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Abgtract - The paper is focused on direct optimization of
experimental designs of continuous or discrete vaables
according to any optimality criterion. D-optimality criterion and
space filling criteria such as Mean Square Error (ME), Eglajs
criterion, entropy criterion, discrepancy criterion and others can
be used. Univariate relaxation and coordinate exchae
algorithm with improved multistart is used for opti mization.

The proposed univariate relaxation and exchange algithm
with improved multistart method gives a good effeéveness for
direct optimization of continuous and discrete expeémental
designs according to any optimization criterion. Incases of low
dimensions the known D-optimal discrete and continous designs
were confirmed. For a larger number of variables may designs
with better D-efficiency were found. The algorithm works very
well also for Latin hypercube designs.

Keywords - Experimental Design, Latin Hypercube Design,
Design Optimization, Metamodeling, D-optimal Design

I. INTRODUCTION

. . MSE
ALPHABETICALLY-optimal designs are often generatedRz
by an algorithm implemented using a computer. Thastm .

commonly used algorithms for their constructiorsaied by
Dykstra [1], St. John and Draper [2], Johnson aadhtsheim
[3], and Meyer and Nachtsheim [4], are based oreohange
of points from an initial design and a suitable didate set.
This sequential exchange can be performed one itabedor
experimental run at a time or by simultaneouslyhexgjing
multiple design points. Other approaches, suchiraslated
annealing (Haines [5]), also perform searches isftyype but
have not been as successful
methodologies.

In most cases it is impossible to categoricallylatecthat
the located designs are optimd)-@ptimal, I-optimal etc),

as the more structure

Such libraries have already been created, for ebgrip J.
A. Sloane [6]-, R. W. Mee [7], K. T. Fang [8] (umifn
designs).

IIl. NOMENCLATURE

Deis = D-efficiency criterion,

(D) = L, discrepancy criterion,

E = entropy criterion,

f, g = generic functions,

f = mean value of functiofy

D, = Eglajs’ potential energy criterion,

iyl = indices,

L = number of coefficients in regression function,

n = number of experimental runs (points),

N = number of training sample points fMSE
criterion and number of confirmation points for
oestandR? calculations,

m number of factors (dimensions),

MinDist minimal distance criterion,

mean square error criterion,

R square error measure,

relative prediction error of approximation,
vector-row of m coordinates of experimental
design.

Xj

[ll. OPTIMIZATION CRITERIA

In this paper we will pay attention chiefly to tbeterion of
D-optimality for second order polynomial approxinoati
problem. Let's suppose that we wish to construdesign for
a gull quadratic response surface model

m m m
y:ﬂ0+2ﬁi)(i +22ﬂu XX +é&

i=1 i=1 j=|

: 1)

especially form>10. Quite the reverse — for a large number of

parameters and runs it is certainly possible tal fitesigns
with better values of criteria. It must be notdthugh, that an
improvement of the criteria in the third or foudhcimal digit
does not have practical value. However, the catedlues of
the located designs can be used to judge the ieffeess of
the optimization methods employed (though occadlipadso

of computer productivity and time spent for caltioa),

therefore these designs should be published iniguiternet
pages. It is hard work to find optimal designs argke

dimensions, but this must be done only once foheaciant,
and the results should be placed in a library aibksto all.

where there are m variables,.x., xm, L=(m+1)(m+2)/2
unknown coefficient$, and the errors are independent with
mean 0 and varianeg. Let the design consist orerlL points

[Xj15- %] foOr 1stn, @

chosen from a certairegion of measureme. Let X be the
n x L expanded design matrix, containing one row

P9 =X X000 6 XX ] g

for each design point x=[x..,xm], and let
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denote the matrix of moments of the design mea$hiee
prime indicates matrix transposition).
The prediction variance at an arbitrary point x is

2

var y(x) =% FOOM 2 (%)’

®)
D-optimal designs are those which maximize D-efficy Def
100
Dy = ——x|M,[**"
(6)

Def is the relative number of runs (in %) requiredalyyossibly
non-existent orthogonal design to achieve the seahge of
determinant [9]. D-efficiency defined in such a way
numerically different from the relative D-efficiepaised by
many other authors, but this does not influence Ehe
optimality of designs.

Myers and Montgomery [10] identified the pitfallEtbe D-
optimality designs, which have only model-depend&nt
efficiency and do not address prediction variandereover,
for second-order models, thi@criterion often does not allow
any (or many) center runs. We will not discuss hrigblem in
further detail here, because the proposed algoréhonvs the
optimization of experimental designs according by ather
criterion. For comparison with other designs, fadiditional
criterions have been used:

Eglajs’ criterion (Audze and Eglajs [11], Eglajs2]1later
proposed also by Morris and Mitchell [13] in a maeneral

form:
0.- 5 o f
(7)

Here x,; denotesi-th component of point of experimental
design numbeu.

The MINDIST criterion [14], which seeks to maximittee
minimum distance between any pair of points indbsign:

=X )2
. )

The entropy criterion first proposed by Shewry algnn
[15] and then used by Currin et al. [16]. The agatibn of the
entropy criterion for designs in unit cube [0,1$ equivalent

to the minimization ofE = —|Og|C| , where C is thenx n
covariance matrix of the design with elements

o, ~expl- 63

wherei, j=1,...n.

> Z(

=1 v=u+1

m

MinDist = Qinn;(xu

Xjy q},O<q£2
, )

26

Throughout this paper the valug = 2 is selected, so the
correlation between two points is a function ofitl&iclidean
distancel,, and @ is set equal to 2.

The Centered., discrepancy criterion [17], which averages
the squared difference in the cumulative densihefion:

(Dc2=(*J —E;H[lwt %, — 05 - ‘ O.qz}r
L35 [t 2l - 08y +fx, - 05i-[x, x|

(10)

Mean Square ErroMSE) criterion [18], which gives Root
Mean Squared Distance (RMSD) between the meshaint
design spaceR™ and the nearest point from experimental

designD:
2}

wse= ()3

where W, are points from a large sample in design spte

(v=1,...,N), N is the number of points of the experimental
design andnh is the number of mesh points. Approximately
N=1000000 randomly distributed Latin hypercube poiate
employed as mesh points. Designs optimized accaprdirihe
MSE criteria give points uniformly distributed in thaesign
space and tend to minimize the expected mean sijesrer

of the local quadratic approximation. For uncorietd
designs in the unit cube [-171](without fixed levels for
factors) the so-called NTLBG algorithm [18] existshich
gives fast convergence to the local minimum ofciin:

1. Generate a training samplen, (v=1,..., N) of

uniformly randomly distributed points (large random
Latin hypercube).

Setk=0 and generate initial experimental desbglﬁ,
(i=1,...n)

Divide the training points im groups so that for all
points from thei-th group the nearest experimental

N m

Z(in = Xy )

v=1 i=1

(11)

N

point isxik. Calculate the sample meéwiof each
group.

Setx“" =W .0

Let & be a preassigned small positive number.
Hxik _ k+1

and return to step 3. Otherwise the process is
terminated.

For the purpose of comparison with other desighs, t
distances and other characteristics of experimelgsigns are
calculated after the designs are scaled into thtauhe [0,
1]™, although the designs are mostly constructed inman
dimensional cube [-1, 1]

E

If
> &, i=1,.

.,n, then use k+1 instead of k

IV. ALGORITHM OF OPTIMIZATION

A popular way to seeb-optimal designs is the exchange
algorithm, which successively removes and adds tpoin
starting from an initial arbitrarily chosen desid®, 20]. Also,
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genetic algorithms have been successfully applied frandomly selected initial desidgdf a local optimum desigb*
determiningD-optimal designs, see for example Giunta et als found using univariate relaxation algorithm. Mhexm

[21].

components of this design are modified with giveobability

For the finding of local optima we use the so-ahllep,. This means that when a random number, uniformly

univariate relaxation (coordinate relaxation) aitjon. This is

distributed in [0,1], is less thgm, then the new value of the

very simple — allnx M components in turn are checked orcomponent is randomly chosen from a continuousiserete

whether the value of the criterion is improving ibgreasing
or decreasing the component’s value by one levahtiGuous
variables in this case are taken as discrete \asakith large
number of levels (see below). When all the comptseave
been thus checked and none have changed, the $ealotal
optimum is finished. This algorithm may be carriedt in
three ways, depending on the order in which thepmorants

are changed. First, ath components of the first point may bewith traditional

changed, then of the second point and so on umilnith
point. Second, the first component may be changedal
points, then the second component for all pointd sm on

region of parameter values. Then this design isl asea new
start point for the relaxation method. Unlike th&assic

annealing algorithm, the next local optimum witle tivorst

value of criteria is not accepted. The initial exobe

probability decreases starting fropy =1 to approximately
0.01 at the end of optimization process. Practicalll designs
optimized according t®-criterion or other (10)-(13) criteria
multistart exchange algorithms cére

improved.

A. Algorithm for Discrete and Continuous Variables

until the mth component. Third, the components may be In this algorithm there are not any considerabftedinces
checked in random order. Our experience shows tihat between continuous and discrete variables. Prégtitanay
second variant converges slightly faster, but enaherage a be assumed that the continuous variable is the shsceete

slightly better local optimum can be obtained wiie third
variant, changing the order of the components aftegry
n x K tries.
The problem of optimization of experimental desigas
characterized by an immense amount of local extseme
Since the points can be numbered in any order, #mn

optima, both local and global, repeatdimes. However, there

is also a huge amount of extremes with differedties of
criterion. The common practice in such cases isuse
"multistart” or "clustering" methods for global aptzation.

It can be automatically run many times from randoml

chosen starting points, and the best solution fowit be
returned as the optimal solution. For some smoatflimear
problems, multistart methods will converge in proligy to
the globally optimal solution. For other problerntisey often
yield very good solutions in an acceptable amoufntiroe.
Usually the search process begins with an initidigh D°.
This initial design may be obtained by choosimgandom
points from the design region, although in the ienpentation
the user has the option of specifyidg himself. After the first
optimum is found, the search process is repeat#u avhew
initial design. Usually the optimal is the bestigasobtained
from several tens or even hundreds of tries, seelihand
Sloane [22].

Our experience with employment of multistart algoms
shows that even a result obtained from as manythsusand
retries may be very far from the optimum. It is iumore
effective to employ the approach of annealing. %teal
annealing is an example of a random search algorithn
initial candidate solution is generated, eitherasdom or via
another search algorithm. The current candidateoidified in
some small, random way, and then this (possibly tggimal)

variable with a large number of levels. In practi@®1 levels
are used as number of levels for continuous vaabln
addition, the optimization process is organizedguch a way
that even for the continuous variables the initiamber of
levels is set as 3 or 5, the optimum is found amehtthe
number of levels is increased. So the three-leesignh is a
good initial estimate for the design with continaotariables
and vice versa. In some cases of large dimensieneepeated
change of the number of levels from 3 to 101 andkba
allowed to considerably improve the optimizationterion
both for 3-dimensional design and continuous desigalso
should be noted that there are not any problenogpiimizing
designs with a different number of levels for seveariables.

B. Algorithm for Latin Hypercubes

The first space filling design for a computer expent was
proposed by Audze and Eglajs [11]. In this worksidas in
which the number of levels for each variable isado the
total number of runs were first proposed. In thmeagaper
[11], the first space filling criterion (10) based a function
similar to the function of the potential energygrawvity was
first used. Later, the same kind of experimentasigles
without any optimization were proposed as a Montl€
integration technique by McKay et al. [25], and thame
“Latin hypercube samplings” was introduced. Numesrepace
filling experimental designs have since been deedoin an
effort to provide more efficient and effective meafor
sampling deterministic computer experiments based.atin
hypercubes. Different space filling criteria forticehypercube
designs (LHD) were proposed by many authors: Maximi
Latin hypercubes [14], Minimal Integrated Mean Sgga
Error designs [26], Orthogonal array-based Latipergube

candidate is accepted with a probability based ba tdesigns [27], Orthogonal Latin hypercubes [28]etmated

Boltzmann kernel [23, 24].

We proceeded in a similar way. The proposed algworit
strictly speaking, cannot be classified as simdlaenealing,
it is rather an improved multistart method with geation of
new start points by exchange of randomly selectethtp
coordinates from the previously found best solutiBrom a

Mean Squared Error (IMSE) optimal Latin hyperculfi2g).

For Latin hypercubes it is not possible to use uhesariate
coordinate relaxation algorithm. The two or moreinpo
coordinate-exchange algorithms for optimizing oféihave
been developed by many authors, beginning with wafrk

27
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Audze and Eglajs [11]. In this algorithm the mochfiion of currently generated random number from intervdl [8, less than
all possible point pairs is carried out, attemptiagexchange the given valuep; The initial exchange probability decreases

their separate coordinates, see Fig. 1. starting frompy =1 to approximately 0.01 at the end of optimizatio
process.
{Xit, Xy X35+« + 3 Xifo « + . 5 Xin ) For the Eglajs’ criterion®, and Discrepancy criterio(Dc)?,

which are large sums of terms, except in the ifiesation, we do
p \ not need to recalculate all terms. It is necessaigompare only
Wi, X2, Xj3, « o o 5 Xl - - 5 Xjng sums of terms that contain the exchanged coordinathis
accelerates calculations approximateB/times.

_ _ C. The Exchange Algorithm for MSE Criterion

A very effective exchange algorithm of randomlyesééd  the NTLBG algorithm, mentioned above, cannot beotly
pairs for the optimization of the discrepanCy Gi® iS ,qeq in the case of LHDs. Direct calculatioMSE criterion, on
proposed in work [30]To construct optimal LHDs, Park [29] he other hand, is time-consuming for largand m Therefore
presented an approach based on the exchangeseoflseairs  giong 4 and 5 of the NTLBG algorithm were modifiedthe
of the elements in two rows, see Fig. 2. There 2t&1 following way:
exchange variants maximally possible since thetfirs , ~ ko g i,k (,j=L1,...1), >}, k=1,...mwe check whether

coord_inate may remain unchaqged. Morris_, and Milch_ﬂ] the exchange okx and x, does not decrease the partial sum
combined the exchange algorithm with simulated aling

Fig. 1. Exchange of one pair of coordinates

— 2 2
algorithm to search for optimal LHDs. ”V\/, =X H + ”\/VJ =X H . This means, that when
{'xila Xi2, Xi3, R Xiks N )iin} (Vvik _ij Xxjk - Xik)> 0 12)

A4 4 444
P A A A then the kth component ofi-th and j-th point of the
D xm} experimental design must be exchanged.
) ’ 5. If no pair of points is changed, then proéessrminated.
Otherwise repeat step 3.

This algorithm also gives local optima, which depen initial

design, therefore this was combined with the impdomnultistart

PR I R
Wil X2, Xj3,

Fig. 2 Multiple exchange of coordinates of two po

X X2, X3, - o - XN - - > Xing method mentioned above.
l A universal progranRelaxfor design optimization according to
(X700 X120 Xj30 + o 0 Xt | - Xy} several criteria was created and used in softeanmétamodeling
and optimization EDAOpt, created at Riga Technidaiversity.
l This allows not only to optimize the experimentsidgns, but also
X, X, X, o oL X L X to examine their effectiveness in metamodeling andlysis of
numerical and natural experiments. The progRetaxoptimizes
Fig. 3. Cyclic exchange of one coordinate of tipets continuous and discrete (including LHD) designsis Tgrogram

improves many designs found by other authors. Ist mases of
small-size designs, the optimum found by otherasatban only be
repeated. For example, the discrepancy-optimizeidmlef 16 runs
and 5 factors found in work [31] seems to be glghadtimal. In

the work [32], the authors proposed the cuttinghoetand found

We also attempted the third exchange variant betieee
points of design, see Fig. 3. As many authors dirdsave
noted, for example [30], the difficulty of the exalge
algorithm rapidly increases with the increase ef tlumber or . X
runsn and number of factond. In general it can be said that 100)2(5 LHD W'th(DC)z =0.0012. PrograrRelaxfound LHD with
the simultaneous exchange of several factors igffective if (Oc) =0-000797 ina few seconds.
m>5. For theMSE criterion, however, it altogether does not
provide a possibility of improving the local optimufound by V. CONCLUSIONS
the simplest exchange variant, see Fig. 1. Thel thariant, The proposed univariate relaxation and exchangearighgn
three-point cyclic coordinate exchange, rapidly dmes with improved multistart method gives a good effegmtess
ineffective with the increase of the number of ruimssince for direct optimization of continuous and discrete
there arem[n(n-1)(n-2)/3+n(n-1)/2] variants to be checked.  experimental designs according to any optimizatioterion.

Therefore after many numerical experiments with sHiithn In cases of low (3-6) dimensions the knovroptimal
up to 500 andn up to 15 we concluded that the first, simplestliscrete and continuous designs were confirmed.aFarger
exchange variant is the most effective, in comnawith the number of variables many designs with befeefficiency
improved multistart method — generation of newt gtaints by were found. The algorithm works very well also foatin
exchange of randomly selected point coordinatesn frithe hypercube designs.
previously found best solution. This means thatafbipointsx; ,
i=1,..., n of previously found best experimental design alhd a ACKNOWLEDGMENTS
coordinates (factord¥1,...m, the coordinate; is exchanged with

coordinatex; from a randomly selected other pok)twhen the CThIS work ‘was partly supported by the European
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Janis Auzip$, Aleksandrs JanuSevskis,ahis JanuSevskis. Optimi2tie eksperimentu pkni metamodegSanai: Algoritms

Saj dartn tiek apskata neprtrauktu un diskitu mairigo eksperimentu phu tiedi optimizicija atbilstoSi izelstam optimalites kririjam. Var tikt izmantots
D-optimuma kri¢rijs un &di telpas aizpiltBanas kririji ka videjas kvadatiskas Kudas (VKK) kriterijs, Eglja kritérijs, entropijas krigrijs, nesaistes kitijs uc.
Optimizacija tiek veikta, izmantojot viendimensijas rela&igas un koordiatu apmanas algoritmu ar uzlabotu multistartu.

Piedavatais viendimensijas relaksijas un apmaias algoritms ar uzlabdtmultistarta metodi uzda labu efektiviti nepartrauktu un diskdtu planu tieSajai
optimizacijai saskaa ar jebkuru no optimixijas kri€rijiem. Negrtrauktu un diskétu D-optinilo planu gadiumos ar mazu dimensiju skaitu tika igigun
apstiprirati I1dz Sim jau ziamie phni. Daudz pinu ar lalaku D-efektiviati tika atrasti gagumos ar lieiku mairngo skaitu. Algoritms s#ida loti labi aff Latinpu
hiperkubu pinu gadjumos.

Snuc Aysunbu, Anekcanap Slnymesckuc, Sauc SInymesckuc. ONTHMH3MPOBAHHBIE IUVIAHBI IKCIIEPUMEHTOB /ISl MeTAMO/eTMPOBAHHS. AJITOPUTM

B paboTe paccMaTpuBaeTCsl HEMOCPEACTBEHHAS! ONTHMI3AIII TUTAHOB SKCIIEPHMEHTOB AUCKPETHBIX M HEMPEPHIBHBIX NIEPEMEHHBIX B COOTBEICTBUH C BEIOPAHHBIM KPHTCPHEM
KauyecTBa. BO3MOXKHO Hcronb30BaHue Kputepusi D-ONTUMATIBHOCTH M TAKMX KPHTEPHEB 3allOJHEHHs POCTPAHCTBA Kak KpUTEpHid cperHekBaapatndnoil ommbku (CKO),
KpHUTepHi Driatica, KpUTEpU SHTPOINY, KPHTEPHH HEBA30K U Ap. ONTHMI3AIIs IPOU3BOIUTCS, UCIONB3Ys AITOPHTM OJHOMEPHOH pellaKcaly X 0OMeHa KOOpAHHAT C
YITYHILICHBIM MYJIBTHCTAPTOM.
ITpeuIoKeHHBIH aITOpUTM OXHOMEPHOH pPeNaKcalii 1 OOMEHAa C METOIOM YIyYIICHHOTO MYJBTHCTapTa MOKa3al XOpOILIyro 3({EeKTHBHOCTh MPH HEMOCPEICTBECHHON
ONTUMHU3AIMY IUIAHOB SKCIIEPHMEHTOB NHCKPETHBIX M HEMPEPHIBHBIX IIEPEMEHHBIX B COOTBEICTBHH C JIOOBIM M3 KPUTEPUEB KadecTBA. B cilydasx HeENpepbIBHBIX H
JIACKPETHBIX D-ONTHMAbHBIX IUIAHOB MAJBIX Pa3MEpHOCTeH OBUIM IOMy4eHBI U MOATBEPXKICHB! paHee M3BECTHBIC IUIAHEL B cilydasx OONMBIINX pa3MEpHOCTEH MOITydeHO
MHOTO IUTaHOB ¢ Jiyditeii D-3¢deKkTHBHOCTEI0. ANTOpUTM paboTaeT OYeHb XOPOLLO H B CITy4asx IUTaHOB JIaTHHCKHX THIIEPKYOOB.
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