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_Abstract — The ODE solver HBT(11)9 is expanded into a with the Taylor series method of order 11, dendgdT11.
differential ~ algebraic  equation (DAE) solver, called HBT(11)9DAE takes advantage of this fact and retiasthe
HBT(11)9DAE, for nonstiff and moderately stiff systens of fully above modification of Pryce’s procedure

implicit DAEs. Pryce’s structural pre-analysis and aitomatic Forci . f th ical uti
differentiation for DAEs is adapted to the new solve The orcing an expansion o e numerical solution ¢pea

stepsize is controlled by a local error estimatorHBT(11)9DAE ~ With a Taylor expansion of the true solution toerd1l leads

uses only the first five derivatives of y as oppodeto 11 with the to a combination of Taylor- and Runge—Kutta-typedleor

Taylor series method of order 11. HBT(11)9DAE is apjd to  conditions which are reorganized into Vandermonpety

electric circuit problems, and, on the basis of th&€€PU time and  |inear systems whose solutions are the coefficiaftshe

the maximum global error, it is superior to Dormand — Prince’s ”n ; :

DP(8.7)13M adapted to solve DAES, method. These coefficients are obtained only ogcx;_owtlons
of these systems by means, say, of Gaussian etiomna

Keywords -General linear method for non-stiff DAE, Hermite- We call DP(8,7)13MDAE, the DAE solver obtained by
Birkhoff method, Pryce structural analysis for Taylor method, —€xpanding the Dormand-Prince ODE solver DP(8,7)13M
electric circuit. [12]. On the basis of the CPU time (in seconds) magtimum

global error, HBT(11)9DAE wins over DP(8,7)13MDAR i
[. INTRODUCTION solving electric circuit problems.

The ODE solver HBT(11)9[8] is expanded into a Section Il briefly sketches the ODE solver HBT(11)@nd
differential  algebraic equation (DAE) solver, cdlle in [8]. Section Ill summarizes Pryce’s structurabbysis for
HBT(11)9DAE, by the addition of a modification ofyee’s DAEs. Section IV considers the analytical solutafra linear
structural pre-analysis and automatic differergiati(AD) ~ Circuit. Section V presents numerical methods amhmares
techniques to solve smooth nonstiff and moderawiff DAE methods.
systems of fully implicit DAEs of arbitrarily higfixed index

of the form [I. ONE-STEPHBT(11)9
iy, 5 (), y@(B),. ) =0, ) Thg_ predictors P to R, int_egration fo.rmula IF, order
conditions, off-step points {ef. @ = 1,2..... %

with consistent initial conditions, whe y : B — B¢ and Vandermondetype fqrmulation and region of absodtbility
B ... e of HBT(11)9 found in [8] are the same for ODE anéib
s ' methods. But for DAEs, we need to add a step cbntro

HBT(11)9DAE combines Taylor and Runge—Kutta method?redicmr’ Ro, found in [9] to advance integration for
These are linked by predictors which y&é to y® at current HBT(11)9DAE.
pointst,, and onlyy® at the off-step points.

[1l. STRUCTURAL ANALYSIS FOR DAES

Recently, improved Taylor series methods have beenpefinition 1: A consistent poiniP(t*), of (1) is defined as
developed for solving smooth nonlinear and fullpliwit high 5 scalar together with a set of scalari¢ , for

index DAEs containing derivatives of any order [18], [6], ;_—1 2 .. 4 andi=1.2.... . L < o _ such that there
[7] with polynomial cost in the number of digits aEcuracy . . . . e s
[5]. The main cost in solving an ODE/DAE by a Tayieries e>l.<{|?.ts .a solution to (1) |n-a Ijlelgh.bOUI’hOOdf = t* with
method lies in the repeated evaluation of the Taylc¥; (f') = ¢ and the solution is unique.
coefficients of the functions involved. For smodIiAES,
Pryce [13] used_ automatic dlfferent|at|_or_1 technsqwath_ a respect to its independent variat = B and all its dependent
structural analysis to compute the coefficientI aflor series : S R iahborhood of istent point
solutions about the current time-point. An adaptatof this variablesy; " % in a neighbor 0(_) of a consisten .p0|n.
procedure is implemented in [10] and [11] for HBOYaDAE 'he Taylor method for DAEs requires a pre-analysisch
and HBT(12)5DAE, respectively. solves an assignment problem by Pryce’s signatuzéhad

In this paper, increased efficiency is achieved thg [14].
addition of off-step points, where ony§? is required, and the  Let the nonnegative integ*®:, called equation-offset be
order of the necessay/(t,) is reduced to 5 as compared to 1khe number of times théth equationf; = 0 has to be

We assume that system (1) is sufficiently diffeiavie with
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differentiated to be reduced to an ODE. Also, lae t
nonnegative intege 4;, calledvariable-offset, be the highest
order to which derivatives ¢ ¥; occurs in any of thel
differentiated equations. We let

8;. @)

Pij = Ri —

The following definition and theorem [13], [14] acentral

pieces of Pryce’s staggered solution of DAE’s byyloa
series.

Definition 2: The d = d matrix.J = {.J;;}

).

alf/a (yip""" if y;““] is present in f;,

Ji=10, ) 3)

iy

if yEP‘n‘] iz abszent from f; C

or pg < 0,

is called asystem Jacobian matrdf equation (1).

Theorem 1: If the DAEs (1) are sufficiently smooth in a
neighborhood of a consistent point P, then the dragkries
method applied & succeeds if and only if ttd = d system
Jacobian matri¥ is nonsingular a®.

We summarize Pryce’s structural
corresponding algorithm as follows.

analysis and the

a) Form ed = d signature matri>X = (o;;1 with
¥

highest order of the derrvatives of y; present

in the ith equation f; = 0,
Tij = . ) :
z‘? —oo if the variable y; is absent

from the ith equation f; = 0.

(b) Solve an assignment problem to determinéighest
value transversalHVT), which is a subset of indices
(i,j) describing just one element in each row and each
column, such the } m;; is maximized and finite. We
assume that such an HVT exists.

(c) Determine the smallest offsesi and d; of the problem
such that
A oy forall 1< i<d1<j<d,

_-:i_"""zi

with equality on HVT. Thestructural indexis then
defined as

0, (®)

L,

ifall 4; =0,

v = Imaxk; + -
i ifsome 4; =10

(d) Form thesystem Jacobiandefined in (3).

(e) If Jis non-singular at a consistent poihiat step point
i* = fn+1, compute the solution by Theorem 1, that is,
substitute the expansion

w

Y
J

(it —1

5 L

into equations (1) and expand in Taylor serieshiaio

: - 1 d7f
PR T - i L AT T
fit,y,yy®, =) 4 @)=Y =0,
g=0
The system
iy =0 (4)
_| =
ditd /
[ R
| e,
| [ .
I e, -
- —_— [
C, (0| C,@) e, 1
1 2 Y
G_‘: G: G: '-|-/Iv|:_r)
L | L |
Hide Hrond

Fig. 1. Linear circuit with Nc time-dependent capacitancessoM constant
conductances andcBtonstant capacitances

is solved in a “staggered” way fy'*(#*) by means of
the following “lockstep” solution scheme: solve

d?r+.\'; i|.'z

diF s

(t*) =0 for yF+o) ()

(),

ij=1,...,d, (5)

(0,

for stages I 0,1....,5. where all otheiy; '(t*}

occurring in (5) have already been found at easliages.
In general, system (5) is linear in the correspogdi
unknowns and involves the same Jacobianfor
=12, whereJ is computed in step (d). It is to be
noted that, at théitial stagesk < 0, the initial guesses

yr” s=0,1,...,46;—1. are acquired by means of the

e

o,

components o#~+1- The local error control will make
these guesses close-to-consistent. The close-&istent
point ¥=+1 is then projected onto the enlarged DAE
constraints system by a root finding process whgh
iterated to convergence to get the final ve¥=+1 of the
consistent poinF{fn+1)-

If J is non-singular at a consistent poltat off-step

point t* = t,, + ¢; ., system (4) is similarly solved by
means of (5) for stagk = 0 and (for certain problems)
k=1, where all othe: yf-‘u;f‘; occurring in (5) have
already been found at earlier stages or acquireddnans

of the components OWn+-<;-

IV. ANALYTICAL SOLUTION OF A LINEAR CIRCUIT

wt) = %y

{20

One of the primary applications of the techniqueetizgped
in this paper is in the simulation of electricafcaits. The
challenge in simulating circuits with capacitorgd amsistors
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comes from the oscillatory behavior of circuit putals when
subjected to an alternating voltage.

In this section, we consider the analytical solutiof a
modification of a linear circuit with a time-deperd
capacitance considered in [4]. The modified nodadlgsis
applied to the circuit in hand shown in Fig. 1 lgalirectly to
the following DAE system,

Nige[Ca i) ealt) + Caltjeb(t)]
+ NegpaGaealt) — Necealel(t) — ebit)] = 0, (©)
Necea[ei (8] — e5(t)] — (£ =0,
epit) —wit) =10,

whereCa(t) is an arbitrary functior(¢) is an input voltage,
oz and(s are arbitrary constants and

Using the data (MGE, CPU) we plot the curve
(—logio(MGE), log,,(CPU)), in a least-squares sense, by
means of Matlab’s polyfit. Then takir— log;; (MGE) = j
as an integer, we obta log,; (CPU) from the curve and
hence CPU;;; and CPFUas;; for methods 1 and 2,
respectively, associated with problém

-4

i3 . L
-1.6 -14 -1.2 - -0.3

Fig. 2. logo(error) attn = & (vertical axis) versus lagh (horizontal axis) for

e Ngc is the number of capacitors with time-dependertonstant stepsize HBT(11)9DAE applied to test mob(10) in the interval t

capacitance&,(t);

e Nong is the number of conductors with constant

conductancés,;

€ [0, n].

The CPU time percentage efficiency gaifCPU PEG) is

e N, is the number of capacitors with constanfi€fined by the formula (cf. Sharp [15]),

capacitance,.
This is a convenient test case because the numlggs,

Neong@nNd N, Of elements can be varied systematically and the

input functionse,(t) and Cx(t), and the constants andG,
can be chosen arbitrarily to determine the osoitiabehavior
of the potentialsey(t) and the currenf(t); moreover, the
analytical solution is available.

Algorithm 1: This algorithm solves system(6) for e(t)
and ().
Given arbitrary input function€,(t) ande,(t) such thalt}

and e, (f] exists, the following algorithm obtains the gehera

solutione,(t), andj(t) of (6).
(a) Compute

“lt) = g M GaBealt) + B0 0) )
+ NegnaGaea (t) — Necea(—ea(t))].
Jit) = Neeea[eq(t) — ealt)]. ®)

(b) If eqit) = _|I' ej(#dfl does not exist analytically then
an analytical solution to system (6), if it existannot be
found by mean of this algorithm.

(c) If e (t) exists analytically, thew(f) = &1(t).

V. NUMERICAL RESULTS

The derivativesy®™ up to y*® of the Taylor series are
calculated at each integration step by Pryce’s raatic

differentiation technique.
The error in a numerical solution at timg is the norm

Ej CPUglij

S, CPU ©

(CPU PEG); = 100 l — 1] :
A.Numerical verification of the order of HBT(11)9DAE
To show the relevance of the theoretical order of
HBT(11)9DAE, we have applied the method with consta
stepsize to the following test problem found in fjp, 98—99]
and [3], over the intervif € [0, 7] with the following initial
conditions:
fug, + v — (1 4+ Ejve =10,

o —smit =1,

1,id

o

- (0] =1,

wa (0] =00, (10)
and exact solution:
w(t) =e"* +tsint,

This problem is used to test several Runge—Kuttthoas
which are likely candidates for solving stiff orffdrential
algebraic systems.

In Fig. 2, the error at, is plotted for different
stepsizes in a log-log scale so that the curve, which fite t
data (logigh.logia(||lve —w(tal]=<)) in a least-squares
sense, appears as a straight line with slopehenever the
leading term of the error is of ordek, that is,
|4 — wital|s = O(K¥). For HBT(11)9DAE, we have a
straight line of slope 11, thus confirming the ardd the
method.

walt) = sint.

B.A linear circuit with time-dependent capacitances
As an example of a DAE problem, we consider thedn

lltm — wita)]l— Of the difference between the numericafircuit (6) withNge, Neong@NdNccreplaced byN,,

solutiony, and a reference soluticxit,.} given by means of
the analytical solution, or T12 or HBT(12)5DAE [1Ht
stringent tolerance, as appropriate.

The maximum global error (MGE) is the maximum of the
errors over all the integration steps.

N [Calt)ealt) + Calt)ey (t)] + N Gaealt)
—P'p'- r.._..l..=-
_ r.;f'g[:‘fllj,l eal(t)] =0, (11)
Neea[e] (t) — eq(t)] — j(t) =0,

ety — ) =0
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Given the input functions and parameters,

ea(t) =sint + cost, Caft) =14 0.25(=int + cost),

=1, Gy =2, (12)
ot
o 5 0 15
15 :
s
-0s
15 = |:| 15

Fig. 3. Solutiorey(t) (top) ande(t) (bottom) of system (11)

TABLE |
CPU PEGoF HBT(11)9DAE OVER DP(8,7)13MDAEORPROBLEM (11).

N, [ CPUTEG of HET(I TP0AE
over DE(8.7)13MDAE

1 [/3%
400 158%
800 172%

Algorithm 1 obtains »#{#) = 4=sinf 4+ 0.25=in2¢ and the exact
solution of (11) which, by the choicez =1 and
7y = 2 simplifies to

e1it) = 4sinf + 0.25 sin 2¢,
ealt) = sint + cos t,
Jit) = (3cost + 0.5 cos 2f 4+ sint)N ..

Then the initial conditions are

ey(0) =0, eall) =1, Jl0) = 3.6N,.

For system (11) over the intervt < [0.47]. Fig. 3
displays the voltages(t) andey(t) , and, forN, = 1, N, = 400
andN, = 800, Fig. 4 displays the currg(t).

Figure 5 displays the CPU time (CPU) (horizontaispx

versus log,, (MGE) (vertical axis). It is seen from the figure €2t} = sin{tw),

that HBT(11)9DAE compares favorably
from the CPU PEG listed in Table I. This showseffeciency
of HBT(11)9DAE for problems of this type with in@&ingN;

and similar response characteristics.

C. A linear circuit with time-dependent capacitasicand
increasing number of conductances

90

As a second example, we consider a particular chgdbe
linear circuit with time-dependent capacitancesswmered in
section IV and which is a representative of ciuitith
oscillatory responses.

ST (- R TR Y

-2

-3 T o

1500

1000

a0

—500

=-1000

~1500,
o 5 10 15
e

2000

1000

1]

—-1000

=2000

-2000 A
0 3 10 15

Fig. 4. Solutiorj(t) of system (11) foNc= 1, Nc= 400 and\c= 800 (from top
to bottom)

Given the input functions and parameters,

ea(t) = sin{fw), Calt) = 0.25sin(tw),

7o =2, (13)
Algorithm 1 obtains () = £1(tf} and the exact solution of
problem (6),

oo =1,

eplt) = — N cn
4P

1 | . (i
[E Niae cos{2tw) 4+ Nogna —2 cos( tw)
— N sin[m'j] s

(14)

. 1 .. .
with j(t) = = Nygew sin(2fw) + NegpaGla sinf tw).
DP(8,7)13MDAE on the basis of CPU versus MGE ars al 4

To apply HBT(11)9DAE, we rewrite system (6) in floem

Nue[Co(t)ealt) + Caltien(t)] + NegnaGoealt)
— Necea[epit) — ebit)] = 0,

) .;IZ j[ 1...1.-I ak .-I] (15)

Necea[ey(t) — ey(t)] — Fit) =0,

eqit) — it =10,
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= equations stiffer and harder to solve increasiygy making
the already oscillatory equations stiffer and hatdesolve.
h T T T
b )
X
e ’ 05t
-15 " =
o 0.0 o1 015
-4 -5
-5 - L ] 11
! L 0as a1 015 o2
-5 u
-1 Fig. 6. Solutiorey(t) of system (15).
=12 5
- I [ 11 [ 11 11
s 00 0. 015 oz i
. .
dap
sl
=L A 1]
i -5
"‘3"
-1 \ " oS X 0.93 L.z
-.1- N 1 } 1 [ [ [ ) 1
_-2 ‘J 1 1 1
.02 0.04 0.06 DOE 0.1 0.1z r
HET{11}9DAE - and DP(8.7)13M «
ot

Fig. 5. CPU time in seconds (horizontal axis) istteld versus lag (MGE)
(vertical axis) for problem (11) witNc= 1, Nc= 400 and\c= 800 (from top -1t
to bottom) over the interval € [0, 4x]

initial conditions are Y

where ©aff) = 0.26sin(fw). m =1 and G =2. The - 0.0 o1 p13 oz

1 1 .. } (on
e () = —\.—“ I:E Jﬂl".[-:llz + ﬂl:l}mﬂ__:-i| 1 or
eq(0) = 0, 7

JU0y = 0. “Er

and the exact solution (14) is used as a compafisothe .
numerical solution. | | '
Let Ngongdenote the number of conductors in parallel. In our .

test caseN.ng Will take theincreasing valuesl, 400, 800,
1200. We consider system (15pver the interval -2}
t = [0,0.2] with Ngnq conductors in parallel and fixed
parameter valuelly = 1, N, = 1 and largew = 2007, This
test case shows the efficiency of HBT(11)9DAE foolgems s T i TR
of this type with increasindl.,,qand largen leading to similar
response characteristics. The response changesmeidasing
Neone Making the circuit more challenging to simulate.

Fig. 7. Solutiore,(t) of system (15) for Ncond 1, Ncond= 400,
Ncond= 800 and Ncond 1200 (from top to bottom)

For system (15), Fig. 6 displays the voltagé), Figs. 7
and 8 display the voltages(t) and the currentj(t),
respectively, for increasing\.o;n¢ The response changes
slowly with increasingN.,ng mMaking the already oscillatory
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Fig. 8. Solutiorj(t) of system (15) foNcond= 1, Ncond= 400, Ncond= 800 and HBT(11)9DAE o and DF(8.7)13MDAE <

Neond= 1200 (from top to bottom) Fig. 9. CPU time in seconds (horizontal axis) istfeld versus log (MGE)

(vertical axis) for the DAE problem (15) fblcond= 1, Ncond= 400,
Ncond= 800 and\cond= 1200 (from top to bottom)

TABLE Il
CPU PECGoF HBT(11)9DAEOVER DP(8,7)13MDAEFOR
PROBLEM (15) WITH INCREASING NCOND.

Nooaz | CPUTEG of EBTTITEDAE
over DP(8,7)13MDAE

1 A%
400 32T
800 308%%

1200 4843

In Fig. 9, the CPU time (CPU) (horizontal axisyistted show that the numerical solution of HBT(11)9DAE
versus log,;; IMGE) (vertical axis) for problem (15) with approximates very well the exact solution.
increasingNgqng It is seen from the figure that HBT(11)9DAE
becomes more efficient with increasing,,; compared with VI. CONCLUSION
DP(8,7)13MDAE on the basis of CPU versus MGE ambal A one-step 9-stage Hermite—Birkhoff-Taylor (HBT)
from the CPU PEG listed in Table II. These numénieaults method of order 11, called HBT(11)9 constructeddhfor
demonstrate the efficiency of our HBT(11)9DAE faoplems  solving ODEs, is coupled with a modification of Bels pre-
of this type with increasindl.,,q and largem = 20Ct and also  structural analysis and automatic differentiatiom solve
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DAE’s. The new method is named HBT(11)9DAE. The2

stepsize is controlled by a local error estimattBT methods
with five derivatives,y™ to y®, appear to be promising for
linear circuits with time dependent -capacitancesthwi
increasing sizes modeled as DAEs in the light efribmerical
results since methods of high order can be deriaad
implemented efficiently. Furthermore, since thesghuds use
a small number of derivatives, they may be usedul High
dimensional problems.
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Truongs Nguen — Ba, Hemza Jagubs, Hans Hao, Remi jéakurs. Elektrisko kéZzu modekSana ar 11. lartas devipsda Ermita- Birkhofa — Teilora

metodi diferenciali — algebrisko vieradojumu risinasanai

Algoritms HBT11(9) parasto difereravienadojumu risimSanai ir modifiéts un g@rveidots par algoritmu HBT11(9)DAE nestingru urgreni cietu piligi

aizklatu diferencili- algebrisko vieadojumu (DAV) risiraSanai. Jaunajalgorita izmantota Praisa strulinaize un DAV autoratiska diferenéSana . Sia
kontrolei izmanto loklo kladas noertégjumu. Meto& HBT11 (9) DAE ir izmantoti tikai pirmie pieci fleijas atvasigjumi atkirtba no 11 atvasigumiem,
kurus lieto Teilora rindas metddr kartu 11. Nesen piewatas uzlabotas Teilora rindas metodes, lai agigimelinarus un pilagi aizklatus DAV ar augstu
indeksu, kas satur jebkurasrtas atvasisjumus. Galvenais laika pains DAV risinaSanai ar Teilora metodi saistar nepiecieSaitou vaitikas reizes izskditt
Teilora rindas koeficientus. Siajakst prasba saskgot skaitlisko atrisiajumu ar pretzo atrisirjumu izvirzjumu Teilora rind (pat fdz 11 Kirtas locekiem)
noved pie Vandermonda tipa lav@m sisemam, kuru atrisijumi ir metodes koeficienti. Sie koeficienti tiekskaitoti tikai vienu reizi ar Gausa izg$anas
metodi. Metodi HBT11(9)DAE izmanto elektrisk@Zu teorijas uzdevumu afzéi. Ir pafdits, ka metode HBT11(9)DAE irapika par Dormanda — Princa
DP(8,7) 13 M metodi, kas ad&f DAV risinajumam, attietha pret idiem parametriemaprocesoru laiks un maksifa globala kluda.
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Tpyour Hryen-Ba, Xem3a SIry6, Xan Xao, Pemu Baiienkyp. MoaeanpoBanue 3/1eKTPHYECKHX Lemeil ¢ MOMOLILIO JeBATHIIATOBOI0 MeTO/1a JPMHTA-
Bupkxoga-Teiinopa nopsinka 11 nis pemennst iuddepeHHATbHO-AITre0pandecKnX ypaBHeHHI

Anroputm HBT11(9) mnst peruennst 0ObIKHOBEHHBIX Iu((epeHInaNbHbIX ypaBHEHHH MoanduumupoBan u mpeoOpasosan B aaroput™m HBT11(9)DAE mms
PCLICHHS] HEKECTKMX M YMEPEHHO JKECTKHX CHCTEM MOJHOCTbIO HesBHBIX audpdepeHnuanbHo-aaredpandeckux ypasHenuit (JIAY) . B HoBoM anropurme
HCTIONB30BaH CTPYKTYpHBIN aHamm3 [Ipaiica um aBToMatmdeckoe audpdepentuposanue JAY. JIns KOHTPONS IIara MCIOIb3yeTCs JIOKaIbHAs OLCHKA ONIMOKH.
Merox HBT11(9)DAE ncrosns3yeT TONBKO IEpBbIC MSATh IPOU3BOAHBIX (yHKIHUHK Y B oTiimdne oT 11 mpou3BOAHBIX, HCIONB3YEMBIX B METO/E psifoB Teiinopa
nopsiaka 11. HenaBHO ObLIM TIpeJUIOKEHBI YITydIIeHHBIC METOABI psifioB Teitopa st perieHus MiaJkuX HeJIMHEHHBIX U MOJMHOCTBIO HEsBHBIX JJAY ¢ BBICOKMM
HHJEKCOM, COJepXallie INPOU3BOAHBIE IHoOoro mopsiaka. OcHOBHEIE 3aTpaTsl nIpu pemreHnu JAY ¢ momompio Merona psjnoB Teitnopa cBs3aHBI C
HEOOXOAUMOCTHI0 MHOTOKPATHOTO BBIYHCICHUS Kod(dunueHToB psaaoB Teimopa. B HacTosmiel cratbe TpeOOBaHHE COTTACOBAHMS YHCICHHOTO PELICHHS C
pasnoxeHueM B psija Teilsiopa TOUHOrO pemieHus (BIUIOTH A0 4WiICHOB Hopsiaka 11) NpUBOAMT K JIMHEHHBIM CHCTEMaM THIIa BaHaepMoH/a, peleHHeM KOTOpbIX
SIBISIFOTCS. KOO(QHUIMEHTH MeToAa. OTr KO3 (HUIHEHTH! BBIYUCIIOTCS TOIBKO OJWH pa3 ¢ IOMOLIBI0 MeToaa HckmodeHus ['aycca. Meron HBT11(9)DAE
MPUMEHEH Ul aHAN3a 3a]a4 TEOPHH JJIeKTpudueckux remneil. [lokaszano, uro merox HBT11(9)DAE npesocxomut meron DP(8,7)13M opmarna-Ilpusca,
aJlanTUpOBaHHbIN 11 petenus JAY, no takuM napamerpam, kak Bpems LIITY n MakcumanbHas rinobanbHas omuoka.
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