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Abstract: In this paper a new mathematical model of
photoplethysmographic signal is proposed. This mathematical
model is built as a conditional linear random process that allows
representing main biophysical peculiarities both of the signal
creation and of signal stochastic periodicity. It makes possible
analyzing the photoplethysmographic signal with the help of the
method of characteristic functions.
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The PPGS nature is essentially random, with obsensa
to-observation changes. That's why the stochagipraach is
used for modelling and processing of photoplethygnapohic
signals. Also, it is necessary to consider the PPiGg8mic
structure caused by the cyclic heartbeat. An exangplthe
PPGS realization is given in the Fig. 1, wheresiteasy to
observe its cyclicity as well as the absence oé@rhinistic
periodicity.

cond.un.
100
I INTRODUCTION

Development and validation of a mathematical maslehe 50
of the most important steps in digital signal pssieg. An
adequate model should provide data, which can lee us 0
diagnostic systems in order to solve problems @drinative
features detection, problems of pathology idertfn, >0
problems of decision making and computer modelling
problems. 000071 143 214 28 357  429tc

Photoplethysmographic signals (PPGS) are time rhigth
variations of light absorption in some organs d¢iuanan body
caused by changes of their perfusion by blood. &ségnals
characterize the functional state of live body uess by
indexes of blood filing dynamics on the level offiet
microcirculation system. This system has the mogtortant
role in the provision and support of the tissue bostasis.
Disorders of the microcirculation system functianirare
sources of the development of practically all phibizal
processes.

It is difficult even to list all fields of photoplleysmography
applications in medicine; they are physiology, #msr,
surgery, dermatology, gynaecology,

stomatology, paediatrics, etc. Clinicians can

Fig. 1. Realization of the photoplethysmograpitoal

The most widely used and the simplest method oPR€S
processing is a determination and statistical amalgf such
characteristics as maximums, minimums, inflectiazints,
area under curves, etc. [3], [4]. These diagndstitures are
understandable and familiar for doctors, since ti®yused to
process such data in a “manual” mode while makiagribsis
in their everyday clinical practice.

Automated methods of the PPGS classification orbdss
of the signal form analysis are considered in tloekW1] that

neuropathologyivolves the anterior filtration [1], [5]. Some abrrelative
usEethods of PPGS analysis are described in the f2pexiso,

photoplethysmography as an additional method bath fauthors of the paper [1] analyse possibilitiesmglations of

disease diagnostics and for scientific researcBesides,

fuzzy logics methods for processing of diagnostiatad

photoplethysmography has a subsidiary diagnostid aMhereas in the work [6] it is proposed to use neuretworks

prognostic importance for study of many cardiovéscand
neural diseases, which are now the most often oafudeaths
and disabilities of young people. Photoplethysmplgyacan
be useful also for hygienists, for sports doctassvell as for
doctors, specialized in the space medicine field.
Biophysical aspects of creation of photoplethysrapbic

for the PPGS classification.
The structural scheme of the computer-informatigstesm
for registration and analysis of photoplethysmograsignals
is given in the Fig. 2. Such system is used for riredical
diagnostics of a functional state of a vasculancleh
In the scheme there are presented

signals and the current state of technical devices forrthefbbreviations:

registration were described, in particular, in pagers [1], [2].
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o BO - Biological Object (section of the organism
tissue, filled by blood vessels);

the following
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o OET - Optoelectronic Transformer, which consists However, to determine the accuracy of measuremnemds

statistical processing of photoplethysmographimaig even

o EB - Emitting Block of the light-diode type (the within the correlative theory, we need to know moiseof the

of:
wave length of radiationspectral maximum
0.96 mcm);

is 0.94- orders higher than the second one.

The mathematical model of a photoplethysmogragpilgicas

0 OC - Optic Channel, intended for directing of theas a linear periodical random process is preseintggapers

infra-red radiation onto BO;

[9], [10]. This model represents the essence oplbsical

0 BR — Block of Reception of the reflected or diffdse information about the origin of photoplethysmogriaph

BO radiation;

) BRR Block of Registration
photoplethysmographic signal Realizations;

) BEDP — Block of statistical Estimation of Diagnasti
Parameters;

o BDS — Block of Diagnostic Space forming;

o BMD - Block of Making diagnostic Decisions.

of

Fig. 2. The structural scheme of the computer-mftion system for the
registration and analysis of photoplethysmograghgoals

I PROBLEM STATEMENT

At present, stochastic periodic random processesofien
used for construction of new mathematical modeidhgthmic
signals. Some probabilistic characteristic of sémtit periodic
random processes are periodic functions of timees€h
models allow to take into account the presenceyoligty in
the time structure of signals.

An additive composition of a weakly stationary ramd
process and a deterministic periodic function ie thell-
known model of rhythmic biosignals being the sinsplene
[4]. This model is rather simplified and thereforeloes not
allow making a detailed description of signals rezkih the
modern diagnostics.

It should be also pointed out that this model isbased on
some biophysical concepts. Instead, it was developlying
only on a posterior analysis of experimental rasult

Signal models in the form of periodical correlathamdom
processes (shortly PCRP) with periodical first tyvmoment
functions can also be referred to this type of n®d{g, [8].
Such models allow investigating signals only in lineits of
the correlative theory. Higher
distribution functions cannot be calculated onlibse of these
models.

moment functions and

signals. It takes into account their stochastic amghmic
character, and it allows to carry out signal prolistic
analysis with the help of the method of characteris
functions.

In this paper the mathematical model describedapeps
[9], [10] will be improved by means of considerirthe
random character of kernel parameters of the qooreting
stochastic integral  transform.  Also, probabilistic
characteristics of the new model will be analyzedthis
article.

The photoplethysmographic signal is obtained byndma-
red optoelectronic transformer. Its operation ishsthat the
investigated object is illuminated with the lighdx from the
light-emitting diode and then the reflected lighHuxf is
measured by the photo receiver (photodiode).

The radiation flux detected by the photo receiv@rsists of
two components: a constant component and a varaide It
is known that the variable part is informative. Madue of the
variable part of light intensity is registered andestigated. It
is determined by the amount of the intensity of tigt
diffused because of the reflection from erythrosyf#l]. It
means that this amount is defined by the number and
properties of erythrocytes. It is the number oftlerycytes in
the light beam that essentially influences the #ldmht
absorption, changing in time randomly and rhythdhjca
according to the cyclic heartbeat.

Every k -th erythrocyte gets into a range explored by the
light beam in the time momentk e Z. It reflects the light

MATHEMATICAL MODEL JUSTIFICATION

with intensity described by the functidp (z,,t), wherez, is

the moment of thek -th erythrocyte entering into the light
beam ranget is the observation moment. The time moments
7.,k e Z are random.

Every k-th erythrocyte remains in the light beam during
the finite time interval[z,, 7, +fk(fk)] , Wherefk(r) >0 is the
duration of thek -th erythrocyte presence in the light beam.

|~k(r) is a random function oft, since the blood velocity

(and, correspondingly, the time of the erythrogytesence in
the light beam) varies over the cardiac cycle,déasing in a
systole and decreasing in a diastole.

Thus, I,(z.t), as a function oft, has an impulse
character, i.el, (z,,t)=0 att ¢[z,, 7, +1,(z,)] -

The size and shape of each erythrocyte as welltsas i
location with respect to the incident radiation af@ random
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nature that makes pulsek (z,,t) random functions. The Fi(X7)=P(, ()<x) (hereF(x r)=0 at x<0) being T -
periodical, i.e.F (X, 7)=FR (X, 7+T). ~

5. Random variablesy,, ke Z, and processe$, (7),
ke z, are independent as well as they are not dependent
regarding time moments, ke Z.
rk(r,t), l, (t,1) 1 2 Based on p. 1, 2 we can conclude that the procéss o
- / ,K reflected impulses occurrence is a Poisson flowh vitie
Vil

parameteri(z), 7 e(—oo,0).

realization of such function is shown by a dotte lin the
Fig. 3.

!
i: _ Environmer_lt of propagation of_ reflegted Iight immﬂ;_ has

I: :: linear properties. Therefore, the intensity of ligat obtained
l: by the photo receiver (the total reflected signal)a sum of
:} intensities of light impulses reflected by each tiemycyte

| i separately.

- Thus, the variable terrg(t) of the photoplethysmographic

Ty T+ 1 (Ty) signal can be presented as:

0

() = i o)=Y adt-7:h (7)), te(—o®). ()

k=-o0

Fig. 3. Realizations of the intensity function: 1the reflected impulse
( Fk (Z',t) ), 2 — the simulated impulsd { (z’,t) ).

Further simplifications made in the model of the The expression (3) can be presented in a form, twhc

photoplethysmographic signal are the following. more convenient for solving theoretical and pradti@sks.
1. The function |k(f,t) is introduced instead of the For that let us introduce a non-unifosimple Poisson process
function fk(r,t) (see Fig. 3): 7(r), 7e(-wo,o), P(@(0)= 0)= 1, which corresponds to a
non-stationary Poisson flow with the parametgr ) .
_ T The Poisson flow presented above characterizeoeeps
I t)= t—z;l , 1 e .
(T ) ak¢( ’ "(T)) @ of the appearance of reflected light impulses [umps of the

_ _ process z(r) happen in the time moments, ke Z).
where a, >0,k e Z are random variablesj(s;1) is a non-  Besides, letr,(r), re(—o,»), P(r,(0)= 0)=1 be non-

random function, which can be presented as: uniform generalized Poisson process, jumps of whigbpen
at the same time moments .,k e Z and the value of each
#(si1)=U(s)u(l-s), I >0, (2) jump in the time moment, is equal to the random variable
.
0.s<0 In this case the proceggt) can be written as the stochastic
whereU (s) :{ ' " is the Heaviside function. integral:
1,s>0
The following assumptions are accepted regarding th © _
process of erythrocytes entering into the lightrbea &(t) = J'qﬁ(t -7 (T))d;rl(r), te (—oo,oo). 4
1. Erythrocytes get into a zone, explored by the light -
beam, in consecutive time moments

{...sz<771<TO<T1<72...<T|(...}' with values of intervals The random process (4) is caIIe_d a conditional aine

At, =1,-71,,, keZ between them being independenfandom process. The funct|o¢(s;l) is the kernel of the

random variables. transform (4), which describes a shape of refledtapulses
2. During a rather small time interver,z +Az) the @and their duration;z,(z) is the generating process, which

probability of appearance of one reflected impuls€haracterizes moments of the impulses appearaneelass

(erythrocyte entering into the light beam) is equal their amplitudes.

A(r)Az+0(A7). Here A(r) is a deterministic function,

which characterizes the intensity of the erythre@ppearance IV. PERIODICAL CHARACTERISTICFUNCTION OF THE
in the light beam. It is a function of time as it depends on SIGNAL MODEL

the cardiac cycle phasel(r)=A(r+T), where T is the iz":ukm)
period of heartbeats. Probability of the appearasicenore Let fo(u,u, U sttt E M ,

than one impulse during the small time interyalz + A7)
has the order 0b(A7). = _
3.  a,>0,keZ are independent similarly distributed of a conditional linear random process (4). _
random  variables with the distribution function W€ can show that its logarithm may be presentethén
F,(x) = P(a, < x), whereF,_(x)=0 at x<0. next form:
4. [, (r) >0, ke Z are independent similarly distributed
random processes, with one-dimensional distributimections

U, t, € (—0,2),k =1n,i=+-1 be a characteristic function

84



Scientific Journal of Riga Technical University
Computer Science. Boundary Field Problems and Ceeni8imulation

2010
Volume 45

Inf(u,u,, ...u,t,t,, ...

)=

XY Ut =73 y)
e k=1

_ : ()
~1|dF, (X)dF, (y; £)A(r)dr

1]

The characteristic function (5) isTaperiodical function of
its time arguments, i.e.:

Inf,(u,u,, ..U, 5ttt )=

=Inf (U, Uy, Uyt + T+ Tt 4T ©)
So, we have:
In (U, Uy, . U st +T L+T L +T )=
‘ ixi“k¢(‘k+‘r’7; y) (7)

e = ~1|dF, (x)dF, (y;7)A(r)dz

i

ot—38

Having executed the change of variallle-T =S in the
formula (7), we get:

In £, (U, Uy, U st + Tt +T Lt +T )=

gl

x> Ul —s: y)
e k=1

_ - (8)
—1|dF, (x)dF, (y;s+T)A(s+T)ds

Taking into account that A(s+T)=A4(s), and

F(y;s+T)=F(y;s) we can see that the condition (6) is

satisfied.

Random processes, the characteristic function oictwh
satisfies (6), are called periodical by Sluckij ggeses [12], or
propos

cyclostationary processes [8]. Thus, the
mathematical model of a photoplethysmographic $ignéhe
form (4) can be named a conditional linear periadiandom
process.

The periodicity of the characteristic function (6 the

random processi(t) results in the periodicity of all its [5]

moment functions. It means that the mathematicpéetation
m, (t) = M&(t) and the correlative

R.(t,t,) = M((é(tl)—mf(tl))(ﬁ(tz)—mg(tz))) of the random

processE(t) are periodical, i.e.:

m.(t)=m.(t+T),
R(t,t)=R(t,+T,t,+T).

Thus, the process(t) is also a periodical correlative one.
Periodicity of probabilistic characteristics of thandom

processé(t), te (—wo,0), causes the weakly stationarity of

the random sequencé(t, +kT) for any t, €[0,T), ke Z.
Therefore, it is possible to realize a joint stata processing

of any s>1 stationary and weakly stationary dependeriii]

random sequences:

function [6]

St +KT), &(t,+KT), ..., &(t, +KT),
t,t, ...t,e[OT), keZ.

For that, well-known methods of statistical analysind
prognosis of stationary time series may be usedt [Hst
statement is a fundamental principle of statistigaicessing
of random signals with periodical probabilistic cheteristics.

V. CONCLUSIONS

1.The new mathematical model of a photoplethysmogdcaph
signal in the form of a conditional linear pericaicandom
process is developed based on biophysical infoomaabout
the photoplethysmographic signal origin. In corttras the
results obtained in the papers [9, 10], the newehtakes into
account that erythrocytes stay in a light beamndya random
time.

2.The characteristic function of the mathematical elauf
the photoplethysmographic signal is derived. Itdqukcity is
proved.

3.The periodicity of probabilistic characteristics tfie
photoplethysmographic signal mathematical modellteén a
possibility to realize signal statistical procegshmsed on the
well-known methods of cyclostationary processesissizal
inference.
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Mihails Frizs, Bogdana Mlinko, Elena Mul, Natalija Zagor odnaja. Nosacits linear s periodisks gadijuma process ka fotopletizmogr afiska signala modelis
Saj darta pamatota adekta fotopletizmogifiska sigrila matenatiska modda izveidoSanas aktualie, ki galvenais nossiums &lakai statistisks anaizes
metozu izstidaSanai, kas pamatojas uz So modeli. Autsirapraksta zi#émas fotopletizmodgifiska sigrila matenitiskas modetSanas metodeszlan analiz to
priekSrodbas un tikumus. Darb formuktas galveas prasas jaunam mateitiskam modelim: iesjja ieverot stohastisk un periodisk sigrala raksturu,
iespgja veikt sigrala modetSanu un & veidoSanas uzskaiti, iemojot atbilstbu starp ralo sigralu un materatisko modeli, kam vienlaikus iapat relatvi
vienkarSam urertam. Autori piedva jaunu fotopletizmodgifiska sigrala matenatisko modeli K nosattu periodisku lineéru gadjuma procesu, k@ratspogiotas
petama sigrala raSads biofiziskas ipatrnibas, iewrots & stohastiskais un vienlaikus cikliskais raksturdedfvata modda ipa3bas lauj analizt
fotopletizmogéfisko sigralu ar rakstuigas funkcijas metodi. Dagbai pieradits, ka nosata periodiska lingra procesa rakstiga funkcija ir periodiska, kakuj
So procesu apkot ka periodisku Slucka gadima procesu vai ciklostaciaru procesu. Gagima procesa rakstigas funkcijas periodiskuma sekas & t
momeniinu funkciju periodiskums. Sis faklauj uzskat gadjuma procesu par periodiski koggiSu.

Muxana ®pbi3, Borgana Mubiiko, Enena Myab, Haranusi 3aropogHasi. YcJOBHBbINH JIMHEHHBIH NepHoaMyecKuii ciaydaiHbIii npouece Kak
MaTeMaTH4ecKasi Mo/ieJIb (JOTOIIETH3MOCHTHAIA

B nanHo#i pabote 000CHOBaHA aKTyaJbHOCTh IIOCTPOCHHS a/ICKBATHOH MaTeMaTHYECKOH Mozein (OTOIICTH3MOCUTHANIA, KaK TJIABHOTO YCIOBHS JalbHEHIIeH
Pa3paboTKH METOJOB CTATHCTHUYECKOTO aHaIuM3a Ha ee OCHOBE. ABTOpAMH KpPaTKO OIMCAHBI M3BECTHBIE MOAXOABI K MaTeMaTHYECKOMY MOJCIHPOBAHUIO
(oTomIeTn3MOCHrHANA, a TAKKe MIPOAHATH3UPOBAHBI HX NIPEUMYIIECTBA H HETOCTATKH. B paboTe npuBeaeHbl OCHOBHBIC TPEOOBAaHMS K HOBOH MAaTeMAaTHIECCKOU
MOJICNIM, @ HMMEHHO. BO3MOXXHOCTh YYMTHIBATh CTOXaCTUYECKUMH M IEPUOAMYCCKUH XapaKTep CHUTHalla, BO3MOXHOCTb IIPOBEICHUS HMHTAIIMOHHOTO
MOJICIIPOBAHKS CHTHAIA U ydeTa MEXaHU3Ma ero (ppopMHpPOBAHHS, COOTBETCTBUE PEaTbHOIO CUTHANA M €r0 MaTeMaTH4eCKOH MOJIENIH IPH €e OTHOCHTEIbHOU
IPOCTOTe U yAOOCTBEe. ABTOpaMH HpeIOKeHa HOBas MaTeMaTHdecKas Mojelb ()OTOILICTH3MOCHTHAIA B BHIE YCIOBHOTO HEPUOAUYECKOTO JIMHEHHOTO
CIIy4aifHOTrO Tpolecca, B KOTOPOH 0ToOpaxkeHbl OMO(U3NUECKHE OCOOCHHOCTH HPOMCXOXKIEHHUS MCCIICAYyeMOro CHIHAjla, YYTCHBI €ro CTOXAaCTHUYecKas M
OJHOBPEMEHHO IUKIMYeckass npupona. CBoiicTBa MpeIoKeHHOW MOAENIH IO3BOISIOT aHAIM3UPOBATH (hOTOINIETH3MOCUTHAT METOIOM XapaKTePUCTHIECKHUX
¢ynxnuit. B paboTe Takke A0Ka3aHO, YTO XapaKTepUCTHUECKas (YHKIHS YCIOBHOTO IEPHOIHYECKOTO JTUHEIHOTo mpolecca sSBISeTcs MepHOANYECKO, 9To
MO3BOJIICT PAcCMATPUBATh €ro Kak nepuoamueckmii mo CiynkoMy ciywaitHbiid nponecc. CIEACTBHEM IEPHOANYHOCTH XapaKTEPHCTHYECKOH (QyHKIMH
CITy4aifHOTO TIponecca SBISeTCS MEPHOAUYHOCTh €0 MOMEHTHBIX (YHKIHH. OTOT ()akT TaioKe IO3BOCT CUMTATh CIyYalHBIA IPOIECC MEpHOTHICCKH
KOPPEIUPOBAHHBIM.
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