Waves numerical simulation by finite differences method in impact systems
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Abstract
Beams dynamic response on transverse impact loading is under consideration. If we have a construction member (beam or a planar frame) dropping down on one or two obstacles, an important parameter of impact process is the coefficient of restitution. The coefficient of restitution is a ratio of impulse before and after the impact. For the absolutely plastic impact it is equal to zero and is equal to one, if an impact is pure elastic.

Practically important task is to determine the coefficient of restitution in a contact tasks, when is necessary to avoid repeated transient processes during the contact. Many researches accept the coefficient of restitution a constant. Contrary in present report this coefficient is obtaining during calculations.

Differential equations of rods and beams theory are used in a form of finite differences. Boundary conditions, initial conditions and differential equations are forming the common system of linear equations. Prepared calculations shown detailed wave interaction picture in construction. Parametric analysis is a subject of made investigation. Beams may show the viscoelastic behavior. Results of elastic and viscoelastic material behavior were analyzed and compared. Restitution coefficient dependence on system geometry was derived.
Introduction

This paper goal is to perform numerical analysis and to recognize parameters set, when behaviour similar to plastic impact is released (not repeated impacts are happened in system). At Fig.1 is shown plane impact of elastic beam moving with velocity v0 and hitting two supports (in points A and K).
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Fig.1. Model of beam impact
For the beam was used model with distributed parameters, i.e. mass and stiffness of the beam is distributed uniformly along of it. Supports are accepted as absolutely rigid. Wave propagation in the beam is observed in the framework of technical bending theory.
Technical bending theory
Not considering beam cross-section shear and motion inertia wave propagation process in the beam can be written by mean of wave partial differential equation [1]:
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where: y=y(x) – beam neutral axis transverse displacement, E – modulus of elasticity, J – cross-section moment of inertia, m – mass of unit length of the beam, x – longitudinal coordinate.
Equation (1) can be solved analytically. For y we have:
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where: Тn –function depending on time, Xn –function depending on coordinate x, n – mode number.

Boundary conditions. At the moment (t=0) when beam is contact the supports (A and K) beam transverse displacement in contact points is equals zero 
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 in the same points are equal zero too. Consequently boundary conditions can be written in the form:
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where: xA=0, xK=l ; l – beam length.

Initial conditions. Initial displacements and initial velocities are equal zero.
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With regard to given boundary (3) and initial (4) conditions common solution (2) can be written in the form:
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Central differences were used. What about mesh it is shown in Fig. 2. If we use method of finite differences wave partial differential equation (1) can be rewritten in the form [2]:
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Fig.2. Mesh for technical bending theory
Boundary and initial conditions are the same as previous. In finite differences they are:
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And initial conditions:
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where: x=0...l, h – step of integration in longitudinal direction, t=0...T, τ – time step.
Exact analytical solution (Fourier method) was realized using program MathCAD, method of finite differences using program MATLAB. Comparison of transverse beam displacement for steel beam with length l=0,95m, rectangular cross-section side length a=0,005 m, modulus of elasticity E=2*1011 N/m2, material density ρ=7800 kg/m3, initial impact velocity v0=2 m/sec, number of points along l 80, time step τ=0,0001*10-3 sec, at time moment since the beginning of impact t=0,07*10-3 sec is shown at Fig. 3.
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Fig.3. Comparison of Fourier method calculation and method of finite differences, ○○○○○○ method of finite differences, ─── Fourier method
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Fig. 4. Shear force Q dependence on process time (Fourier method), ▬▬ Number of sum n=1; ─── n=3; ·········  n=7 ;
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Fig. 5. Shear force Q dependence on process time (method of finite differences), ─── h=50 mm, ▬▬ h=24 mm, ;.·······  h=12mm

For determination of coefficient of restitution is necessary to know the end moment of impact. The process of impact is over when shear force Q in contact points reverse the sign. At the same moment beam rebound of supports is happen. As follows from Fig.4 the value of shear force Q is depending on number of sum in (2). Similar situation is with method of finite differences - the value of shear force Q is depending on number of integration steps in longitudinal direction h (see Fig. 5).

Conclusion is, it is impossible to use the technical bending theory for determination of coefficient of restitution for beam impact description.
Timoshenko beam equations
More exact bending theory must be used. Timoshenko beam theory with differential equations taking into account cross-section shear and motion inertia was analyzed. Equations are [3]:
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where: ψ - the angle of deflection of the cross-section of the beam with respect to the vertical direction, G – shear modulus, k’ – coefficient of cross-section form, F – square of cross-section, ( - density.

For Timoshenko beam (9) we have numerical solution obtained by method of finite differences. Central differences were used too. Mesh for y and ψ is shown in Fig. 6. In this case result convergence is depending on the number of discretization steps along longitudinal coordinate. (Fig. 7).
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Fig. 6. Mesh for Timoshenko beam equations
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Fig. 7. Shear force Q dependence on process time, ▬▬ h=50mm; ─── h=16mm, ; ·······  h=12mm
One another important parameter for determination of coefficient of restitution is to internal friction in material. Timoshenko beam equations (9) with internal friction are:
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where к- coefficient of internal friction (at bending); к* - coefficient of internal friction (during the shear).

At the beam rebound moment velocities of different points along the beam are different, therefore only integral coefficient of restitution can be used. For planar impact integral coefficient of restitution is ratio of impulses before and after impact:
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where: m – mass of the beam; mk – mass of the beam element; 
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y

&

- velocity of the beam element; v0- initial beam velocity.

Further the question of restitution coefficient dependence on geometrical parameters of beam: length; cross-section size; cross-section form and initial velocity of impact were analyzed (Figs. 8-11).
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	Fig. 8. Dependence coefficient of restitution on beam length, 
a=0,005 m, v0=2 m/sec


	Fig.9. Dependence coefficient of restitution on beam cross-section size, 
L=0,27 m, v0=2 m/sec
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	Fig. 10. Dependence coefficient of restitution on beam cross-section form, L=0,27m,

F=2,5*10-5m2, v0=2m/sec


	Fig. 11. Dependence coefficient of restitution on initial velocity of impact, L=0,27m, a=0,005m



Conclusions
Use of the technical beam bending theory, not taking into account cross-section shear and motion inertia, is allowing to determine beam points displacements and velocities, and in the same time not allowing to determine the moment of impact end. More precise Timoshenko beam equations can be used for determining the moment of end of impact and coefficient of restitution. Dependences coefficient of restitution on different beam geometric parameters and beam initial velocity were obtained. Where recognized beam geometrical parameters areas when absolutely plastic impact is taking place.
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Kononova O., Vība J., Krasņikovs A., Viļņu skaitliskā modelēšana ar galīgo starpību metodi trieciena sistēmās
Kontaktu uzdevumos liela praktiskā nozīme ir atjaunošanas koeficienta noteikšanai, kad ir nepieciešams izvairīties atkārtojama parejas procesa kontakta laikā. Šī darba mērķis ir parametru pētīšana pie kuriem sijas trieciens ir plastisks, lai sistēmā nenotiktu atkārtojamais atlēciens. Elastīgai sijai tika izmantots modelis ar izkliedētiem parametriem un Timošenko vienādojumi. Vienādojumu atrisinājumiem tika izmantota galīgo starpību metode.
Kononova O., Vība J., Krasnikovs A., Waves numerical simulation by finite differences method in impact systems
Practically important task is to determine the coefficient of restitution in a contact tasks, when is necessary to avoid repeated transient processes during the contact. The aim of this work is to obtain an effect equal to plastic impact, when not repeated impacts will happened in system. For elastic beam is using a model with distributed parameters and Timoshenko equations. For equations determination was used finite differences method.
Кононова О., Виба Я., Красников А., Численное волновое моделирование с помощью метода конечных разностей в ударных системах

Большое практическое значение имеет задача определения коэффициента восстановления в контактных задачах, когда необходимо избежать повторного переходного процесса во время контакта. Цель данной работы получить эффект соответствующий пластичному удару, чтобы в системе не произошел повторный отскок. Для балки используется модель с распределенными параметрами и уравнения Тимошенко. Для решения уравнений был использован метод конечных разностей.
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