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Abstract — New optimal strong-stability-preserving Hermite—
Birkhoff (SSP HB) methods, HBK, s, p), of orderp=4,5, ..., 12,
are constructed by combiningk-step methods of ordep =1, 2, ...,9
and s-stage explicit Runge—Kutta (RK) methods of order 4where
s=4,5 ..., 10. These methods are well suitedr fsolving
discretized hyperbolic PDEs by the method of linesThe Shu—
Osher form of RK methods is extended to our new mbbds. The
HB(k, s, p) having the largest effective SSP coefficient havgeen
numerically found among the HB methods of orderp on hand.
These SSP high-order methods are compared with otheBSP
methods and their main features are summarized.

Keywords — Strong stability preserving; Hermite—Birkhoff
method; SSP coefficient; time discretization; methd of lines;
comparison with other SSP methods.

I. INTRODUCTION

In this paper, we are concerned with the numesodition
of systems ofN ordinary differential equations with initial
conditions of the form

I'|iII!.l'

= f(t,y(t)), yltn) =

@)

:'.'lg.

We assume that the functibérs such that

[lw(t + At)|] < [[w(E)]l, 2
where|| - | is any norm or semi-norm. It is also assumed that
f satisfies a discrete analog of inequality (2),

yn + Atfltn. yn)l| = 3)

| 4|l 4

for the forward Euler (FE) method with a step <At smaller
than a maximal step si:Atgg = (0. Here yn is a numerical
approximation of y(ty + nAt). We are interested in
higherorder multistep Hermite—Birkhoff (HB) methodbkat
preserve the strong stability property [4], alsollech

SSP property(4) is desirable in that it mimics @by (2) of the
true solution and prevents error growth.
Strong-stability-preserving (SSP) methods have loeseloped

to satisfy the SSP property (4) for system (1) veven the FE
condition (3) is fulfilled. The SSP property is gaateed under
the maximum time stejdfmex = cAtre. where the SSP
coefficientc depends only on the numerical integration method
but not onf. Considerable research effort has been devoted to
find numerical methods with largestamong various classes of
methods (see [4], [8]).

The main application of such SSP results are founthe
numerical solution of hyperbolic PDEs, in particuleof
conservation laws, an instance of which is the dingensional
equation

ye+ gly)e =0, 9z 0)=yiz), (5)
where the spatial derivativgl¥): is approximated by a
conservative finite difference or finite elemen ;-
i=1,2,...N, (see, for example, [7], [21], [30], [1]). Such
spatial semi-discretization will lead to system ¢1ODEs.

Recently, several new SSP methods have been cotestras
combinations of multistep and explicit Runge—Kuf(aK)
methods [13]-[18].

In this paper, to solve system (1), we construet e&plicit,
SSP, k-step, sstage, general linear methods of orgewith
nonnegative coefficients as combinations of lindastep
methods of ordep — 3 ands-stage RK methods of order 4. We
shall denote these new SSP methods bykH&(p) since HB
interpolation polynomials enter in their constroatias it is
briefly sketched in Section Il (see [19] for fulldéevelopments).

The objective of high-order SSP HB time discretad is to
maintain the SSP property (4) while achieving higheler
accuracy in time, perhaps with a modified CFL ieson,
measured here with an SSP coefficieitiB(k, s, p)):

At < c(HB(k, s, p) )Atrg,
monotonicity property [10], e 6
lynl| < max ||z | The SSP coefficient, historically called CFL coeiffnt,
Unll = [2iey 1¥n—all: (4) describes the ratio of the SSP time step to tloagly stable FE
time step (see [4]). Since our arguments are basedonvex
for 0 < At < At whenever condition (3) holds for the FEdecompositions of high-order methods in terms tis® SFE

method. The positive integek represents the number of Method, such high-order methods are SSP in any nooe FE

previous steps used to compute the next solutidneval he

is shown to be strongly stable. We use this factxtend the
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Shu—Osher form of RK methods to methods which cambi IIl. ORDERCONDITIONS FORHB(K, S, P)
multistep and RK methods. To derive the order conditions sktage HBK, s, p) we shall

The new HBK, s, p) have larger effective SSP coefficientsse the following expressions coming from the bt of the
than Huang’s [8] SSP hybrid methods (HM§, p)) with the  athods:

samek and p, especially wherk is small. In particular, no
counterparts of HB( s, p) for p = 9, 10, 11, 12 have been k-1 (—#y! (-1
found in the literature among hybrid and generaledr Bil(j) = Z.-ig_._; - I § Z Bpg¢— Tk 9)
multistep methods. =1 J L

Section |l introducesk-step, s-stage HBK, s, p) methods.
Order conditions are listed in Section Ill. Sectivnderives the fori=2,3,...sandj=1,2,... p. Forcing an expansion of
Shu Osher form of HB( s, p) and formulates the optimization the numerical solution produced by formulae (7)-8)agree
problem. Section V compares effective SSP coeffisiavhich with a Taylor expansion of the true solution, wetaii
are the SSP coefficients divided by the numberusfcfions multistep- and several RK-type order conditionst timast be
evaluations by time step. Section VI compares SBPtinie satisfied bys-stage HBK, s, p) methods.
discretization methods of orders 4 to 12 with kno8®P RK  First, we need to satisfy the following multistgpe

k-1

=1

methods of order 4 of same stage number. consistency conditions:
Il. K-STER SSTAGEHB(K, S, P) OF ORDERP %) o
Y Aagy=1, i=23,...5+1 (10)
We construct ourk-step, s-stage HB methods as general §=0

linear methods by the followings formulae to perform
integration from ty, to fns1. Let At be the time discretization ~Second, to reduce the large number of RK-type order

step size. The abscissa ve(c1, e2. e, - .., c:|T defines thes ~ conditions (see [12]), we impose the following siifying
off-step points tn + &ty In all cases,c; = (0 and, by assumptions:
convention. ] = 1. Let F1 = fn. 1 i
With the initial stage value¥; = y,. HB polynomials of aycs + KBk + 1) = N et (11)
degree 2k: +i— 3 are used as predictcF; to obtain the stage 1=1 '
valuesY. . .
fori=2,3,...sandk=0,1,...p- 4. Thus, there remain
1 S 1 = only five sets of equations to be solved:
Y, = Z-'*B.'}Hn—_] + At Z”!_I‘L-_;I A E HEI-..‘_.’fﬂ—_.‘ . (7 "
A L = ) > byl +EB(k+1) 2 l - k=01....p-1 @2
fori =2,3,... 5 whereF; := flt; + At ¥, )denote the =
stage derivatives for = 2, 3 .. .S An HB polynomial of 7 t—1 3 _ |
degree R + s - 2 is used as integration formula to obtair ZE'I [Z iy m + Byip - ‘-""3} +B(p—1) = ﬁ
Yn+1 to orderm, e . " (13)
k-1 2 i—1
In+1 = E -'13_-3--'.._,':5_-'.'.---; +At [Z 'I?_fFJ 'E BB..I:-i- 1 ._.'.Jrr.--_l] . 2 il e 1 1
- o = (8) Ehi;ﬂ f 1 Ef e \p : ) Bilp - j:} 8= r’_"
(14)

Formulae (7)—(8) are the Butcher form of KBE, p). The
subscript B refers to Butcher, while, later, thbsript SO will & i—1 22 i
refer to Shu—Osher. NTB S ay, +Bip—1)| + B(p) ==,
. AN T Flh T i3 A l'-.} } | (15)
Notation 1:We shall denote thiestep SSP methods of order =2  L\=} P — <l ] P
p used in this paper as follows:

e HB(K s, p): s-stage Hermite—Birkhoff method,

o HM(k, p): hybrid method, : i—1 4—1 3

o LM(k, p): linear multistep method, Y by [Z sy [Z Ay s + By (p _n} + Bi(p 1-}
e RK(s, p): sstage Runge—Kutta method, =2 Ly=1 k=1 AR

o TSRK(s, p): 2-steps-stage Runge—Kutta method. 1

All the methods considered in this work are SSReréfore the
denomination SSP will often be omitted in whatdalk.
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where the backstep par E(j), are defined by it can be rearranged as three linear combinatiohsF©
methods:
- M (=i} Y= r('“"r:“ ”ffr)
I._l! _.1 . |
BJ"—T JlB.—-;J.-% ZBE'*H'"—'I'I' a7) N
i= =0 J F= iy - Hiy -
e o | Y5+ At —F
. . . [Z) “" ( g g "I)] (22)
forj=1,...,p+ 1. These order conditions are simply RK i"'
order conditions with backstep paF:(-land E{-). ofTy . 1
itions wi p patsl ) - [Z '1-1(I;~1J+J-*B—'J'n r)
IV. HB(K, S, P) IN MODIFIED BUTCHER AND SHU-OSHER . =9
FORMS fori =2,3,...s+ 1. As consistency requires that
By settingup;=ay,i=2.3... .5, and wgsy1 =by in Z”f‘ Z Ay=1, =23, ..., s41, (23)
(7)—(8) we have the m0d|f|ed Butcher form of HBg, p): 2 1=3
k—1 1—1 then, |f.ef__|rf.c.LrJ..,:i'ra...4,J.E‘U are nonnegative, each stage
Y =1 Z Ag 15— + —’“ | B, tfn+ Z”uf: ¥, is a convex combination of forward Euler steps.
. - seE 1=2 Hence, under these conditions, each representation
~ B — _ v, iy, tvgq. ey, Agg. By of (22) will produce deasible
‘IZI Bagfa—g|y 1=23,.0008 (18) HB(K, s, p) in Shu Osher form (22) wittfeasible SSP
- F1 coefficient.
i =i Y Aneri g+ At i fa The transformation of the HB(s, p) formulae (7)—(8) to the
T H T I Z ZigalLE [ Batth Shu-Osher form (21) and vice versa will be considein

1 1 s
subsection IV-B.

The next three subsections IV-A, IV-B and IV-C dése
by Fy e+l g n—y ) ' .
Z 1 L Baettgfu } (19) generalized results for the new HBS§, p), using the results for
Runge—Kutta methods, following closely sections t8.B.4 of

|—.I

wheretes; = Adgw. i=2.3. ... 5+ 1. (5]
As done in [16], (7)—(8) can be written as conveX. Vector notation
combinations of forward Euler methods as follows; In the following three sections, it will be helpfid represent
iy S an HB method in a Shu—Osher form using a more compa
. .\}__ ay¥; + At F, Z Ag1yn—s notation. To this end, we define two real+(1)- vectors
“1=t i Lo v=[0va,v,....0501]7, w= [0, w,... wepy]
+AtBy fa g, =23, s+1, (20)  two strictly lower triangula(s + 1} x (s + 1) real matrices
Unt1 = Y1, a={ay}. B={Fy}

—1 two (£+ 1) % (k—1) rectangular matrices with zero first row,

where consistency conditions ¢ %7~ =1 Otg +3 J = 1 Ay =1,

i=2,3,...8+1 The above form is caIIed the Shu—Osher Aso={Ay}, Bso={By).
form of HB(, s, p). This form is a generalization of the Shu—
Osher form of RK first introduced by Shu and OshgR7]. where the componeney;., Fiy. Agy. By come from equations
By settingu; = ay1 anduwy = Fg. 1= 2.3.....s + 1 in  (20). Moreover, we have the four matrices,
(20), we have the modified Shu—Osher form of KB(p) for Sy = R ST
i=2,3,...5+1, Y'—'l'.j.ig ..... 1-:..:!|'u+.|| (=N & L
g F={0, B By friza|"  REHIN
Y, = I:-!'“!_.l,-l + A re',-_irr,,l - Zr'rl T!_ + At 'J'UI :| Hrace — i.[a':r—]-_"-c"n-'_'.----f.l';u-,_.:g-_ul'r = F.”‘._“f:;"..
=% Fiack = |fn-1: fu-2,.. --.;'rrt—-:.f.-—lulI e REDN
& i (21)
T [Z Ayyyn—y + A8y f rl—_-']- where the subscript “back” refers to backstep oH&tk, s, p)
1=l method.
Pl = Yail: Thus, we can compactly write an HB method in the-Sh
Osher form,

The above form of HB( s, p) is a generalization of the
modified Shu—Osher form for RK methods (see [27)) since
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can rewrite the method with the new abscissa ves =

0.2, 22207 and by dropping conditionAsg = 0 and

Bso —= 0 we obtain a better result:

¥ v'-".ri. + a}’ + 430ym
+ At (wfT + BF + Bsofos) - (24)

U4l = ) L=

]
. . 1-|-'."' = Tn + ___;I':ir_rr.-
Here consistency requires that ;

i 1045855 155404 217149
Yot oAty ——. 1+ Bilfa_y
ISEAET 374219 30044
v+ ey + A?D'fr"har_k = €341, 2 _1“.‘;‘1[{:’;?‘ 137421 143204
-3 T Wlt_rﬂ 2. I:EE:I
where the ¢ + 1)-vector €s+1 and K - 1)-vector €k are, | l03s099 412233, 120175 138081 k
respectively, “=4' T Y6tr7er ' Opaeaz  ©  SOMS46 © | 1387153
i T - mple+l) GTEGE BOETT 14082 ERLL
- = [ ! Atfn + Jo -1+ = At fw
esy1 = 0.1, 1,17 €R ' (25) * Grarat~ T Toeess 1~ T Tassms ! T TEsass A
6335 381

i = ]1\_11 € Rin‘:‘—l}-
Provided all the coefficients of (22) are nonnegatithe

+ ————Vn-_a+ —_— i n—=3:
ll."il""":-i T 16494974 f

. . . . which produce: ¢l wr. ex, 3, Azq, Bsg) = 1.5, This is still
following straightforward extension of a result geated in [6] not optimal. Rewriting the method with the abscissattor
and [8] holds. _ [0 646123 543161)T

Theorem 1if f satisfies the forward Euler condition (3), ther™ — ' Termass - i3 | - We have

the k-step,s-stage HBK, s, p) methods (22) of ordegp satisfy (98554 40428 11397 1163

the SSP t Yo = ——fn + e Al —— -3+ ———— Al fn 3,
€ property 160581 1235431 ABIEE] E11044

61125 43435 18482 L6753
. e A ~ o ol
lns1]l = 0< Ln’”‘ |5"” .fl ¥s Toe07 2 T TrRDAl Atk T T z-,g.nr.:‘"‘ -1y {293
D=g= L., \oseas 7se3e0 o 177133 .10l
provided ¥n+l = Tomo7ee © ' 1526607 - ' 1am2ree m ' T qrogaz s Al

At < clv,w, o, B, Aso, Bso) Ater, Thus, one easily verifies th e{ v, w., o, 3, Asg, Beg) =

where theeasible SSP coefficies(v. w, ex. 3, Aza, Bsa) is 1.735. This value turns out numerically to be the largest
possible value ociw. w, e, 3. Asg, Bsg) for this method.
] i _ gy We denote this value(HB(3, 3, 3)) = 1.735 which is the SSP
min min — min S coefficient of HB(3, 3, 3).
=33 —l{bf'g} =34 ...3—[{ -l!zj}
1=t (26) B. Butcher form
_ f Agg } If &« =10, then the Shu—Osher form (24) becomes
min

i Y = vy + Asole

with the convention thea/(l = +=c, under the assumption ; At (wfa +BF + Bsofuaa) (30)
Uyl = Fer-

that all coefficients of (22) are nonnegative.

It is to be noted that each representars. wy. ay. 5. which is the Butcher form. v, . 3. Agn, By of (30) are
Ayy. By of (22) will produce a feasible SSP coefficientdenoted as wi. wo. (Fo. Az. Bz, respectively, then the
cle,w, o, 3. Aso. Bsg) defined in Theorem 1. Butcher form (30) can be rewritten as

What we really want is not a feasible HB(, p) with
feasible SSP coefficielci v, wr, o, 3, Agg, Bza) but one with ;
largest SSP coefficient. This question will be d¢dered in + At {wr;f,j: + BoF + By frea) (31)
subsection IV-C.

Example 1:\We consider a simple 3-step 3-stage HB method
of order 3 denoted by HB(3, 3, 3). WAsg = 0. Bgg = 0,  Here consistency conditions (10) are written inteetorm:

this method becomes the well known Shu-Osher RE{3, vy + ABEhack = €241 (32)
given in [27] with abscissae vecia = [0, léf ;

Y = voy; + As¥ea

Ynsl = Yosi.

wheree:+1 and €eack are defined in (25).

Yo =yn+ Atfy, To find the relation between the Shu—Osher coeffits and
- 1.. 1 3 the Butcher coefficients, we simply solve (24) féy since
¥ = 112 Y ]ﬂ"!'rf + 3 ¥ (27) I—a isinvertible becausex is strictly lower triangular. From
i 9 — eib y ST g
Un+l = E}-ﬁ + _:ﬁf}’_:; + l|||' Y B L"r'.l“ FRY - Amy.t‘]i_'_lr [tL‘f" 25 'ljF 24 B‘:ﬂ.fha;_k}
‘ 4 4 4 we have

Note that this is in the Shu-Osher form (20) anadpces the j a) ¥ = ma + Asotfpg + At [w L AF 4 B'J'U-fbarj]
well known SSP coefficient(RK(3, 3)) = 1 of RK(3, 3). This Thus

coefficient is a feasible SSP coefficient '
elv,w, o, 3, Asp, Bsg) = 1 of HB(3, 3, 3). However, we
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Y=(I-a) vyl + (I -a) Asoyy is the same for every step in the second membethef
i i i righthand side of (22).

+AL T —a) wfy (33)  We shall denote the coefficient matrices of thiecspl form

tI—a) BF+ (I —a) Bmfm_ _ by er. 3.. and require thacer = r3.. Substituting this
- relation into (36), we can solve f 3, in terms of3; andr.

Comparing (33) with (31), we have the followingat@ns Thus, we find
between the Shu—Osher coefficients and the Butcher

i —1
coefficients for our HB methods, (I —rB,)  Br= By

= 3-,. — JU e J',lﬂ;,..ﬂ,:',.
iy ={T —a Ly 34 oS
G g (34) B (I +r8y) = Po.
wo = (I —a)  w, (35)
Fo=1(I - .-:.:]'l 3, (36) Since I + r{3; is invertible, the coefficients for this form are
g (T —ae) ™ Agp, (37) 9iven by
v—1
BB == II — ) BSU' (38) Ve = II + ?'5.’_‘.:'_] oy = ':-f = ﬁr] . (44)
These relations allow a simple transformation & Wectors wy = (I +r3,) " uy = (I — o) ump, (45)
and matriﬂce:t;-. w}jﬂ- Aso. Bso of a Shu-Osher form into . — rB, = rBy (I + rBy) " =By (I —ay), (46)
vp. wy. Oy Ap. By of a Butcher form and vice versa. In o -1 _ B
fact, form (31) is the Butcher form (7) and (8)wit Br = Bo I +rfy) =Pl ij' (“47)
; . Agge=T — 1 Ap B ':_f RS r',B.—,I_ Agn, (48)
vop= |0, Ap 20, AR 2010 -4 4?.;+|.|:-! . (39) Do F oV — (T +rBy) ' Bs, (49)
wy = [0, a9, 831, .., ast by (40)
o 0 o0 o 0 0 where the identit (I — e, = (I + r3,) " follows from
e T e o e
g 0 0 0 . 00 el b — el
azy aza 0 0 - 0 0 =I+r@y—rB,—rB.8,=1,
Bp=| 41 M2 4w 0 0 0], (42) sincerB, = vy — B, 8.
: : . : It is to be noted that using (36) and (<3, can be written as
gl @gn gz -+ deg—g 0 0 -'j = n'::]-_n (I + j"'ﬂrj :'_l = "3” I —er) (50)
L By ba by --- be_q by 0 ] = (T ) ."ju N Irj 4 "".Hl',l,] —1 'SU_
0 0 e 0
Aga) Apa2 -+ Apa2k-1 As in [5, p. 34], we shall refer to the form givey (44)—
Ag — Ag a1 Apza -+ Apak-1 ., (42) (49)as zanonical Shu-Osher forof an HB method,
' ' Y = (veyl + Atw, f1) + (o, Y + AtAF)
| Apst11 Apsr12 o0 ABaiig-1 (o wrfa) + (o (51)
i G o 0 + (Ao rtvaa + AtBso,r frac) :
gz“ ﬁB“ gﬂ'f"‘" : which can be written only in terms of the vectwy. wa and
Bg = _"“ R E"f'k' |- (43) matrices3,. Az. Bs of the Butcher form:
Bpst11 Bpstiz -+ Baatir— Y = (I +rBy) " voys + At (I +rfg) ™" ﬂ-‘l!fgl]
C. Canonical Shu-Osher form and formulation of thi + |rBo (T +1Bg) ™ Y] + [i‘at,ﬂnif +rBa) Fi
optimization problem r 1 _1 )
+ (1 +780) ™" Ay + At (I +180) ™" Bo foua| -
To find the SSP coefficient of a Hermite—Birkhofethod, it ) (52)

is useful to consider a particular Shu—Osher forfnthe
matrices cx. 3. in which the raticr = L}]-j is the same for Using the relation 3, (I +r@3y) " = (I +r3,) " g
everyi, j such tha d;; # 0, that is, in a convex combination of Obtained in (50), result (52) can be written as,

forward Euler steps, the step length, Sigres Sk ot ;
Y=(I+r3)  |vow, +Atwefy + By (rY + AtF)

i 3 + (Apyp + A Brf o)) . (53)
At—L = — At < Atpp,

X il T
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The zeroth-order term of the Taylor expansion &) @boul fx c(HB(k. 5,p)) = MAX r. (58)
leads to the consistency condition: o A Ao Bty
(T ++8,) wp + v (I +78:) L Baesii (54) subject to the component-wise inequalities
LAY 48 ) 1 = : =
-+ .I t !.i:l' _fijE,E't,ar_l,; Early ff I ."',l'_:j“: l'l."r': :: {l_ (59)
which is equivalent to (32). , e
Note also that the Butcher form (31), with the ioednt Aol +7Bp) 20, (60)
vectors vy, wyg and the_ coefficient matrice_ﬁ[;._AB.B_E. (T +rBy) 1 Vo (61)
corresponds to the canonical Shu—Osher form (5133 with
r=0. (I+rBg)" Bg >0, (62)
To simplify notation, in the following theorem thatio
i —1 4
r = 5=, which is the same for evei,j. i = 3.4....,: 3+ 1 (I+r8;)  (—vo+ruwg) 0, (63)
and j = 2,3,..., i — 1. becomes a feasible SSP coefficient (I +18,) L _Apg+rBg) <0, (64)

of HB(K, s, p). Hence, this ratio must satisfy two additional

conditions:
Ly

r<—, i=23,...,8+1,
Yy
which is (56) and (63) and
o Ay o= TRy k=1,
e By =28 s+1,

which is (57) and (64). Therefore, the followingight
modification of Theorem 1 holds.

Theorem 2if f satisfies the forward Euler condition (3), then

the k-step, sstage HBK, s, p) methods (22) satisfy the
monotonicity property

'-' A ] —
lynall = -::--:1}1::?4 ltn—s
provided

At < e(vy, wp, op, By, Asor. Bso r ) Atye,

where the coefficient c{vr. wr. cer. 3., Aso . Bsor) s
equal to
k1 g =34 ....8+1,
= —_ . 55
! { "jf_i' } {.-‘I = E.:j ..... i— 1, ( )
and less than or equal to:
- Ty
|:='_'_].’4t.l.1.].j.s-|-| : (56)
- ._tll
e =23 . 8 4+1,
;:L}_z_]_l_]_l..!.-—J { By, } y E=53 sl (57)

with the convention theéa/(} = +oc. under the assumption
that all coefficients of (22) are nonnegative.

With the newly defined, to optimize HBK, s, p) and obtain
c(HB(k, s, p)), by Theorem 2, we maximize

r = ¢clvp, wyp, otp, B, Asg.p. Bsoe)-

Hence, the problem of optimizing HB(s, p) can be formulated
as

62

together with the order conditions (10)—(16) fodenp.

Since the consistency condition (54) is satisfindquality (59)
implies the following inequality,

r'lf_'}” (I +r3, =1 ez + I+ .".:'3,_1]- : A = s,

(65)

and inequality (65) implies inequality (59).

It is to be noted here that each representation

(vpy ey 3, . Aso s, Ben ) which satisfies conditions

(59)—(64) together with the order conditions (1Qp)(for order

p, will produce a feasible SSP coefficient

clop we ap, 3 Asg e, Bios) and a feasible SSP HB(s,

p) in Shu—Osher form (22). For example, it is easydrify that

the coefficients of each of methods (27), (28) &) verifies

condition (59)—(64) together with the order coratis (10)—

(16) for order 3.

V. COMPARING EFFECTIVE SSPCOEFFICIENTS OF THEMETHODS
ON HAND

Definition 1: (See [25]) Theeffective SSP coefficienf an
SSP methodi1 is denoted by

e(M !. (66)

cegl M) =

where ¢ is the number of function evaluations Mf per time
step andc(M) is the SSP coefficient &fl.

The effective SSP coefficient ces{HM). of hybrid methods
are found in [8]. In this papef,= 4, 5, .. ., 10 for HB methods,
¢ = 2 for hybrid methods anfl= 1 for linear multistep methods.

The coefficientsceg provide a fair comparison between
methods of the same order, although, in practitartisg
methods and storage issues are also importantli€bofB]
pointed out that one looks for high-order SSP mashé with
c(M) as large as possible, taking their computatiaoats and
orders into account.

In Tables I-IX, for each stage valug the row-wise
maximum, maxy. el HB(k.5.p)). is listed with an asterisk and
the global maximum is in boldface for each ordefhis data is
summarized in Table X and Fig. 9. It will be seéatt for a
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given k, ceg(HB(k. s p}) first increases withs and then Even with only 4 steps, HB (4, 4, 4) has larcs than
decreases. On the other hand, for a giseces{HB(k, 5,p)) Huang's best 7-step, HM(7,4), that is,
first increases with and then stabilizes. For these two reason “etHB(4.4.4)) = (L4583 = cg(HM(7.4)) = 0.4609.

further columns to the right and rows to the bottare not Moreover,ces(HB(k, 5.4}) = ca(TSEK(s 4)). k = 4
added to the tables, or because the omitted metlawds and c.gHB(Fk, 5.4)) = ceslTSEKi=.4)). 5 = 9.10. HB
numerically worse than the included ones. and RK methods of order 4, including Ketcheson RKd), are
A Fourth-order methods compared in Fig. 1 on the basismaxy ces(HB(k. 5,4} as a

Spiteri and Ruuth [28] found a 5-stage SSP RK nthb function .of .the numb_er of stage_s. It i; seen Fhat
order 4, called RK(5,4), wittc(RK(5,4)) — 1.508 and maxk cer(HB(k. 5. 4)) Increases with = = 12 while
res(RE(5.4)) = 0.302. Other fourth-order SSP RK methods"ﬁiRK["-'m decreases wits > 11. At stagess = 7, 8, 9,
with more stages can be found in [29] and [9]. (Bt Shu Fig. 1 shows theces of HB methods and TSRK methods are
and Tadmor [6] proved that there are no HM(2, 4thwi &mostequal.
nonnegative coefficients. Huang [8] foukdtep HME, 4) of

0s
0.7
D45} =N
- . = _E‘-—_\__E| o ]
0.5} . o g g =8
£ -l & 0as| ' I
g 05 o 1 o o :
- @ 03f
% o s
@ 04 o 1 & .25}, i
E I i E‘TE;I_ ¥
D__3 | v - ] a ¥
. . . . 4 B B 10 12
D-Qz N & 8 10 12 Mumiber of stages =
Number of stages s HE(2, =.5) of order 5 o, RE(s,5) of order 5 -
HB(k, s, 4) of order 4 o. RK(s,4) of order 4 - TSRK(=.5) of order 5 [
TSRE(=4) of order 4 [
Fig. 2. cat{HB(2, 5, 5)). camr{RE (s, 5}), g cs{TSEE (5, 5)) 45 functions
Fig. 1. ™ma%e ca(HB(k, 5, 4)), cezz(BE(s, 1)), gnq cs&(TSEE(s. 1)) o ofs.
functions ofs. B. Fifth-order methods
order 4 fork=3,4,...,7, Ruuth and Spiteri [24] proved that there are nthfifrder
SSP RK methods with nonnegative coefficients. I8] [2nd
c(HM(3,4)) = 0.494, ces(HM(3,4)) = 0.247, [25], they recently considered fifth-order methedth negative
c(HM(4,4)) — 0.682, coq(HM(4,4)) — 0.341, coefficients with:
c(HM(5,4)) = 0.793, ca(HM(5,4)) = 0.396, c(RK(7.5)) = 1.178,  ceg(RK(7.5)) = (.168,
c(HM(6,4)) = 0.870, co(HM(6,4)) = 0.430, c(RE(B.5)) = 1.875, ceq(RE(R8 5)) = 0.234,
e(HM(T7,4)) = 0.938, ecea(HM(7,4)) = 0.460. c(RK(9.5)) = 2.696,  cer(RK(9,5}) = 0.300,
]

o(RK(10,5)) = 3.395, ca(RK(10,5)) = 0.330.

Recently, Constantinescu and Sandu [2] obtaineiinapt-
step general linear SSP methods of order 4, wittificates of Ruuth and Hundsdorfer [23] pointed out that fiftfiler
global optimality for some of them. Ketcheson, Geltt and |inear multistep methods with nonnegative coeffitserequire
Macdonald [11] found 2-step RK(TSRK) methods ofesrd ot |eastk = 7 steps witte.s(LM(7.5)) — 0.03% In [8], one

with nonnegative coefficients. Among these, the stlBe .4s Hvs with nonnegative coefficients and thddwaling SSP
method has the best effective SSP Coeff'c'enEoeﬁicients

ol LoRIL(10.4)) = 0.610.
We numerically found optimal HR( s, 4) with stage number

s = 4.5 ....12 [20]. Their cee are listed in Table | with clHM{4.5)) =0.371., coaelHM{4.5)) = 0.185,
largest ceg(HB(3.12.4)) = D636 1t is seen that c(HM(5,5)) = 0.525, cea(HIM(5, 5)) = 0.262
rar| HB(2, 5, 4]} = cex(RE(s, 1)) especially whes is small. Lo e L T e
. ’ ) c{HM(6,5)) = 0.657, cas{HM(6.5)) = 0.328,

All our new methods (except HB (2,4,4) and HB (@)}, l i .—J:. _“. : _I__1 j ' R
have greateces than those of the hybrid methods listed above. c(HM(T,5)} = 0.746, e HMIT, 5)) = 0.373.
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Gottlieb, Shu and Tadmor [6] proved that thererare-step The effective SSP coefficients of HB & 5), fors=
HMs of order 4 with nonnegative coefficients. Twegs RK 4,5, ..., 10, and RK(5), fors= 7, 8, 9, 10, are plotted in Fig.
methods of order 5 with nonnegative coefficients found in 2. It is seen that the new methods have largerctfee SSP
[11]. Among these, the 8-stage method has the besiefficients whers> 6.

cair| TORE(8, 5)) = 0.447. We remark that, even with a low step number, sofmihe
We numerically found optimal HR(s, 5) with stage number new methods are competitive with the best genereat and
s=4,5,...,10. Theces are listed in Table Il with largest
cerl HB(2, 8, 5)) = 0.447.
Table |
cesp{HB( K, 5,4} AS FUNCTION OFk AND s, AND CFFF (RE(3.4] AND = (TSRE(s.4) AS FUNCTIONS OF.

2k 3 3 3 E [ 7 FRis, 4) | TSRE(s, 1)

3 0.286

4 0.358 0.451 04383 0.495 0.503 | *0.508 0.39%

5 0.472 0.504 0508 0.511 0513 | *0514 0.302 0472

] 0.502 0.511 0514 | *=0515 0.382 0.509

7 (.532 0.534 ¥0.535 0.474 0.534

8 0.561 0.562 *0.563 0.518 0.562

9 0.586 | *0.587 0.541 0.586

10 0.610 | *0.614 0.600 0.610

11 0.634 | *0.637 0.594

12 (.653 01.656 0.584

Table Il
ceze (HB(E. £.5]) Aq FUNCTION OFK AND s, AND @se¢ (TSRE(S.5) AS FUNCTIONS OFs.

sk b 3 El 3 § 7 TSRE(:, &)
4 | 0213 | 0341 | 0384 | 0350 | #0392 | 0352 0214
5 | 0328 | 0364 | 0400 | =0.405 | 0405 0.324
6 | 0385 | *0.404 | 0404 0.385
7 | 0418 | #0426 | 0426 0.418
B | 0.447 | 0447 | 0847 0.447
9 | *0.438 | 0438 | 0438 0.438
10 | #0425 | 0425 | 0425 0.425
11 0.431
12 0.439
RK methods on hand: _ N _
e All Huang's HM (, 5). For example, the 4-step c{HM(5, 6)) = 0.200, cog{HM(5, 6)) = 0.104,
HB(4, 4, 5) hasces(HB(4.4,5) = 0384 = c{HM(6, 6)) = 0.362, esHM(6, 6)) = 0.181,
* [ |'_ ."-|!I =3 £ l_:. ! - 2 pr Y
corr HM(7, 5)) (.373 compared to Huang's best (HM(7, 6)) = 0.440, cox(HM(7. 6)) = 0,220,

7-step HM(7, 5).

« Ruuth's 10-stage RK(10, 5). The 4-stage HB(3, 4h&) Ty o.step RK methods of order 6 with nonnegative

cer(HB(3.4.5)) = 0.341] > cex(RK(10.5)) = 0.339. coefficients are found in [11]. Among these, the-si2ge
e With k = 2, althougtres{HB(2, 5.5) are slightly smaller method has the bec.s{ TSRE{12, )} = (.365.

than ces{TSRE(s, 5)), they are equal whers = 6. We numerically found optimal HR(s, 6) with stage number

However, as s=4,5,...,10. Theces are listed in Table Ill with largest

k=2 coglHB{(E. 5,5))) = ces{ TSREK(s, 5)). Unlike cexlHB({5,7.6]) =10.351. We remark that HB( 4, 6), with
the fourth order methods, the fifth order methodsspnt & = 4. are competitive with Huang's best 7-step HM(7,6)
an unusual behavior: for all step numbers, as theber of order 6. For instance,ceg{HB{4.4.6)) = 0.272 =

of stages is greater than eight, it is not posdiblebtain r.=(HM(T7, 6)) = 0.220. Note the existence of the 2-step
larger =& than with 8-stage methods. This phenomenomethod HB(2, 7, 6) with only 7 stages.

which will happen differently at different order,ilwbe With s = 6, 7, HB methods have significantly befcef than
seen clearly in the next subsections. TSRK methods.

C. Sixth-order methods In Fig. 3, el HB(5, 5, 6)) andeeg(RE (=, 5)) are plotted as

Ketcheson [10] pointed out that LM methods of orflarith  functions of the number of stagesit is seen that the new

nonnegative coefficients require at least= 10 steps with Methods generally have larger effective SSP caefits,
e LM(10, 6)) = 0.052. especially when the number of stages of both metham

In [8], one findsk-step HMk, 6) withk =5, 6, 7 and
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small. It is also observed that HB@&,6), fors=5, 6, 7, have = Two-step RK methods of order 7 with nonnegative
larger c=£ than the 10-stage RK(10, 5). coefficients are found in [11]. Among these, the-si@ge
method has the berg TSERK{12, 7)) = 0.231.

We numerically found optimal HR(s, 7) with stage number
s=4,5 ..., 10 [14]. Thecez are listed in Table IV with
largest ces{ HB(6. 6, T) | = 0.305.

D. Seventh-order methods
In [10], LM methods of order 7 with nonnegative ffiméents
require at leadt = 12 steps witlcag(LM{12 7)) = 0,015,
The 7-step HM(7, 7) of order 7 wie(HM(7,7]} = 0.234
andees HM(7. 7}) = (.117 was introduced by Huang in [8].
Table Il
eesr (HB(K. 2 61} A5 FUNCTION OFk AND s, AND “### (TSEE(5.6) A5 FUNCTIONS OFs.

k] 2 3 3 3 g 7 TSRE(s.6)
| 0179 | 0272 | 0316 | 0330 | #0339
5 0272 | 0327 | 0342 | 0344 | #0345
g 0323 | 0336 | 0345 | #0349 | 0349 0.099
7 | 0182 | 0341 | 0349 | 0351 | 0351 | 0351 0.182
g8 | 0240 | 0328 | 0336 | 0339 | #0341 | 0341 0.242
9 | 0285 | 0316 | 0317 | 0318 | #0319 | 0319 0.287
10 | 0284 | 0288 | 0290 | *0.291 | 0291 0.320
11 0.338
12 0.365

In Fig. 4, the cex of HB(k, 6, 7) and HM(7,7), both of order

0.4 : : : 7, and HME, 6) of order 6 are plotted as functions of the
0.35. o number of stepk. It is seen that HE( 6, 7) have large c=z
T a0 g than HM(7, 7) and HM, 6), fork = 5, 6, 7. Even with smaller
g 03 g o 1 step numbek = 3, HB(3, 6, 7) has largicax than HM(7,7)
§ 0ast o ’ and HM{, 6) which require more steps, namely,
il
o 02 - 0.35
W .15 oal B
01} ul P )
0.05 : : : ]
4 & 8 10 12 o 1
Mumber of stages s woop2f
HB(k, s, 6) of order 6 -, TSRE(s,6) of order 6 [ i .
018}
i e ) i i A s
Fig. 3. ™"k cag(HB(k, 2.6)) g ces(TSRE(2. 6] \org stage number 0.1 - : . -
3 4 5 & 7 8
Mumber of steps k
Table v HB(k,6,7) o. HM(7.7) x. HM(E,6) +

cers (HB(K. 2.7)) AS FUNCTION OF AND s, AND 7 [ TSRE(S.7) g
FUNCTIONS OFs.

Fig. 4. Effective SSP coefficients versus numbestepsk of 6-stage HE, 6,

ak 3 I 5 3 = TSREG.T) 7) of order 7, HM(7, 7) of order 7, and HKI@) of order 6.
3 0141 | 0219 | 0236 | *0.287
5 | 0173 | 0238 | 0282 | 0293 | =029
6 | 0232|0200 | 0301 | 0305 | 0305 HB gy ReVY
7 | 0231 | 0286 | 0292 | #0293 | 0.293 cere B30 2511 AS FUNCTION OFK AND s.
§ | 0228 | 0280 | *0285 | 0285 | 0285 0.071
o | 0209 | 0262 | *0277 | 0277 | 0277 0.124 ik I 3 & T 3
10 | 0191 | 0240 | 0255 | =0.260 | 0260 0.179 q U107 | 0.180 | 0213 | #0039
11 0.218 5 | 0121 | 0200 [ 0230 | 0253 | *=0259
12 0.231 6 | 0189 | 0239 | 0256 | 0258 | 0.261
7 | 019 | 0238 | 0240 | 0243 | *0244
. .. . i 2 ET ¥ 2
Our optimal HBKk, 4, 7) are competitive with the 7-step g g:% g:ﬁ}, D?':ff Pﬁ_‘;’ljj ggﬁ
HM(7,7), sinceceslHB(k. 4, 7)) increases wittk = 4. and 0 | 0189 | 0191 | =093 | 0193 | 0193

capl HIB(4,4, 7)) = 0.141 = cag(HM(7, 7)) = 0.117.
For the same number of stages, the HB methods betier k=5, 6, 7.
cef than the TSRK methods in a row-wise comparison.
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E. Eighth-order methods
In [10], LM methods of order 8 with nonnegative ffiméents
require at least = 15 steps witleeg(LM{15. 8}) = 0.012.

G. Tenth-order methods
In [10], LM methods of order 10 with nonnegative
coefficients require at leastk 22 steps with

Two-step RK methods of order 8 with nonnegativerssl LM{22, 1{1)} = 0.010.

coefficients are found in [11]. Among these, the-si@ge
method has the beces( TSR 12, 8} = (LOTE.

We numerically found optimal HR( s, 8) with stage number
s=4,5,...,10. The g are listed in Table V with largest
cer(HB(8, 6, 8)) = 0.261.

Even with only 5 steps, these new methods are ctitmpe
with HM(7,7). For instance ceglHB(5. 4. 8)) = 0.123 =

0.35 . . ; ;

Eff. S5P coaffs.

LIRE.Y g

0.1 . - : .
4 b & 7 8
Murmbear of steps k

HB(k,6.8) o, HM(7.7) x. HM{k,6) +

Fig. 5. Effective SSP coefficients versus numbestepsk of 6-stage HB{, 6,
8) of order 8, HM(7, 7) of order 7, and HKIE) of order 6.

Table VI
cere (HB(k, 2.9]) AS FUNCTION OFK AND s.

B3 3 [ T g

E 0.081 0135 | =0.I7T
5 0121 | 0177 | 0204 ( *0.220
& 0168 | 0.194 | 0215 0.1x8
7 0.162 | 0196 | 0207 | *0.215
8 0.153 | 0.191 0206 | *0.210
9 0.138 | 0172 | 0.185 | *0.191
10 0126 | 0157 | 0168 | *0.174

carl HM(7, 7)) = 0.117.

In Fig. 5, thecex of HB(k, 6, 8), HM(7, 7) of order 7 and
HM(k, 6) of order 6 are compared as functionsk.oft is seen
that HB(, 6, 8) have large ces than HM(7,7) and HMK, 6) for
k=5,6,7.

F. Ninth-order methods
In [10], LM methods of order 9 with nonnegative ffiméents

require at leadt = 18 steps withcog{ LM 15, %)) = 0.003.

We numerically found optimal HR( s, 9) with stage number
s=4,5,...,10. Thecex are listed in Table VI with largest
cempl HIB(8, 6,9)) = 0,228,

Even with only 5 steps, these new methods are ctitwpe
with HM(7,7) of order 7. For instanc cz=(HB (5,6, 9]} =
0.168 = ceg(HM(T, 7)) = 0.117.

In Fig. 6, it is seen that, for dt| HB(k, 6, 9) have large ce=
than HM(7,7).
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We numerically found optimal HR( s, 10) with stage
numbers=4,5, ..., 10. The cer are listed in Table VII with
largest c.=(HBE, 6,10} = 0.185.

0.35 T T T T

03}

0.25]

02}

Eff. 35P coaffs.

015}

0.1

4 5 & 7
Mumber of steps k
HB(k,6,9) o, HM(7.7) x

3

ceg(HB(k, 6, 9))

Fig. 6. of order 9 as function ¢fand HM(7,7) of order 7.

Table VII
cepe (HB( k., . 1010 A FUNCTION OFKAND s.

SE] 6 7 B
) 0073 | #0117
5 | 0.088 | 0.143 | *0.172
6 | 0126 | 0.168 | 01835
7 | 0131 | 0171 | *0.182
g | 0141 | 0.170 | *0.176
9 | 0.128 | 0.154 | *0.159
10 | 0117 | 0.140 | *0.144

Even with only 6 steps, we have.=HB(6.6.10))
0.126 = 0.117 = cee(HM(T, T)).

In Fig. 7, therex of HB(K, 6, 10) of order 10 and HM(7, 7) of
order 7 are compared as functionkoft is seen that all HE(
6, 10) have largec=s than HM(7, 7).

H. Eleventh-order methods

In [10], LM methods of order 11 with nonnegative
coefficients require at leastk 26 steps with
cesr| LM(26, 11}) = 0.012.
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0.2

018}

0.16]

014}

Eff. S5P coaffs.

012} .

0.1 L L
& & 7 8

Mumber of steps k
HB(k. 6,10} =, HM(7.7) x

Fig. 7. =& HBIE B 101 1 of 5rder 10 as function dfand HM(7, 7) of order

7

Table VI
crrr (HBIE, 7. 11) } A5 FUNCTION OFK AND s.

LY S 7 3
3 0053
5 0.080 | *0.126
& |00 | o000 | 014
7 | o002 | 0121 | 0142
g | 002 | 0110 | #0127
o | 0027 | 0,099 | *0.114
10 | 0.025 | 0.001 | #0.104
0.5} ' ' '
E 01
[
o
o
£ 005}
ﬂ L L L
6 65 7 75 8

MNumber of steps k
HB(k, 7,11) o, HM(7.7) =

Fig. 8. Effective SSP coefficients versus numbestepsk of 7-stage HEK, 7,
11) of order 11 and HM(7, 7) of order 7.

We numerically found optimal HR( s, 11) with stage
numbers = 4, 5, . . ., 10 [15]. Theces are listed in Table

VIII.

We remark that HB(8, 5, 11) is competitive with HM(7)
since ceg(HB(8. 3, 11) ) = 0L126 > caag( HMIT, 7)) = 0L117.
We see thaceg{HB(8.6.11) } = cogl HB(8.7,11) ) = 0.142
are largest for the values lofind s on hand.

It is seen in Figure 8 thaces(HB(8.7.11)) =
cegl HB(7. 7.11}) > coe HM(T, 7)) = 0.117.

I. Twelfth-order methods

In [10], LM methods of order 12 with nonnegative
coefficients require at leastk = 30 steps with
cesr{ LM(30,12)) = 0.002.

We numerically found optimal HR( s, 12) with stage
numbers=5, 6, ..., 10 [17]. The e are listed in Table IX
with largest c.=(HB(8. 7. 12)) = (.006.

VI. COMPARINGHB(K, S, P) AND RK(S, 4)

Table X listsmaxg cesl HB(k, 5. p)} which are the numbers
with an asterisk and the boldface numbers in Tablb§ and
alsoces{ FE (s, 1)} from Table I.

In Table X, as expected, for a given ceg(HBi k. 5, p)|
decreases as increases. It is also seen tec.glHB(k. 5, p)|
forp=6,7,..., 12 are among the largest whemthaber of
stages are about 6 to 8.

Table IX
cers [HB (K, 5, 12]) AS FUNCTION OFk AND s.

alk 7 8
5 0010 | =0.057
6 0,035 | *0.091
7 0080 | 0.0%6
8 0055 | *0.091
9 0.051 | *=0.083
10 0.047 | *=0.076
0.7
08}
& : ¥
2 04f >
[ ] - s - H <z 3
1 1}_3' a g - =
P oo 2 o
5 o2} i 3 it o 1
= > & = -
o1 ;  —
ﬂ Il 1
4 & 8 10

Mumnber of stages s

HB order 4 -. HB order 5 ». HB order 6 +
HB order 7 (0. HB order 8 <. HB order 9@
HB order 10 <. HB order 11 =. HB order 12 A

Fig. 9. Mm%k cegl HB(E, 2,71} ag function of s for ordep=4, 5, . . ., 12.

Hence, based on tlees. it seems that there are only 3 HB
families which can have methods up to order 12 gabdces:.
namely, the 6-, 7- and 8-stage HB methods of ofder12, are
among the most efficient methods on hand.

In Fig. 9, maxgceg{HB(k, s.p)). p = 4,5,...,12, is
plotted as a function of the stage numbeWe note that, for
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eachyp = 4,

=

may coxl HB( k., 2, p)) first increases witts and

then decreases.

Figure 10 plotimax; . ceg(HB(k, 5, p)) as a function of the
orderp. We note thamsxy. - ceg{ HB(K, 2, p)) decreases with

p.

VIII. CONCLUSION

In recent years, a collection of new optimal SSPliex

coefficients have been constructed by combinikgtep
methods of order one to nine and four- to ten-st&gage—

Kutta methods of order 4. Moreover, the KB4, p) having the
largest effective SSP coefficient have also beemdoamong

the HB methods of ordgr on hand. No counterparts of most of
these new methods have been numerically found & th
literature among hybrid and general linear mulfisteethods.
The SSP HB methods mentioned in this paper carbtsned
from the corresponding author.

four- to ten-stage and - step Hermite—Birkhoff methods,
HB(k, s, p), of ordersp = 4, 5, . . ., 12 with nonnegative

crse(BE (8. 1)) OF THESSTAGE RKE, 4) OF ORDER 4 ANImax cerr (HB(k, 2, 1)) AS FUNCTION OF STAGE NUMBER AND ORDERp.

Table X

(1

(2

68

s 4 5 [ 7 ] E] 10
RE(=,4) 0302 .382 0.474 0518 0.541 0.600
4 HB{74.4) HB(7.54) HB(3.6.4) HE{4.7.4) HEB{(3 84 HB{394) HE(3.10.4)
0.508 0514 0.515 0.535 0.534 0587 0.614
5 HB{6.4.5) HB(3.5,5) HB{(3.6.3) HB{3.7.%) HEB{2,8,5) HB{29.5 HEB{2,10.5)
0392 0.405 0.404 0.426 0,447 0.438 0.425
[ HBE(7 4.6} HB(7.5,6) HBi5.6.6) HEBI5,7, HE(5.8.6) HB{(5.9.6) HE{4,10.6)
0339 0345 0.345 0.351 341 0319 0.2%0
7 BB AT HB(7.5,T) HE(5,6,7) HBE{®E. . HB{3.37) HBGET HE{6,10,7)
0287 0296 0,305 0293 (.285 03277 0.2&0
5 HB(E.4.8) HBi5,5,5) HEBi5,0,5) HBis, 7,8 HE(f.5.8) HB{/.2.5) 56, 10.5)
0239 0259 .16l 0244 0233 0212 0.193
9 HB(8.4.5) HB(8.5,%) HBi(5,6,%) HB(8.7.% HB({3.8.9) HB(8.2.9) HEB(8,10.%)
0171 0220 0,128 0215 0.210 0.191 0.174
10 HB(84,10) | HB(8.5.10) HES,6,10 HB(E,7,10) | HB(8.8.10) | HB(8,9,10) | HB(3.10,10)
0.117 0.172 0,135 0.182 0178 0.159 0.144
I1 HEEAIL [ HBES I | HBEGIL) | HEE I | HBEESID | HBELID | HBEILID
0.053 0.126 0.142 0.142 0127 0.114 0.104
I2 HE(5 517} | HB(E6 12} | HBE,T1I) | HBEEID [ HEERLD | HBEIOIY
0.057 0.091 0.096 0.091 0.083 0.076
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