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Abstract. The paper deals with the mappings of Banach space £ given in a form of
quasilinear difference equation

Tnt1 = Az + Fp(zy), n >0 (1)

where A is linear continuous operator, {F,, : £ — £} are nonlinear bounded operators
satisfying identity F,,(0) = 0. Side by side with the above equation we consider an equation
of the first approximation, that is, the linear difference equation

Yni1 = Ayp, n >0 (2)

We will discuss the assertions which guarantee local stability or instability for the trivial
solution of (1) if (2) to be of this specificity. The proposal paper not only generalizes well
known finite dimensional stability analysis results for quasilinear difference equations.
Using spectral properties of operator A as a basis, our research shows that the infinite
dimension of the space £ not only strongle complicates computations and proofs of relevant
theorems on stability analysis by the first approximation but also can have significant
influence to statement of these results.

Key words and phrases. Quasilinear difference equations; Lyapunov stability; Insta-
bility..

Mathematics Subject Classification. Primary 65P35; Secondary 39A11.

1 Notations, main definitions, and auxiliary assertions
We will follow the giving below classical notations of linear opertor theory [12]:

L(€) — Banach algebra of linear continuous operators with unit I;
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K(E) — subset of compact operators in L(E);
Ker(A) — kernel of operator A € IL(&);
Im(A) — image of operator A € LL(E);

o(A) — spectrum of operator A € IL(£), that is,
A€eo(A) & Im(A — M) #€&;

r(A) := max{|\| : A € 0(A)} — spectral radius of operator A € L(E).
The trivial solution x,, = 0 is fixed point of mpping Az +F(z) and we will discuss a behavior
of iterations (1) in some neighbourhood of it. The trivial solution of (1) is referred to as

e stable if for any positive number € and number ng € N U {0} there exists such a number
d = d(e,ng) > 0, that for any solution x,, of this equation the inequality sup ||z,| < €

n>ng

follows inequality ||z, || < d;

e instable if for some e >0, ng € NU{0}, and any § > 0 there exists such a solution x,, of
this equation that ||z,,| < ¢ and sup ||z,|| > ¢;

n>ng
e asymptotically stable if this solution is stable and for any ng € NU{0} there exists such a
number vy = vy(ng) > 0 that from inequality ||x,,|| < v it follows the equality lim ||z, | = 0;

e cxponential stable if for any ng € N U{0} there exist such numbers M = M(ny) > 1 and
q=q(no) € (0,1) that
Vi > mng: lwnll < Mg* [z, | (3)

for any solution of this equation;

e local exponential stable if for any ng € NU{0} there exist such numbers M = M(ng) > 1,
qg = q(ng) € (0,1), and r = r(ng) that for any solution of this equation from inequality
|Tno || < 7 follows an inequality (3).

In the subsequent text of this paper we will need some of our previous results citing below.

Theorem 1.1 The following assertions are implications:

(i) the trivial solution of (2) is exponential stable;

(i) r(A) < 1;

e¢]
(iii) the series Z |A*|| converges.
k=0

Theorem 1.2 Let € be a complex Banach space, and i is a boundary point of the set o(A)\{0}.
For any 6 > 0 and m € N there exists such a vector & that

(1 =0)|ul" < A" < (1 +0)|n|"[¢]

for all n =0, m.
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Theorem 1.3 Let € be a real Banach space, and u is a boundary point of the set o(A) \ {0}.
For any 0 > 0 and m € N there exist such an integer number my > m and vector u € £ with
norm |u| =1 that

| A u| < (\/§+5) lp|™ for any n=0,mq
and
[A ]} > (1 — &) |p|™

The proofs of these results one can find in the papers [1] and [7].

2 Stability by the first approximation.

This Section is devoted to stability analysis of equation (1) by the first approximation. It seems
naturally that the linear approximation equation (1) has to be subjected to condition r(A) < 1.
But it is wrong to believe that even the aasertion 7(A) <1 is necessary in a case dim & = co.
Corresponding examples we will give in Section 3. But the proposal in this Section resalts
only generalize the well known similar theorems for finite dimensional space £ and therefore an
assertion 7(A) < 1 is present there.

Theorem 2.1 Assume that
(i) the trivial solution of linear equation (2) is exponential stable;

(ii) the operators ¥,,n > 0 satisfy condition of uniform sufficiently small sublinear growth at
zero, that is, for some positive number R there exists such a positive number v that

sup [|[Fpzf| < vlz|, for|lz]| < R
n>0

and

VZ]MW<1 (4)
k=0

Then the trivial solution of (1) is local exponential stable.

Proof. On the basis of the Theorem 3.1 and the first condition of the present theorem one

may be certain of convergence of series Z HA’“ H := M. This permits to introduce in the space
k=0

e}
€ new norm |[z|4 = Y |[A*z| which satisfies inequality [|z| < |lz|la < M||z||. Assuming
k=0

|zn]] < R one can estimate the value of difference Al|z,||a = ||Zn+1]la — ||zn|la for solution of
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equation (1) in a following form:

Allzalla = YA 20| = [|AF,| =
k=0 k=0

— Z HAkan + Aanan - Z HAk:En” <

k=0 k=0
DA ][+ D [|ATFan | = > At =
k=0 k=0 k=0

= —llzall + D [[A*Fuzn|| < —llall + M|[Fozn|| <
k=0

IN

Mv

—1 My —1
< —llaall + Myllza|l = (=1 + My)llza| < —7—llzalla <

[0l 4
Therefore under condition ||z,|| < R one can apply inequality

znt1lla < gllzalla

where ¢ = 1 + % < 1 because by assuption of theorem Mv < 1 and M > 1 by definition.
Taking into account the above inequality and ineqality ||z|| < ||z]|la < M]||z|| one can may be
sure that

[zl < Mq""||zngl], n = no

R .
for any [|z,,| < I where ng — any integer number.

Corollary 2.2 If the trivial solution of linear equation (2) is exponential stable and

sup || Pz

im n20 0
lzl—0 ||z

then the trivial solution of (1) is local exponential stable.

Remark 2.3 If (4) is not to hold then the trivial solution f equation (1) may not be local
exponential stable.

Example 2.4 Let us consider scalar difference equation
Tpi1 = ax, + v|x,|, n >0, (5)

where a,v € (0,1). The formula (4) for this equation has a form I/Zak < 1 which equivalent
k=0

to inequality a +v < 1. Ifa+v > 1 then x, = (a + v)"xq for each n > 0 and trivial solution

of (5) is not local exponential stable.

The proof technique of the above theorem may be used for more interesting assertion. Let
an e ¢ , n>m >0, be mappings defined by equalities

Fml = F-U(A +F, ), n>m>0 FY=F,

where A and F,,, n > 0 from equation (1).
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Theorem 2.5 Assume that:
(i) the trivial solution of equation (2) is exponential stable;
(ii) operators F,,, n > 0 satisfy inequalities

SgISHFnJJH < e(llzl), for |[=]] < R,

where R > 0 and ¢ : [0, R] — [0,400) — is positive continuous definitely increasing
function, and p(0) = 0;

o
(i11) sup HFLT}xH < vz, for ||z|| £ R, and /v Y ||A¥|| < 1 for some integer m and positive
n>m k=0

number v.

Then the trivial solution of equation (1) is local exponential stable.

Proof. Further we will apply the same notations as in the proof of 2.1. It is easily seen that
the solutions of (1) satisfies inequalities

Tpy1 = Axn + F[f]l'n,k, n = k'a

for any k& = 0,m. Under assumption ||z, |4 < R one can write the inequalities

Allzalla = DA 2 =D [[AFa, || =
k=0 k=0

— Z A 2, + AP, || - Z | Afz, || <
k=0 k=0

< DoAY A F = Y (AR =
k=0 k=0 k=0
=~z + Z HAanan < —lag|| + M| Fyz,|| <
k=0

1 1
< —gpllealla+ Mi|Ewa| = =7 lln]la+ M | I || <

1 1
< —gpllealla + Mylzanll < =2 llzalla + Mylzn—mnlla

and therefore
1
fowalla < (1 57 ) oala-+ Ml ©)

Let ng be an arbitrary integer and p € (0, R) is such a number, that for any ||z,,|| < u the
solution of (1) with this initial condition satisfies inequality

20X [Zngilla < R.
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It may be done because continuous function ¢ : [0, R] — [0,400) definitely increases and
©(0) = 0. Then based on (6) and inequalities

(1—%)+MU<1 (7)

one can write ||z,||4 < R for each n > ny. Now from (6) it is easily conclude that

1
fowella < (1= 7+ M0 ) max (ol o )

for ||z,—m|la < R. Then under condition max ||,y +kl|la < R, where [w] is ineger part
0<k<m m

n—mno . . "y
of number one can write inequalities

m

(22X |24

PNES
anlla < (1_ ﬂ)
M

for any n > ng. From this and (7) follows that the trivial solution of equation (1) is local
exponential stable.

The special case of the above theorem is following assertion.
Corollary 2.6 Assume that:
(i) the first and the second assumptions of Theorem 2.4 are fulfilled;
(i) there exists such a number v > 0 that

sup [[Frn(Az + Fpy2)|| < vlzf], for [lz] < R,

n>1

and

vy |At] <1
k=0

Then the trivial solution of equation (1) is local exponential stable.

Remark 2.7 In Theorem 2.4 and Corollary 2.5 function o(t) may be also of this a type as

t—+0 ¢ = Foo (8)

The next example illustrates possibility of application of Theorem 2.4 or Corollary 2.5 when
the Theorem 2.1 is unusable.
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Example 2.8 Let H be a nilpotent operator satisfying equalities H? # 0 and H? = 0, and
F : & — & is operator defined by equality

Fay = { O it 2 —0,
T |2l TYPH2s + ||z He, if x #0.

Let us consider equation
i1 = Hr, + F(z,), n >0, (9)
It is easily seen that
IF (@) < (Il + 1] ]

for each x € £, and
[l 772 [[B2|| — ||| [Hz]l]| < [[F(2)]

(10)

for v € £\ {0}, (that is the condition of Corollary 2.5 for function ¢(t) = |H?|| v/t + ||[H||¢).
This function satisfies equality (8). This and (10) make it clear that the Theorem 4 may not

be in use for stability analysis of (1). It is obviously that the first assumption of Theorem 5 is
also fulfilled. Besides

IF(Hz + F(2))[| = o[l«]]) if [|z]] —0 (11)
because Hx + F(z) # 0 and therefore

F(Hz 4+ F(z)) = |Hz+F(z)| Y*H?(Hz 4 F(z)) + |Hz + F(z)|H(Hz + F(z)) =
= |Hz 4 F(2)|~V*H2 (Hz + |||~ Y2H22 + |z||Hz) +

|Hz + ||z ~Y*H%z + ||z||Hz|H (Hz + |||~ Y2H%2 + |z|Hz) =

[Hz + [« =B + ||z Hz|| (H?2 + ||z H?z)

_I_

Then
|F(Hz + F(z))| < <|IHHHZ‘H +||B2) VIl + HH||||1’||2) [H2]| (1 + [l]]) fl]]

for any x € £ and local exponential stability of the trivial solution of equation (9) follows
formula (11). It should be mentioned that this assertion is trivial corollary of operator H
nilpotency because x,, = 0 for any n > 3.

3 Conditions of instability by the first approximation.

In this section we will analyze equation (2) under assumption that r(A) > 1. As in previous
Section the proof in many respects uses Banach space renormalization technique. This permits
not only sufficiently easily to prove results, which are similar to corresponding results for finite
dimentional space £, but also to derive theorems which are specific in a case dim & = oco.

Theorem 3.1 Assume that:
(i) r(A) > 1;

(i) Ir e [1,r(A)):c(A)N{z € C:|z| =r} =0
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(#ii) there exist such positive numbers q and p that

sup [Fn|| < gl forz € {y € £+ lyll < p}-

Then for sufficiently small q the trivial solution of equation (1) instable.

Proof. From the beginning let us assume that r = 1 and o(A)N{z € C: |z| < 1} # 0. Let
P, and P_ be spectral projectors corresponding to spectral sets

0i(A)=0(A)N{ze€ C:|z| > 1}

and

o_(A)=0c(A)N{ze C:|z| < 1}

These operators define spectral decomposition of space £ £, = P, £, £ = P_&£ and restrictions
A|g, and A|g_ of operator A on these subspaces. By definition the spectrum of the above
restrictions coincide with sets o, (A) and o_(A), besides 0 ¢ o,(A). Therefore operator

Alg, : £ — &, is reversible and spectral radiuses of operators A|p_ and (A|g +)_1 less than
1. By the Theorem 1.1 the serieses

> eale,) ¥ and Y Al

are convergent and this permits to define in the space £ a new norm

lella =D ll(Ale) P+ [[(Alz ) Psl|
k=1 k=0

Owing inequality m/||z| < ||z]la < M||z| for all z € £, where m = min {1, m} > (0 and
+
M =Y [[(Alg,) ¥ + X [|(A]g_)*|| < co one makes sure that the norms || - || and || - |4 are
k=1 k=0
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equivalent. It follows the inequalities

1
minq 1, —— ¢ ||z]| <

) 1
< min {17 m} | Pzl + ([ Poz]| <
1
< g ogIPel + 1Pl =
;
= Y|l 1Pl + [1Pox] =
= 7 Al (Al (ML) ™ Pra| + 1P <
k=1
< S Ale T AL (Ale,) ™ Pral| + 1Pl =
k=1
= > [[(Ale) ™ Paa]| + l1P-al <
k=1
<

H(A|E+)*’“ P+:1:H +3 H(A|E,)’“P_g;H _
k=1 k=0

= lzfla < (ZII(AIEJ"“H +ZH<A|E>’“||> [E]

Now one can apply the above constructed projective operators to solution x,, of equation (1)
| Pianlla = Z |(Alg,) ™ Prayl|, | P-anlla = Z |(Alg_)*P-x,|| and write a decomposition
|znl|a = |]P+:anA + || P-xy||a Let us estimate each item taken separately:

AHP—‘,-:I;?LHA = ||P+xn+1||A_ ||P+$n||A =
= ‘|P+Axn+P+annHA_ HPerTLHA Z
> [Py Azplla — |Pranlla — | PrFaza|la =

1
= NPrzall = IP+Fuzalla = 71 Prwnlla = [| P+ Faznlla

and A||P_zp|la < —55/|P-2p|la + || P-Fpay| 4. Therefore

1
IPrnesla = [Pyl 2 Y (Pl = 1P Busil).
k=0

- 1
1Pl 1Pl < 3 (=37 P-odla + 1P-Fuaal )
and one may write an inequality

[Znialla = [[Prznialla = [P-nialla =

~ (1
IPeslla = [Pl + 3 (pleella - [Faela )

k=0

v
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Suppose that ||lz,|| < p for k = 0,n. Then ||Foa,lla < M||Foz,|l < M|z, || < 2q||z,|la and
for initial vector xo = P,xy we can use an inequality

~ /(1 M

CEDY (M - a@ i lla + ol (12)
k=0
1
Note that for 0 < g < —= M2 value U —q is positive and therefore
m
1 M\"

alla> (14— — — 13
ol > (14 7 = 22a) llola (13)

An instability of trivial solution of (1) follows the above inequality because for £ < p and for
any ||xo|| = || Pyxol| there exists such anumber n € N that ||z,| > €. Note that if o(A)N{z €

. |z] < 1} = 0 the theorem can be proved with the help of norm ||z|/4 = Z |A~*z|| in the

same way as for c(A)N{z € C: |z|] < 1} # 0. First we shall show that for solution of (1)
under assumption nax |zk|| < p the formula (12) is true. Secondly as it has been done before

one can establish the inequality (13) which convinces of instability of trivial solution of (1).
Thus we have proved Theorem 3.1 for a case r = 1.
Let us assume now that r € (1,7(A)). Side by side with (1) we consider equation

Tpi1 = Az, + F,z,, n>0 (14)

where
_ Foz, for [lz]] < p,
Fn = ||xHF P ——ux, for ||z| > p.

Owing inequality ||F,z|| < ¢||z|| for each 2 € € one can easy be certain that the trivial solutions
of equtions (1) and (2) are stable or instable concurrently. Substituting in (14)

Ty = 1"Yp (15)
we will have for y,, equation
Yne1 =1 Ay + 17"y, n >0 (16)

where 7(r(A))™! > 1,0(r*A)N{z € C:|z| = 1} = 0, and ||r " 'Frz| < rq||z|| < ¢l
for any x € £. As it follows from our previous results, this inequality quarantees instabiliuty
of the trivial solution of equation (16). With regard to equation (15) and inequality r > 1 one
may assert that the trivial solution of equation (14) is instable.

Let us remark that for a case dim€ < oo it follows that spectrum set o(A) consists of
finite number of points and therefore one may resign the third assertion of Theorem 3.1. This
convins of the following assertion. But if dim & = oo the below example makes it clear that un
the above this assertion may not be rejected.
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Example 3.2 (/2]). Let B € L(€),0(B) = {z € C: |z| < 1}, and (By)m>0 be a sequnce of
nilpotent operators acting in Banach space £ satisfying following assumptions:

lim |B, — B[ =0 (17)

Applying the results of [10] one can construct the above mentiontioned operators for example
in the spaces ly or Lo([0,1]). Assume that in (1) A = e=**B with ¢ € (0,1), and FI"g =
(e7lTBm — e=1tB) 2 € & By definition r(A) > 1, and

[Fa < [l B — =B 2|, z € €

Therefore it follows from (17) that lim ||[F™z| =0 and for any ¢ > 0 due to assumption (17)

one can choose such an integer m that |[F™x|| < q||z|| for any x € €. Besides equation (1) of
our example may be rewritten in a following form

Tpt1 = 6_6I+Bmxn7 n >0,

and r (e_EIJ“B"‘) =e ¢ <1, m > 1. Therefore the trivial solution of defined in our example
difference equation (1) is asymptotically stable for whatever positive number q.

It should be mentioned that if dim& = oo even under assumptions lim 22— = 0 and

lell—0 T
r(A) > 1 the trivial solution of (1) may be asymptotically stable. Corresponding example one
can find in [5]. To resign the second assertion permits more rigid condition on behaviour of
function F,(z) as ||z|| — 0. In our previous paper [1] we have prove a following result.

Theorem 3.3 Assume that:
(i) r(A) > 1;
(i) there exist such positive number a,p, and p that
sup [t < a7 for any 2 € {y € £ ] < p}.
Then the trivial solution of (1) is instable.
In this paper we prove more stronger result, weakening the second assertion of the above therem.
Theorem 3.4 . Assume that:
(i) r(A) > 1;
(i1) there exists such a continuous monotone function {q(y),0 <y < p} that ¢(0) = 0 and p
that sup IFnz| < q(ll=])]];
(iii) there exist such a number 1/5 (0, p] and a sequence { f(n),n € N} that ||A™]| < f(n)(r(A))"
for any n € N and series Z f(k)g (v(r(A)™") converges.

k=1

Then the trivial solution of (1) is instable.
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Proof.. At first we assume that £ is a complex Banach space. Let §, P and v are such positive
numbers that 1 4+ 0 < P < 2, and

(P—l—é)r<

f(k)g (vr7F) < 5 (18)

N3

5 gk

Taking into account (18), a monotony of function ¢(y), and choosing such a number ¢ €
(0,7P~'r~1), and an integer n(c) > 0 that

1 < ePr®) < o (19)
,
one can be certain of the inequality
n—1
P—1-9%
Zf n—1-— (ePrk) < %, (20)
k=0
for any n = 1,n(e). Based on Theorem 1.2 one can find such a vector £ € {z € £ : ||z]| = 1}
that
(1=0)r" < JA"[| < (1 4+0)r", n=1,n(e) (21)

Let us split the solution z,, of equation (1) with initial condition zo = £ € {z € £ : ||z|| = 1}
in a following form
Ty = T1n + Ton, (22)

where 1, = A"rg, and x,, = Z A1 FE g, n>1

In compliance with (21) and the second asseretion of theorem there exists such an integer
m € [0,n(e)], that
|zn]] < ePr” (23)

for any n = 0, m. Therefore

n—1 n—1
losall = |3 A R < S AT | B <
k=0 k=0

n—1
< Z fln—1—k)y"'"Fq(ePr*) ePrt =
k=0

f)n—l
= gr”? Z f(n—1—=k)q (5P7“k)
k=0

and ||z1,] < (14 d)er™ for any n € [1,m]. Then

n—1
P
Vn=1,m: |[|z,| < (1 +9+ s Zf(n —1—k)q (sPrk)> er”,
k=0

and, because from (20) follows inequality

P < "
1+5+?Zf(n—1—k:)q(5Pr)<P,
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for n = 1,n(e), we may apply (23) for any n € [1,n(e)]. Applying (19)—(21), we can find lower
bound for ||z,

[za@ll 2 Zin@ll = 2206 | 2

p n(e)—1
> (1=0)er®@ —er@= N~ f(n(c) — 1 — k)q(ePr¥) =

" =0

p n(e)—1
= e[ 16— = f(n(e) =1 —k)q (ePr*) | >
k=0
> er (1 o " 2 > B =4 >0
Therefore ||z, || > a for any arbitrarily small € = ||z,|| and the proof of theorem for a complex

Banach space is completed. Now let £ be a real Banach space. Like before we can find such
positive numbers §, P and « that v/2+6 < P < 2 and

> B P—vV2-8r r
> fk)g () < ( )r 1 (24)
P 2

k=0

For any e € (0,vP~'r~!) there exists such an integer n(e) > 0, that 2 < ePr" < ~. Applying
Theorem 1.3 one can choose a number mqy > n(e) and a vector u € E, ||u|| = 1, which permits
write inequalities

v =0, : A"l < (V24 0) |l (25)

and

[A" ] = (1= 0)]|pl™ (26)

Besides owing monotony of sequaence f(n) from (24) follows inequality

n—1
P—v2-9§
f(n—1—k)q(ePr*) < ( \j; )" (27)
k=0
for all n =1, mg. Let us choose such a number £; € (0,¢) that
gl mo
" < e Prm <y (28)

and estimate the solution x,, of (1) with initial condition xy = e1u, splitting this in a form
(22). Fomula (25) and the second assertion of theorem guarantee existence such an integer
m € [0, myg)] that

|zn| < e Pr” (29)
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for any n = 0, m. Then

n—1
<Y AT [P <

k=0

n—1
Z An_l_kal'k

k=0

n—1
< Zf(n —1— k)" ikg <€1P7“k) e Pr¥ =
k=0

[z2nl =

n—1
P
= egr"— Z f(n—1—k)q(e:Pr¥)
" =0
loall < (V246) 20"
and one can apply inequality

n—1
|z < (\/54— o+ § Zf(n —1—k)q (51Prk)) err”
k=0

for each n = 1, m. Because from (27) follows formula
P n—1
\/§+5+?Zf(n—1—k)q(€1Prk) <P
k=0

for any n = 1, mg, we have proved inedquality (29) for any integer n € [1,my).
To find lower bound of ||z,,,|| one can use the formulae (25)-(27) and derive inequalities

[Zmoll = l21moll = l22,mo | =

mo—1

P
> (1 —=0)er™ — 517"’”07 Z flmo—1—k)q (51Prk) =
k=0

mo—1
= ™ (1 —0— ; > flmo—1—k)q (€1P7"k)> >
5=0

P (P—v2-56 1+v2-P
> 517“’“0(1—5——-( V2 )7“)27( V2 ):a>0
r P Pr
Therefore the value of chosen solution ||x,,, || with satisfying equality €1 = ||x¢|| initial condition

remains not less then a > 0 for any arbitrary small number £;. The proof is completed.

Example 3.5 Let us consider difference equation

(1 —In||z,||)"*?Bz,, ifx, #0,

an:Axn—l—{O’ if 2, =0,

where p > 0, operator A € L(E) satisfies inequality

Vn e N:||A"] < M(1+n)2",
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o(A) ={t:0<t <2}, BeL(€) - nontrivial operator, and € — a complex Banach space.
Now we choose sequence f(n) = M(1+n) and function

|B|||1 —Iny|">?, fory >0,
q(y) = .
0, if y=0,

and substitute these in series Z f(k)q (v(r(A)™) from the third assertion of Theorem 3.4
k=0

i M||B||(1 +k)

k:() (1 —Inv + kln2)%p

Not so difficult to proof that this series converges for any v € (0,1). From the above we can be
sure that for equation (30) all assertions of theorem 3.4 are satisfied and therefore the trivial
solution of (30) is instable.

Remark 3.6 Theorem 3.3 is a sequence of Theorem 3.4.

Proof. Let us define sequence f(n) = max  ||A®[|(r(A))~* and function
s€[0,n)N(NU{0})

o 1 1 -1 L
q(y) = <f <m n ;)) (1—Iny)""?, fory € (0,1],
. if y =0,

where p > 0 and f (t) is such a continuous monotony function that restriction f Inufoy onto
N U {0} coinside with above defined f(n). By definition

) = ()

for each y € (0,v] and v € (0, 1]. Therefore
DR (wir(A)™) < Y fka ((r(A)) =
= S04 (F0) (K)o

= i(l +klnr(A) P < oo

To prove that

. Y
lim —— =0 forany € >0 31
y=+0 q(y) 3y
one may apply a substitution y = (r(A4))~* and rewrite (31) in following form

(r(A))

S INIE)) =0 forany >0 (32)
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Taking into accountan Gelfand formula r(A) = lim {/||A"| and equalities

n—-+o0o

v SO+ tnr(A) ([t 1)1+ tnr(A)H
q(y) (r(A))= - (r(A))H
f(t+1]) (A +tnr(A))tte
(r(A))t (r(A))H
()

SN aEVE
1+p

- (1+tinr(A))

t—-+00 (r(A))]
we can get formula (32), which is equivalent to (31). Therefore if one may apply Theorem 3.4

then, based on (31), one also may apply Theorem 3.3.

Y

)

It is well known [12] that the spectrum o(A) may be presented as a sum of disjoint sets
o(A)=0,(A)No.(A)No,(A)
where
A€ og,(A) e {Fr#0: (A - N)x=0};
A€o (A) & {Im(A—NI)=E,3x ¢ Im(A — \I)};
A€o (A) & {Im(A = \) #E}.

Here and further an overline over a metric set denotes a closure of it. Stability analysis of (1)
becomes simpler if there exists such a number § < 1 that the set {z € C: |z| > ¢ contains only
eigenvalues of operator A (for example, dim € < oo, A is compact opertor). But sometimes, as
it has been shown by our research, one can succesfully use bound points of o(A), eleminating
a part of spectrum oess,(A) C 0(A) called essentially approximative spectrum.

Definition 3.7 ([6]) Complex number X is an essentially approximative spectrum point iff there
exists such an essentially divergent sequence {x,,n € N} C € that lim ||(A — M)z, || = 0.

In [6] has been proved follofing results.
Lemma 3.8 For any A € L(E)

c(A)N{zeC:|z|l=r}#0<so(A)N{ze€C:|z|=r} #0 (33)
Theorem 3.9 Let us assume that:
(i) Oessa(A)N{z€C:|z| > 1} £0;

(ii) there exist such a continuous function ¢ : R, — R and operator sequnce K,, € K(E),n >0
that ©(0) = 0 and ||Fpz|| < o(||Knz||) for all (n,x) € N x E.

Then the trivial solution of (1) is instable.
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Applying the above results, we can reasonably simply generelize Theorem 3.1.

Theorem 3.10 Let us assume that:

(i) r(A) > 1;

(i) there ezists a sequence of compact opoerators {K,,n € N} C K(E), and qo := sup | K, || <
n>0

ooy

(iii) ||Fnz|| < [|[Kpz|| for all (n,z) e Nx &.

Then for sufficiently small qq the trivial solution of (1) is instable.

Proof. If o(A)N{z € C: |z| =r} =0 for some r € [1,7(A)) the proof of theorem follows from
Theorem 3.1. If 0(A)N{z € C: |z] > 1} # 0 then by (33) 0essa(A)N{z € C:|z] > 1} #0
and one can apply Theorem 3.4. The proof is completed.
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