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Introduction

Two discoveries allow fundamentally diverse strughtusystems with hexagon-type lattice to be
offered for the synthesis of minimum mass and marinstiffness constructions [1-3]. The first lies
within structural mechanics for the solving of aptimal lattice problem and the second within
structural geometry for the solving of an optimadithensional multiscale tessellation problem. The
highest efficiency of both mechanical and geomatrpgroperties could be achieved using hexagon-
type spatial rigid bar structures built from tewdphaped structural elements, further referredsto
superelements. Due to lightweight consideratiom& s$uperelements can be modeled as shell
structures. Unexplored, however, remain the topoddgransformations and multiscale tessellation
possibilities of regular spatial lattices in analdg the 2-dimensional transformations consider@d s
far [1-3]. Therefore, this article will concentraspecifically on derivation of hexagon-type spatial
lattices, based on knowledge that is available fioen2-dimensional lattice definitions. Similartire
multiscale tessellation compatibility possibilities the spatial lattice cells will be explored dret
basis of 2-dimensional studies.

Geometric definition of the superelement

The tetrapod-shaped superelement could be deriyedofological transformations of spatially
arranged spheres analogously to circles consider¢t]. An alternative and more straightforward
approach to obtain the superelement could be tlaéytan geometric definition of a spatial rayed
structure which would have equal angles betweerpairyof rays. This yields a four-ray star element,
also named tetrapod, in analogy with the threestayelement in a two dimensional problem [1]. The
anglef between any pair of rays is estimated accordir(@)to

B = 2arccos(//3) ~1095° 1

wheref — angle between arbitrary superelement leg pairgl€betain Fig. 1).

An analogous structure known from chemistry istditeahedron molecular building block [5].

The topological relation of the spatial supereletrterthe 2-dimensional one can be seen in the top
view of the element (Fig. 1), which is the onlylyutegular orthogonal projection in the standard
three-view set of the superelement.

Lattice variants

In order to determine the shapes of the regulatiagdplattices that would correspond to spatial
analogues of hexagonal lattices for the 2-dimersicase (Fig. 2), again two choices are available.
The first one is to apply topological transformasdo spheres, located at regular points in spHce [
The second one is to search for all unique comiongtof the superelements. However, both of the
approaches ask for proof that all possible lattoefigurations have been found. Alternatively, as a
combined approach, it is possible to use the 2-dgiemal hexagonal lattice as a starting point for
expanding to three dimensions (see also [6]). Blimwvs employing the fact that only one unique
configuration of circle center points exists foetB-dimensional case [1]. Additionally keeping in



mind that only one unique regular projection of superelement is available (see above), two spatial
hexagon-type cell analogues (Fig.3) and, consdlyjetwo lattice variants (Fig.4) can be
constructed. Their uniqgueness can be explainedbygidering three imaginary spheres, located at grid
points of an imaginary regular planar trianguldtide (single surface cuts are shown in top viets o
Fig. 3) and having the radius of doubled lengtbf a superelement ray. The spheres, which represen
topological transformations of tetrapod-shaped el&sy have contiguous points, which coincide with
two other identical plane lattices, shifted by dedbheighth (as defined in Fig. 1) vertically and
in-plane. This results in two unique lattice cariants. The first one is found to be symmetrichwit
respect to a horizontal plane (Fig. 3 a), wherdas gecond one is not (Fig. 3 b). It can be easily
verified that the two vertically shifted trianguliattices are related by a 60° rotation aroundréiosd

axis through an arbitrary point of the initial la&. Note that both cell variants share the sameilo
part, which corresponds to a hexagon in the tow.vigkewise, the top view also corresponds to the
unique regular projection of the superelement.
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Fig. 1. Superelement model

Lattice expansions

First, a simple observation of the orthogonal ¢attprojections reveals that the first lattice vatriaas
symmetry planes parallel to the horizontal plarig.(& a), whereas the second variant has a symmetry
plane (Fig. 4 b) at an angte- 35° with the horizontal plane according to (2):

y =arcsin(cog )/ cos(f /2)) ~ 35.3° , (2)

wherey — angle between the symmetry planes and the &mepbdf the second lattice variant (angle
gammain Fig. 4 b).

Also, considering the analogy to the 2-dimensidredagonal lattices, as obvious from the top views,
the first variant shows that horizontal hexagomgfets, which actually vary in height by 2or a
single layer and by R between consecutive layers perpendicularly to tdpe (horizontal) planes
(Fig. 1), remain parallel to each other, whereaghe second variant the layers are alternatelgeshi

to the center points of contiguous layers. Thisesithe question of whether alternative superelemen
can be found which would account for the differenbetween the lattices (see below).



Fig. 2. 2-dimensional hexagonal lattice (honeycomb)
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Fig. 3. Two cell variants of spatial hexagon-type celllagaes:
a — symmetric with respect to a horizontal plane
b — non-symmetric with respect to a horizontahpla



Multiscale tessellation possibilities

For a further level of abstraction, it is possitderepresent the cells in a surface body form (B)g.
which allows for considering multiscale tessellatiof the lattices. This would allow taking into
account the multiscale tessellation characteristissussed in [3] for the 2-dimensional case, which
corresponds to the top view of the lattice.

According to [3], in any hexagon circumscribingiagée cell of larger scale (top view), the ratio of
radii between consecutive scales being 1:2, itices coincide with vertices of initial scale la#i
hexagons. An examination of vertex coincidence tf@ spatial lattices of different scales in the
standard orthogonal projections reveals that répggtatterns do exist (defined as ratiti%:di2 in
Fig. 5, wheré —a, b, ¢, d, €). However, there arise differences for each lattiariant. For the first one
full coincidence could not be found within the rangf 1:4 (see the lack of coinciding points in ki
view of Fig. 5 a), whereas for the second one & feand to be 1:3 (Fig. 5 b), thus proving thisiaar

to be of advantage for multiscale tessellation pses. The increase of edge ratio compared to the
2-dimensional case is supposedly due to lack aflegty, which is observable only in the top views.

Alternative superelement choice consideration

Due to the two different combination possibilitiesthe currently defined superelement there can be
distinguished two unique alternative superelemertis.first one (Fig. 6 a) is unique to the firgtitze

due to its symmetry with respect to a horizontanel Accordingly, it features a single cyclically
symmetric ray cut out of the initial superelemehtg( 1), which has consequently been mirrored
around the plane of its circular outer edge. Themeint can be considered as a linking element
between consecutive hexagonal layers located patallthe top (horizontal) plane (Fig. 4 a). The
second superelement (Fig. 6 b), for its part, ereth by both cell variants as a result of the sirityl

in the lower parts of the cells (Fig. 3). Its sture is obtained by the same procedure as thedimst
with an additional rotation of the mirrored part ®)° around the central axis of the cut-out rayefre

to the similar relation between the two latticeiaats mentioned above). The second lattice employs
the second superelement also as the linking ele(R@nt4 b), which renders the corresponding lattic
structure more homogenous from both geometric amchamnical points of view.

Outlook

In order to provide an exact surface shape dedimitor the superelement, a mechanically determined
geometry optimization of the superelement shoulccéeied out. For this task, one option beside
topology and parameter optimization in general e tshape optimization, which requires a
parameterized geometric model of the element.

Shape optimization also requires certain assumptiegarding the expected optimum shape of the
geometry to be optimized. These include a contiswgitucture, revolution surface shape for the rays
specifically and an increase of the outer ray dieméowards the element center because of a
supposed stress concentration in the joint patt@tlements.

Generally, all the shape assumptions can be meimipjementing NURBS curves and surfaces.
However, no specific information regarding the optm superelement shape being available for the
time being, a specific proposal, which would alleasy parameterization, is to describe the element
shape by possibly the simplest geometric shapésmtiald conform to the initial shape assumptions
[4]. The proposed shapes include a sphere in theecef the element, which is joined through
constant radius fillets, corresponding to toroigiaifaces, with the four rays, represented by cénica
surfaces, which are likewise being joined with tags of other contiguous elements by constant
radius fillet transitions (Fig. 7). Such elemenbgetry parameterization model corresponds to afset
five independent parameters subject to constramposed by the initial shape assumptions and
geometric compatibility.
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Fig. 4. Two variants of hexagon-type lattices:

symmetric with respect to horizontal planes

a
b

symmetric with respect to planes at an angle tive top plane
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Fig. 5. Two variants of hexagon-type lattices in surfacdybform:
a — symmetric with respect to horizontal planes
b — symmetric with respect to planes at an angle tive top plane



Fig. 6. Two alternative superelement definitions:
a — symmetric with respect to a horizontal plane
b — non-symmetric with respect to a horizontahpla
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Fig. 7. Superelement shape approximation model and defiagimeters



Conclusions

e The tetrapod-shaped lattice superelement couldebsed! by topological transformations of
spatially ordered spheres or, alternatively, byaaalytic geometric definition of a spatial
rayed structure which would have equal angles bemtwany pair of rays. This yields a
four-ray star element, also named tetrapod.

¢ In order to determine the shapes of the regulaiagexagonal lattices, a combined approach
is to use the 2-dimensional hexagonal lattice astaating point for expanding to three
dimensions. This yields two unique spatial hexatype cell analogues and, consequently,
two lattice variants.

e Considering multiscale tessellation possibilitytbé lattices, an examination of multiscaled
lattice cell vertex coincidence reveals that reipgapatterns do exist for the second lattice
variant, whereas for the first one full coincidemoaild not be found within the range of 1:4.

e Due to the two different combination possibilitiélsthe currently defined superelement there
can be distinguished two alternative superelemdrits.first one is unique to the first lattice
due to its symmetry with respect to a top paradlahe. The second one is shared by both cell
variants as a result of the similarity in the lowarts of both cell variants.

e In order to provide an exact surface shape defimifor the superelement, a mechanically
determined geometry shape optimization of the siperent should be carried out. This task
requires certain assumptions regarding the expemptidhum shape of the geometry to be
optimized. A specific proposal, which would allowsy parameterization, is to describe the
element shape by possibly the simplest geometapesh that would conform to the initial
shape assumptions.
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Bervalds E., Verners O., Dobelis M. Telpiska rega konstrukcijas no ¢etrzara elementa

Divi iepriek&ju petijumu rezuliti Jauj secimt, ka telpiskas se$sh tipa rega strukfiras ar regulira cetrzara
formas savienojumiem atbilst optitam reZa un optinalas daudzrrogu rezu divdimensioalas
savietojanibas risinzjumiem. Torér pagaidim nav tikusi veikta telpisku r@Z topolgisku transformaciju un
daudzrarogu re%u telpiskas savietojafibas iz@gte pec anal@ijas ar divdimensiodlu problemas izpti, kas
paveikta fdz Sim. ‘Tde/ raksta nerkis ir iegit telpiskas seSgta tipa reza strukiiras un noteiktds veidojoSo
§inu daudzrerogu rezu telpiskas savietojainas iespjas.

Lai noteiktu telpisko rezi variantus, ir iesgiami divi risingjumi. Pirmais ir lietot tel@ regulari novietotu séru
topolagiskas transfornicijas. Otrais savudt ir meklet iespzjamas rei veidojoSo superelementu komdiijas.
Tomer abas pieejas rada nepiecieSdm pirliecingties, ka visi iesgjamie regu varianti ir atrasti. Kombiats
risingjums ir izmantot divdimensialu seSsira &nu re%i ka izejas punktu grejai uz telpisku variantu. Sis



risinajums jauj iegit divus uniklus reza variantus, ko veido attiggi divi telpisko 8nu varianti. Apiikojot
daudzrarogu rezu telpiskas savietojaiibas iesgjas, daudzrérogotu rezus veidojoSo #u mezgla punktu
atbilsttbas @irbaude atkéj, ka daudzrarogu telpiska savietojafba ir iesgjama otrajam rega variantam.

Bervalds E., Verners O., Dobelis M. The Spatial Laice Design from a Tetrapod-shaped Element

Two discoveries demonstrate that hexagon-type alpatgid bar structures built of tetrapod-shaped
superelements are the best for solving of optiratice and optimal two dimensional multiscale tdaten
problems. Unexplored, however, remain the topokdgi@nsformations and multiscale tessellation fploiites
of regular spatial lattices space in analogy to thelimensional transformations considered so fdreréfore
this article concentrates specifically on derivatiof hexagon-type spatial lattices and the multis¢essellation
compatibility possibilities of the spatial latticells obtained.

In order to determine the shapes of the regulartigbiexagonal lattices, two choices are availablée first
one is to apply topological transformations to s@se placed at regular points in space. The secomg is to
search for all unique combinations of the superelets. However, both of the approaches ask for pitwaif all
possible lattice configurations have been founctofnbined approach is to use the 2-dimensional henalg
lattice as a starting point for expanding to thréenensions. This yields two unique spatial hexatype- cell
analogues and, consequently, two lattice varia@nsidering multiscale tessellation possibilitytioé lattices,
an examination of multiscaled lattice cell verteincidence reveals that repeating patterns do efastthe
second lattice variant.

Bepranac 3., Bepuepc O., lo6eanc M. IIpocTpancTBeHHBbIE pelieTYaTbie KOHCTPYKIHUH M3 YeThIpex
HOTHX 3JIEMEHTOB

Pesyromamol  08yx  npesicHux ucciedo8aHull NOKA3bIGAIOM, UYMO HCECMKUE OObEeMHble 2eKCA2OHANbHbIE
cmepoiceHesble KOHCMPYKYUU ¢ Pe2yAPHBIMU YeMbIPeX HOSUMU COCOUHEHUSMU AGISIOMCS TYUUUM NOOXO0OM K
peuteHuio npobiem ORMUMUZAYUU NPOCMPAHCIMGEHHOU DEWemKU U ONMUMATbHOMY YNOPSOOUEHUIO NAOCKUX
MHozomacuwmadnvix  onemenmos. OOHAKO, He UCCLe008AHHbIMU NOKA — OCMAIOMCS  MOROAOSUHECKUEe
MPAHCHOPpMayUU U BO3ZMONCHOCIIU MHOLOMACWMABHO20 YHOPAOOUCHUA PESVIAPHBIX U  NOBMOPIOUWUXC
CMPYKMYp 6 RPOCMPAHCMEe NO AHALO2UU C NIOCKUMU MPAHCHOPMAYUAMU PACCMOMPEHHBIMU 00 CUX TNOP.
Tosmomy yemio nacmosawel pabomvl AGNAEMC  NOAYUEHUE NPOCMPAHCMECHHBIX KOHCMPYKYUil muna
2eKCA2OHANBHBIX PEULEMOK U ONPEOeNeHUEe BO3MONCHOCIIU COBMECTIUMOCIU MHO20MACUIMABHO20 YROPAOOUCHUS
ROJYYEHHBIX MPEXMEPHIX UEeK.

s onpedenenus eapuanmos NPOCMPAHCMEEHHOU peulemKu cywecmeyiom 06a nooxooa. Ilepewiii céazan c
npUMEHeHUueM MONOIOSUYECKUX MPAHChopmayuil cghep, Komopwvle pe2ysapHO PACHONONCEHbL 8 NPOCMPAHCMEe.
Bmopotii nooxo0 6 ceorw ouepedsb c6s3aH ¢ NOUCKOM BCEX 803MONCHBIX KOMOUHAYUTL IUeeK UMY CYNepeNieMeHmMOo8.
Oonako 0ba nooxooa mpedyrom 0OKA3AMeNbCmed Mmo2o, Ymo 6Ce 03MOICHbIE GAPUAHMbL PEUUENOK HAUOEHDI.
Kombunuposannvim peuteHuem s611emces UCnoAb308anHUue NIOCKOU WeCMUSPaHHOl peuemky KaKk UCXOOHOU 05
nepexoda K o00veMHOMY eapuannmy. Dmo pewenue no3goisem ROAYYUMb 08YX VHUKAIbHbIX BAPUAHINOE
peuiemox, Komopwle 00pazoeanvl U3 O08yX GAPUAHMOE NPOCMPAHCMBEHHLIX SAUYEeK, COOMBEMCMEECHHO.
Paccmampuwisas  603modcnocmu  ynopsaooueHus MHO2OMACWMAOHOU — PeuwemKy, KAuyeCmeeHHbll —aHanu3
KOHZPYEHMHOCMU  Y3]I08bIX TOYEK 00pA3VIOuUX MHO20MACUMAOHOU DpeuemKil NO360J5em  GblsA6UMb, UYMmo
MHO20MACUWINADHOE RPOCTNPAHCMEEHHOE YROPAOOUEHUE 803MONCHO OIS 6MOPO20 GAPUAHMA PEULETNKU.



