of order 6. 

Table VI 

 AS FUNCTION OF k AND s. 

 

 
In Fig. 5, the  of HB(k, 6, 8), HM(7, 7) of order 7 and 

HM(k, 6) of order 6 are compared as functions of k. It is seen 
that HB(k, 6, 8) have larger  than HM(7,7) and HM(k, 6) for 
k = 5, 6, 7. 

F. Ninth-order methods 
In [10], LM methods of order 9 with nonnegative coefficients 

require at least k = 18 steps with  
We numerically found optimal HB(k, s, 9) with stage number 

s = 4, 5, . . . , 10. Their  are listed in Table VI with largest 
 

Even with only 5 steps, these new methods are competitive 
with HM(7,7) of order 7. For instance,  

 
In Fig. 6, it is seen that, for all k, HB(k, 6, 9) have larger  

than HM(7,7). 

G. Tenth-order methods 
In [10], LM methods of order 10 with nonnegative 

coefficients require at least k = 22 steps with 
 

We numerically found optimal HB(k, s, 10) with stage 
number s = 4, 5, . . . , 10. Their  are listed in Table VII with 
largest  

 

Fig. 6.  of order 9 as function of k and HM(7,7) of order 7. 

Table VII 

 AS FUNCTION OF k AND s. 

 

Even with only 6 steps, we have  

 
In Fig. 7, the  of HB(k, 6, 10) of order 10 and HM(7, 7) of 

order 7 are compared as functions of k. It is seen that all HB(k, 
6, 10) have larger  than HM(7, 7). 

H. Eleventh-order methods 
In [10], LM methods of order 11 with nonnegative 

coefficients require at least k = 26 steps with 
 0.012. 
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Fig. 7.  of order 10 as function of k and HM(7, 7) of order 
7. 

Table VIII 

 AS FUNCTION OF k AND s. 

 

 

Fig. 8. Effective SSP coefficients versus number of steps k of 7-stage HB(k, 7, 
11) of order 11 and HM(7, 7) of order 7. 

We numerically found optimal HB(k, s, 11) with stage 
number s = 4, 5, . . . , 10 [15]. Their  are listed in Table 
VIII. 

We remark that HB(8, 5, 11) is competitive with HM(7, 7) 
since  
We see that  
are largest for the values of k and s on hand. 

It is seen in Figure 8 that  
 

I. Twelfth-order methods 
In [10], LM methods of order 12 with nonnegative 

coefficients require at least k = 30 steps with 
 

We numerically found optimal HB(k, s, 12) with stage 
number s = 5, 6, . . . , 10 [17]. Their  are listed in Table IX 
with largest  

VI.   COMPARING HB(K, S, P) AND RK(S, 4) 

Table X lists  which are the numbers 
with an asterisk and the boldface numbers in Tables I–IX, and 
also  from Table I. 

In Table X, as expected, for a given s,  

decreases as p increases. It is also seen that  
for p = 6, 7, . . . , 12 are among the largest when the number of 
stages are about 6 to 8. 

 
 

Table IX 

 AS FUNCTION OF k AND s. 

 

 

Fig. 9.  as function of s for orders p = 4, 5, . . . , 12. 

Hence, based on the  it seems that there are only 3 HB 
families which can have methods up to order 12 with good  
namely, the 6-, 7- and 8-stage HB methods of order 4 to 12, are 
among the most efficient methods on hand. 

In Fig. 9,  is 
plotted as a function of the stage number s. We note that, for 
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each  first increases with s and 
then decreases. 

Figure 10 plots  as a function of the 
order p. We note that  decreases with 
p. 

VIII.  CONCLUSION 

In recent years, a collection of new optimal SSP explicit 
four- to ten-stage and k - step Hermite–Birkhoff methods, 
HB(k, s, p), of orders p = 4, 5, . . . , 12 with nonnegative 

coefficients have been constructed by combining k-step 
methods of order one to nine and four- to ten-stage Runge–
Kutta methods of order 4. Moreover, the HB(k, s, p) having the 
largest effective SSP coefficient have also been found among 
the HB methods of order p on hand. No counterparts of most of 
these new methods have been numerically found in the 
literature among hybrid and general linear multistep methods. 
The SSP HB methods mentioned in this paper can be obtained 
from the corresponding author. 

 

 

Table X 

 OF THE s-STAGE RK(s, 4) OF ORDER 4 AND  AS FUNCTION OF STAGE NUMBER s AND ORDER p.  

 

 

 

Fig. 10.  versus order p. 
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