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Abstract— We construct new one-step explicit multistage when applied to (2), are SSP for a sufficiently ktirme step,

strong-stability-preserving  (SSP)  Hermite—Birkhoff-Taylor
(HBT) time discretization methods of orders 3 to 5dr integrating
hyperbolic conservation laws. The methods use deritiges y’
and y" as in Taylor methods of order two combined with Ruge—
Kutta (RK) methods of orders 2 to 4. Compared to RKmethods
of the same order and with the same number of stagethe new
methods generally have larger SSP coefficients onuBRjers’
equations. Moreover, these SSP HBT methods have stagrder
two, compared to stage order one for RK methods antence are
less susceptible to order reduction from source tems or
nonhomogeneous boundary conditions.

Keywords —Strong stability preserving, Hermite—Birkhoff—
Taylor method, SSP coefficient, comparing ODE solvers

[.  INTRODUCTION
The method of lines is often used to solve timeeteient

conservation laws,

e gyl =0, wir0) =yalx), 1)

At < Atppry = mind Afpp, A}, (6)
dictated by the Courant—Friedrichs—Levy (CFL) cdiodi [3],
[13]. This condition restricts the step size ri &t/ A of a
numerical method applied to a hyperbolic partidfedéential
equation such that the domain of dependence afidhgerical
solution at the poinF = (x;.f.) contains the domain of
dependence of the exact solutiorPat

In this paper we construct new one-step explicittistage
SSP Hermite—Birkhoff=Taylor (SSP HBT) time disczation
methods to solve system (2).

The objective of high-order SSP HBT time discretmas is
to maintain the strong stability property (3) whaehieving
higher-order accuracy in time, perhaps with a medifCFL
restriction (measured here with a SSP coefficigitBT)):

At < o{HBT ) Adzgrs. ©)

where the spatial derivativg(y)x is approximated by a Since our arguments are based on convex deconysitif

conservative finite difference or finite elemenkat

high-order methods in terms of the first-order Euleethod

j=1,2,..N, (see, for example, [7], [16], [24], [1]). This FE and the second-order Taylor method T2, such-bigkr

spatial semi-discretization produces a system dafinary
differential equations with initial conditions dfd form

‘ P o ;o d

¥ = fit.y). wlfo) =0, where "= —. )
We say that a time discretization method applied2p is
strong stability preserving (SSP) in a given nomseminorm
| - if the numerical solutioly,, ; == u(x;,%,) satisfies the

inequality

[tmtt ] = [Jynll- 3)
Natural choices are the total variation semi-nomd #he
maximum norm.
It is assumed that the first-order forward Eulemeti
discretization, FE,

UYntl = Un + "ﬁf.}‘-[fﬁ: y:n_]-. (4)

and the second-order Taylor time discretization, T2

. 1 oy ,
Untl = Un + AEflEn. 00 ) + E ﬂfz.f (Ensdin )y )

time discretizations hold faxny norm and preserve SSP once
the FE and T2 time discretizations are shown testbengly
stable, that is,

llw + Atee fit.w)|| = [yl ®)
and
[y + Adenaf(t ) + (A /2 (L)l < lsll, @)
respectively, where||-| is a given (semi)norm. Natural

choices are the total variation norm and the marimorm.

A brief review of the development of SSP methodd wi
appear in Section VI on the construction of SSP HBT
methods.

We restrict our study to explicit multistage HBT timads
with nonnegative coefficients as combinations of aad
multistage RK methods of orders 2 to 4, incorporati
function evaluations at off-step points (see [14F]). We
have found several new SSP methods with fairly g8&dP
coefficients by computer search. Compared to knthwd- to
fourthorder SSP RK methods, our new HBT methodshef
same order and with the same number of stagesg®have
larger SSP coefficients. Moreover, these new oep-general
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linear methods can have stage order two, whicligisen than i1 _
with RK methods, a property that alleviates the eord G = 2} Gij, i=2,3,...,8 (12)
reduction phenomenon encountered in the classiqalicé i=1

RK methods due to nonhomogeneous boundary/sources te _ ) ) _

(see [2]). To our knowledge, these are the firsP ®Be-step  Forcing an expansion of the numerical solution predl by
explicit multistage methods with stage order twoformulae (10)-(11) to agree with a Taylor expansidrthe
Furthermore, we have a new one-step HBT method witfH€ solution, we obtain RK-type order conditiohattmust be
nonnegative coefficient of order 5, which providése satisfied by general HBTsp methods. These ordeditons

possibility of constructing new higher-order onepstSSP aré simply RK order conditions with the Taylor expimn
methods. parameters;,, i = 2, 3, ... s+ 1. To reduce the large number

Section Il introduces two- to five-stage HBT method of these RK order conditions to the six sets okobnditions
Order conditions of HBT methods of order three it@ fare  (14)—(19) below, we impose the following simplifgin
listed in Section lll. Section IV is concerned withe Shu— assumptions (wherg, = 0), as in similar searches for ODE
Osher representation of SSP HBTs. Section V corsitte  solvers [14], [15]:
regions of absolute stability of SSP HBT methodfie T

construction of SSP HBT methods is considered oti&e VI. 1 . | R i=23 .. .. s
Section VIl validates numerically the order presgion Z ai;¢; + ki k1 = Tl et {.i!: -0 ll (13)
property of SSP HBTs and compares the new methdttis w =1 o
SSP RK methods for Burgers’ equation. Appendix sislithe
Shu—Osher form of our new SSP HBT methods. Note that (13) wittk = 0 is (12).
There remain the following six sets of equationsb®
Il. TWO—TO FIVE—STAGEHBT’S solved. Note tha;; = 0 in formula (14).
In solving (2), one-step-stage HBT methods of ordey s ) |
denoted by HB3p require s—1 predictors and an integration Z b + Elvay1 61 = e k=01, (14)
formula to perform integration frory to t..; (see [14], [15] i=1
and references therein). The numbersappearing in the
abscissae of the offstep poinz, + c;At. are listed in i bk — ; k23 p—1, (15)
Apppendix A for each new method. In all methogs; 0, but, ! k+1
for simplicity, at times,c; will appear in summations. By
convention, &f = 1. s sl 2 |
Let F; = fit. + ;AL Y;) be thejth stage derivatives '5=[ @i E] =1 (16)
and se'Y1 = ys as the initial stage value. Then Hermite— =2 =1 ' '
Birkhoff polynomials are used as predictorst® obtain the ; 1 . |
o i
stage values - b [ o) ?] - a7
Ye = yn + AL Z as;Fj+ At yeay”, £=2,3,... s (10) =2 7=l
3=1 ] i—1 3
to order 2, recu_rsively faf = 2, 3,...8 _ b; [Z a;; %] = '_lr (18)
A Hermite—Birkhoff polynomial of degreg+ 1 is used as i—2 L= ' -
integration formula to obtaip,.; to orderp,
- = i—-1 i—1 l."'i 1
bt =Un + MY BF AT L ) ;" [Zl " (Zl )=
—1 = 4= k=
One sees that the derivati | is computed only once per e HBTS3 made of T2 and as-stage RK2 satisfies

(13)—(15) fors= 2, 3, 4.

HBTs4 made of T2 and as-stage RK3 satisfies
(13)—(16) fors= 3, 4, 5.

HBT55 made of T2 and a 5-stage RK4 satisfies
(13)—(19).

step att = t,. The defining formulae of HB3p involve the
usual RK parameters, a; andb, and the Taylor expansion
parameter: ;-

All the methods considered in this work are SSRepkthe
classic 4-stage RK4 of order 4, denoted RK44. Thegethe
denomination SSP will often be omitted in whatdulk. IV. SHU — OSHER REPRESENTATION OFSSPHBTS

I1l. ORDER CONDITIONS OFHBTSPMADE OF T2 AND RKsSP Following Shu-Osher [21], in this section, we coust

As in the construction of RK methods, we impose th'é'BT methods as convex combinations of FE and T,

following  simplifying conditions on the abscissawhICh are assumed to be .SS.P as n (8). and (9)ecteply,
vectol [cr. en, ... .:"s]]—: for sufficiently small¢ satisfying inequality (6).

96



Scientific Journal of Riga Technical University
Computer Science. Applied Computer Systems

2010
Volume 45
We first rewrite the explicit HBT method (11)—(1®) the Since
form:
i—1 E—1 i—1 -1
Y1 = yn. Z ik Z ageFy = Z Z o eag k Fi,
k=2 £=1 E=1{=k+1
i—1
Yi=Yi+ At acpFr + 0 48)°F, (20) we have
k=1
i—1 i—1
i=2.3....s+1. Y= [frz:f'l"k+ [as.:f — Z i¥; .a:ﬂe:.:;] s’-\fF:f]
k=1 f=k+1
';1,1':-1+1 = 1-i:(--s+1-. - o
+ d: At)FY, (22)
whereY; is the value of théh stage at, and
F;:= f(t, + c:At.Y,). Note thatag,, =b, k=1,2,...s  where
in formula (11). »
To have a convex combination, we choose nonnegative 5. — ~ _Z“
numbersy such that P2 part 2
i—1 .
) Z“** -1 If in (21) we let
k=1 4
Then, fori = 2, 3, . . . st+1, (20) is transformed into a convex Bk = i — Z ik
combination of FE and T2 as follows. =k
i—1 we can rewrite (20) (or (21)) in the Shu—Osher egjent
Yi=¥1+ .ﬂrZai.kF* + i ol At form, whereY;, are now convex combinations of forward
k=1 Euler and T2 solvers with suitably sca Afs,
i—1 i—1 i—1
- ; Rl . . -
= [Z f-mr] Vi+ &Y " By + via (At F] Y, =3 [oaYi + BaAtFy)] + 8,( At)F]
k=1 k=1 k=1
i—1 k-1 ) -'f,l .ﬁ.= .
=aal + Z i [Tl’_k — At Z ag e Fe — o [slfng{} = ] [1’1 + E:ﬁfﬂ + ﬂ—ﬂlxﬂf,l F1]
k=2 £=1
i—1 — | Bik
+ ALY a1 Fy + 70 A1) F +) o Vit —AtF | (22)
k=1 k=2 "
il 1 ! To get the term |¥; + S AtF) + (A2 F!| in (22) as
=aa¥1 + Z o Y — At Z ik Z ap ¢ Fe . J . [ T w2 1] (22)
= = = integration step (4) of T2, we need
i—1 i1 L 84 2 B a; . _o3 1 (23)
- Zﬂs:f“.rm[ﬂf}gﬁ'{ + ﬁfZﬂs.kF:f + % 2( At)FY 2\ag /) aal =4St L
k=2 k=1
Our computer search has found no HBT methods gamtisf
i1 i il it S et condition (23).
= Z kY + At [Z a; e Fi — Z ik Z ﬂk-fpf] Now we replace the restrictive formula
k=1 E=1 E=2 =1
. B a
i—1 oy | Y + — AR + — (A F]
+ |:"‘r=-|2 — Z l:’.'t‘i:f":rk_gi| ( Ad)2F]. it fil
k=2

in (22) with the less restrictive convex combinataf forward
Euler and T2 formulae:
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. e p & . such that (25) holds, with the convention tha = +eo.
ot | Y1+ m“m‘ifp 1+ m' At)7F This theorem provides a theoretical criterion fptimizing

a given HBT method. As pointed out by Gottlieb [éhe

Byt looks for high-order SSP methods wittHBT) as large as
+ gy flin [1’1+ ﬂ! ; alfﬂ] possible, taking their computational costs and orii¢o
iH account.

where jii1 +pa =1 and ¥ +#2 =1 with nonnegative  pefinition 1 (See [19], [23]) The effective SSP coefficients

Ha1. Ha3. i and 9. and rewrite (22) as of HBT and RK methods are
i1 d ; v ¢ clHEBT e RE)
Y, = aupa [V + S AR 4 At)2F HBT) = S22 RE) = S8
1 feil [ 1 p— 1+ t‘m}tsit 1TEy cer{ HBT') — cagr| BRI — (27)
150 respectively, wheré is the number of function evaluations per
T Gt paz [h T anne o flaa ‘lfpl} time step and(RK) is defined in [22].
In this paperl = 6, 5, 4, 3 for { — 1)-stage HBT methods.
i—1 A When the context is clear, for short, we wadtendces.
+Zf.m [‘r‘k +'—‘:’3ka] The effective SSP coefficient provides a fair corgmm
k=20 "‘ between methods of the same order.
i=2,3,...,8s+ 1 (24) V. REGIONS OF ABSOLUTE STABILITY
Hence, (24) is a convex combination of To obtain the region of absolute stabilifg, of HBT

methods, we apply the predictorg(F0) withi =2, ... s, and
integration formula(11) with constant time stii to the

Fire
CEi1 il
a ~ yJ = "}"y' W= 1
l |:.".'r=-1r/,1 i| _ a5 (25) Thus, we obtain
2 |aspa Tl fil
i-1
ro__ . r A'S aw w2
if é'z - O.— and of 1’-{' = Un + Adt Zl G{":I-.T_.;. + I../l‘l"‘lr.-l Te2 By
B .
e FE steps with step siz(—— L2 At and - Fit At for )
O Haa ik f=2.3,... .5, (28)
b=2
and
HBT methods, when written in the form (24), car . u
conveniently use the result of the following theorevhich is Unp1 = Un + AAL Z b;Y; + Z"‘}“ﬁ‘”j i Un- (29)
a straightforward extension of a corresponding Itest = . j=g‘ -

presented in [21], [6].
Theorem 1:f the FE and T2 methods are strongly stable sjncey, =y, it is seen thaY,in (28) is expressed in terms
under the CFL restrictioAf < Atpers = min{ e, Afra ), of y, only. Therefore, proceeding recursively, we canresp

then the HBT method (22), withy > 0 andg; > 0, is SSP Y, £ = 3, ... s in terms ofy, only. Finally, y,.;in (29) is
provided expressed in terms of, only. Thus, we obtain the following
first-order difference equation and the associategar
At = o(HBT) Atpgra, characteristic equation:
wherec(HBT) is the SSP coefficient ~Teln + Ynyt =0, r=r. (30)
. . K If s is the number of stages, the coefficiesis the root
o{HBT) = min{  min {J,—}
i L =+1
ro=1+ z s MAH,
i=1
. Ciigflin  Cpfil i
z=?}1u1i+1{ Bavin v } }" (26)
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Fig. 1. Regions of absolute stability of HBTs

can be found by symbolic computation.
A complex number AAt is in R if rg satisfies the root
condition, that is |r.| = 1 (see [12, pp. 70]).

The root condition is used to find the regions béaute
stability of HBT methods whose upper parts are showgrey
in Fig. 1. The abscissaeof the interval of absolute stability,
(o, 0), are also indicated in the figure.

In Table I, we note that scaled intervals of absostability
of HBT methods are similar to approximate scaladrirals of
absolute stability of RK methods read from the ffegin [10].

We remark that the regions of stability contairegreent of
the imaginary axis, which is a desirable properemw solving

TABLE |
SCALED INTERVALS OF ABSOLUTE STABILITY OF HBT METHD®S
VERSUS APPROXIMATE SCALED INTERVALS OF SSP RK

METHODS.
BT [ (05 0
PRK23 | (083, 0)
HBT33 | (-1.08, 0)
RE43 (-1.0, 0)
HBTS4 | (094, 0)
RS54 {-1.0, 0)

VI. CONSTRUCTION OFHBT METHODS

Since HBT methods depend on several free parameters
used the Matlab Optimization Toolbox to searchrfathods
with largestc(HBT) to an accuracy of I# for different
number of stagess. The tolerance on the constraints,
including the order conditions, was 10 The required
number of memory registers that have to be stofiedl @ach
step for each new method is determined as in [@t. dach
new method, we list, in Appendix A, the SSP coéffit
¢ = ¢(HBT), the effective SSP coefficient; = c.x(HBT), the
required number of memory registers, the abscissaowv
[e1,e2,...]7 and the method in the Shu-Osher form.

A. Third-order methods

The most popular SSP time discretization methodhés
optimal three-stage RK33 method of order 3, given i
Gottlieb, Shu and Tadmor [6] witt{RK)=1 andc.s(RK)=1/3.
Spiteri and Ruuth [22] found some new methods withre
stages. For example, the optimal four-stage metRi¥3,
hasc(RK) = 2 andc.#(RK) = 0.5.

We present third-order HBT methods with 2, 3 arsagjes.
These methods combine T2 and RK2. If we furtherdase
the number of stages, we can find HBT methods Veither
c(HBT).

B. Fourth-order methods

Gottlieb and Shu [5] have proved that there are no

fourstage, fourth-order SSP methods with nonnegativ
coefficients. Spiteri and Ruuth [22] found a fiiage SSP RK
method of order 4, RK54, withc(RK)=1.508 and
Cef(RK)=0.302 (see [11] for another independent proof
contractivity studies). Other fourth-order SSP Rlkethods
with more stages are found in Spiteri and Ruuth.[&8 in the
case of RK methods, increasing the number of stafjetBT
methods improves the effective SSP coefficient.

We construct fourth order HBT’s with 3, 4 and 5g&ts and

PDEs via the method of lines with certain spatighonnegative coefficients by combining T2 and RK3.

discretizations [9]. The regions of linear stapiliprovide
valuable insights for the behavior of numerical mogis when
applied to nonlinear systems. The stability regiohthe new

C. Fifth-order methods
Ruuth and Spiteri [18] proved that there are nthfifrder

HBT methods are useful in the solution of ODEsgSp RK methods with nonnegative coefficients (tremently

independently of their SSP properties which areleden the
solution of conservation laws.

considered fifth-order methods with negative caoégfits in
[17], [19]). We have not found in the literatureyaone-step
fifth-order SSP method with nonnegative coefficieBut, our
investigation for one-step HBT methods shows thret such
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HBT with nonnegative coefficients not only existitlalso has B. HBTsp vs. RKsp on Burgers’ equation with urépst
a fairly good SSP coefficient. For example, comingniT2 initial condition
with a five-stage SSP RK method of order 4, we iobta
HBT55 with nonnegative coefficients of order 5 wihstages

For a first comparison of our new HBp with RKsp,

andc(HBT) = 1.062. following Huang [8], we consider Burgers’ equatidn
Problem 1.
TABLE Il
Lo-ERROR OF HBT44, RK44, HBT54 AND RK54 A= 1 FOR
VII. NUMERICAL RESULTS PROBLEM (33).
From now on, we use the total variation semi-norm,
At Ax Az
o T | 20 U0 [ 1T
TVi{ya) = 441 — tnsl: (31) BB TRE
P T30 || 91%eF [ [ 387 || 2628 | L6tes
140 || 552e0 | 774ed || 1277 | 6.53e7
. - o . 180 || 33910 | 4.76e-10 || 691e9 | 32408
and say that a method is total variation diminighifivVD) if T = = TSI =
T30 || 288=F [ &77es || [14e® | 5.50=%
TViveat) = TWV(y.. 32 4o || 2969 | 4098 || 60828 | 28927
Wn 1/ Win (32) 180 || 182010 | 251e10 || 34725 | 1368
Problem 1: Burgers’ equation with unit-step initial
L . condition:
A. Validating the order preservation - a1
il # 4 | 2 #2 =
To illustrate the order-reduction phenomenon due to Fpolmt) + 52 [-2 ulz,) ] =0,
boundary or source terms we consider a classiashlin
boundary value test problem with a nonlinear sodescribed 4 u(z,0) = l, —-1==z<D (34)
in [20]: o 0, O=z=I1,
] ) u(—1,tj=1, for ¢=0.
I T 0 <=1, -
L L L TR P We discretize the spatial derivative by the differe

(33) guotient

wir, 0 =14,
w0 £) = 1/(1+ ¢). L [lru-fr;f - im- 1|'r;|;|9] (35)
(i} (RS 1'1"‘..1" _2-\ T 2\._‘."—~.

The source term b{x,#) = (t —x)/{1+ )2 Since the exact with space stepsizAr = 1/150, where u(t) is an
solution, wix.t) = (1 + =)/(1 + t). is linear inx, we can approximation tai(x , t) with =; = jAr.
use first-order upwind space discretization withiotrtoducing j = ... -2-1, 0, 1, 2, . . .. This leads to #@mi-discrete
discretization errors. The SSP RK54 and the non-888sic  system
RK44 are used for integration in time. All explicRK d . 1 {1, .2 1, v
methods considered here have stage order equaletoSanz Tl = x5 [E'f“i‘ \E))" = glu-1ld)) ] 1

Sernaet al. [20] show that explicit RK methods with > 3
suffer from order reduction on problems with

nonhomogeneous boundary conditions or nonzero 8OUIC | ion attie = 1.8. For this purpose, we let nyrbe the

terms such as (33). o largest effective CFL numbdefined as
For problem (33), we distinguish two cases, onet tha

to which a time discretization can be applied.
We consider the total variation seminorm of the atioal

illustrates the order reduction phenomenon, andydtidation 1 At
purposes, one that does not. Specifically, if tpatial and nuth.f = “E}“{T E} ; (36)

temporal grids are refined simultaneously, onecegtithat low
stage order methods suffer from order reductiothéf space such that the TV error in the numerical solutiotisées the
grid is maintained fixed, that is, the ODE problesnfixed, inequality
then the (classical) order of consistency is preser

In the cases of RK44 and RK54, Table Il shows the [TV of w(x,tgp) — TV of w(x, 0)] < 0.05, (37)
discretization error versus the time step withoutdeo
reduction wher Az = 1/10 and with order reduction when and we let max Afwm = Az numg be the maximum
Ar =1/20. It is seen that HBT44 and HBT54 maintain wellnumerical step size. Heré is the number of function
their consistency orders. Moreover, the observedrerare evaluations per time step. Finally, we max Afgae of HBT
much smaller than for the RK methods with stageeoahe, for Problem 1 be taken as
under consideration here.
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max Mpegr = cflHBT ) AfeeTs, (38) We discretize the spatial derivative by the differe

quotient (35) and compute the total variation & thumerical

where c(HBT) are the SSP coefficients of HBTs listed insolution of Problem 2 as a function of ti@&FL number
Appendix A anc Atppry = min{ Afzz, Aira} defined in (7).  4f/Ax att=0.6.

It was observed numerically that the TVD prope(®y We calculate the maximum theoretical time step BffHor
holds with error (37) for the methods listed in Takil for ~Problem 2 —using (38). Then we can compare
At < max Aty . More explicitly, the combination of the max{Afuer/Ax} with max{ Afym/Ax} of HBT methods
difference quotient (35) with FE and T2 satisfiee TVD listed in last two columns of Table Ill. We agaipserve that,
property (5). Since the HBT methods described ia tiork  with the same number of stages and order, HBT misthave
are convex combinations of FE and T2, as provethigorem larger maximum numerical and theoretical step
1, the combination of (35) with the HBT also is TVDhe
same holds for the combination of (35) with thdelis RK

i

methods, the latter being expressed as convex caitintms of
. N ctL b — 2
FE [21]. The same situation holds for Problem 2bel 43 F—— HBT
TABLE Il &
Mi=max Aty /Ae AND MT=max Abyyeo Sz OFHBT FOR E 35 “—— RE34
ProsLEMs 1 (LEFT) AND 2 (RIGHT) WiITH ERROR(37). % 2l
'_
Wethod | WD | WD | M| M7 a5l
nglls Lede | LO82 1232 Lile
HBT33 2562 ) LET2 | 2044 ) 1741 2 . .
HET43 2EE0 | 2545 | 2629 | 2371 - 25 3 35
HET34 1630 | 1092 | 1384 | 1.01& Effective CFL number
HETH 2535 | LeEs | 2183 | 1847
HET 4 3074 ) 2665 || 2300 | 2430
HETSS 2676 | 11za N 2302 | L1055 Fig. 2. Total variation of the solution as a fuootof nuneft for HBT54 and
T2 1.092 | L.o92 1.008 | 1.015 RK54 applied to Problem 2
FE des | Lles | 1132 | 1188 . . .
RE33 a0 11ge | 104a | 102s size than corresponding RK methods. As with RK rodth
RE43 2236 | 2332 | 2040 | 2378 max{ Afpm } > max{Atmear} with HBT methods. This
RE354 2472 ) L7A8 | 218E | 1781 ; ; : ; ;
comparison of numerical maximum time steps in RaobPR

confirms again that the theoretical strong stablibunds are
We observe in columns two and three of Table IHtth verified.

with the same number of stages and order, HBTs t@ger  Figure 2 shows that the total variation of the totu of
maximum numerical and theoretical step sizes thdt RHBT54 for Problem 2 compares favorably with thatRi54
methods. We also observe thmax &fpyy > maxAfme:.  as a function of nug while these methods have the same

except for RK43. The theoretical strong stabiliyubhds are number of stages and same order.
thus generally verified in this numerical companisof
maximum time steps. VIIl. CONCLUSION

We note that FE has SSP coefficient equal to the CF ) o
condition  for  Burgers'  equation. Hence,  with Several new multi-stage SSP HBT explicit methods of

At = Az = 1/150. the TV error (37) is zero orders 3 to 5 with nonnegative coefficients werastaucted.
' ' These methods combine Taylor method of order 2 RiKd
, : . methods of orders 2 to 4. Compared to RK methodthef
C. HBTsp vs. RKsp on Burgers’ equation with sq € same order, and with the same number of stagesneie

initial condition -
We now consider Burgers' equation with a squareaNavmethOdS’ generally, have larger SSP coefficiemsd, larger

initial value in Problem 2, which is Laney’s Tesage 4 [13, CFL numbers, or larger maximum time steps, on Burge
equation. These new one-step methods have stage twvd

p. 312]. . , . . ... which is higher than stage order one for the RKhoés$
Problem 2:Burgers’ equation with a square wave initial : .
condition: considered here, and, hence, are less susceptibfe RK

methods to order reduction from source terms or

(o af nonhomogeneous boundary conditions. To our knowveledg
Eu[z-. i)+ I [Eu[.r._fjg] =10, these are the first SSP one-step explicit multestagethods
with stage order two. Moreover, we have construaetew
ulz.0) = 1, |z < &, (39) one-step SSP HBT method of order 5 with nonnegative
uiE vl = 0, %{; x| < 1. coefficients. SSP HBT methods with second deriestiv
y" appear to be promising for integrating hyperbolic
u(—1,t) =0, for ¢=10.

L

conservation laws in the light of our numericalulés since
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one-step SSP methods of high-order can be derivetl ey, — 1 sooose5328347142 e-01Y;

implemented efficiently.
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APPENDIX

This appendix contains our new s-stage ldBmethods of
orderp in Shu—Osher form. For each method; c(HBT),

+ 2 ATEREE3460360603 e-10Y,
+ B.300013464686T108 011,
+ 3 ATOTOR1515526842 e-01A L Fs,

Upsy = 3.2204363363047282 e-01Y,
+ 1.30665172T8547000 e-01A tF)
+ .21 B0652000450001 e-10{At )2 Ff
1 6.7TORGIEE36052724 e-01Y
1 280511455551 82538 e 01A tF).

B. HBTs4 made of T2 and RK3

Ceii = Cor(HBT), the number of required registers that need t

be stored after each stage,
[e1,e2,.. |7 are listed. We us¥; =y, andYg,; = Yps1.

As an example, for HBT33 below, the number of resphi
registers is the maximum number of
oo 11, 1, FY L listed in square brackets [ ], namely, 5.
o ForYa, [Yo,Fa Vi, Fy, FY].

o For Ya, [¥a.Fa, Yi.Fy, F{|.
o FOr Untt. [Unt1, Y1, F1. F]].

A. HBTs3 made of T2 and RK2

HBT23 ¢ = 1.0,c.= 1/3; 5 registers ar [0.0, 1.0]7

Yo = Vi + AtF) + %(mjﬂF‘{:

2 1 1 1
= =¥, 4+ =AtF) + =Ys + =AtFa.
Unti 31-|-3 1+32+3 9

HBT33 c=1.714c = 0.428; 5 registers and
[D.III: 0.58333333333333333, D.STE]T.
Yo =V 4 5.5333333333333333 e-01AL Fy
+ 170138558 88885888 a-01 (Ar)"FY,
Ya = 2.50e-01Y1 + 7.5 e-01Ys 4+ 4.375 e-01A¢ Fa,
Yne1 = 4.4023323615160348 e-01Y
+ 1.536T3460387T5514 e-01ALF)

+ 5.50TEETAEIB4R30652 e-01Ys
+ 3.2653061224480703 a-01AL Fy.

HBT43 c = 2.414 ¢ = 0.483; 5 registers and
[D.EI: 0.414310343257097217, 0,621 1463412509151 9,
0.36968146363925003]7_

¥y = ¥, + 4.1431034325707217 e-01AtF,
+ B.5826530265260360 e-02( At ) Fy,
¥y = 2.4023022017337446 e-01Y]

+ T.50TEOTTOR2662552 e-01Y,
+ 3.1000465607T223380 e-01A EFs,

102

and the abscissa vector

HBT34 ¢ = 1.0,c. = 1/4; 5 registers ar [0.0,1.0,2/3]%.

Yo =¥) + AtF) + 5.0e-01{At) F,

element_ "~

Ya = 5.5185185185185185 e-01Y)
+ 3.T03T03703T0O3T03T e-01ALF)
1+ 1.4814814814814814 e011Y5
4 1.4814814814814814 e 1A LF,,
Ynir1 = 4.3750000000000000 e-01Y;
+ 6.2500000000000000 e-02A tFy
+ 5.6240000900009000 e-01Ya
+ 5.6240000900000000 e-01A tF,,

HBT44 c = 1.818,c¢; = 0.363; 5 registers and
[0.0, 0.55000000009635085, 0,.82500000014453978,
D.?4E4235?135334333]T.
Yo = ¥i + 5.5000000000635085 e-01A:F
+ 1.5125000005200703 e-01{ At)*F],
Ya = 2.5e-01Y) + 7.5 e01Y2
+ 4. 1250000007 2260983 e-01A:F0,
¥y = 6,491 T30R558G1 6608 e-01Y

+ 2. 64042TEO20030702 e-01ALF,
+ T.GEOGI43T20425204 e-11{ At)* )
+ 350826044 41383386 e-01Y3

+ 1.0205432446141420 e-01AtFa,
Unet = L5T441 25555737143 e-011;

+ 1.08000028 24857008 8-02A¢F)
+2.4245385850045487 e-04( At) 2 F)
+ 1.50337536037T1832 e-01Y2

+ 6.02221 20840491030 e-01Y;

+ 3.B0T 2166468040305 e-01A1F).

HBT54 ¢ = 2.441 ¢ = 0.407, 5 registers and

[0.0,0.409T4441615268270, 0.61461661 286849734,
0.75157694593945479,0.79 ESO-i‘ZTEIEBGaiTESE]T.

Vo = ¥y + 4.007444161 5268270 e-01ALF)
+ B.3045243284151413 e-02{ A1) Fy,

Ys = 2.4000007227411563 2-01%;
+ 7.50000027 72588437 e-01%s
+ 3.0730828030345804 e-01ALF,,
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Truongs Nguen-Ba, Huong Nguen-Thu, Thierry Giordans, Remi Vajekurs. Ermita-Birkhofa-Teilora viensolu metodes, kas saglabstingru stabilitati
Vienadojumu, kuri atkagi no laika un pierakgt konservaiva forma, atrisiriSanai biezi izmanto tajg metodi. $du vieradojumu telpiska diskretizija noved
pie parasto diferenglvienadojumu sistmas. Tiek pigemts, ka diskreticija pec laika, veikta ar pirtas kartas Eilera metodes un a¢rkartas Teilora metodes
palidzibu, saglab stingras stabiliites ipa3bu (SS$) pie pietiekami maza laika g kuru nosaka ar Kuranta-Fridriksa-Levi nagana paidzibu. Merkis
augstkas krtas Ermita-Birkhofa-Teilora metéth, kas saglabstingras stabilitesipadbu, ir saglabt augstas #&tas preciziti péc laika, izmantojot modifigto
Kuranta-Fridriksa-Levi nos@iamu, kuru raksturo stingras stalitiés koeficients. MetoZu ana¢ raksi ir ierobezota ar atklu daudzsiu Ermita-Birkhofa-
Teilora metozu ajpko3anu, kuis izmantoti nenegat koeficienti un funkcijas &tibas punktos, kas atrodaspus tkla. Ar datora mekBanas padlzibu
autoriem izde®s atrast dazas jaunas $38etodes ar pietieckami labiem I9®eficientiem. legtas metodes satur lielus SB&oeficientus satizinajuma ar
tadas paSasaktas zimmam meto@m ar to pasSu go skaitu. Rakatir konstrigta jauna vienda Ermita-Birkhofa-Teilora metode a&irku 5 ar nenegatiem
koeficientiem, kas dod iegju konstri&t jaunas augskas kirtas SSEmetodes.

Tpyour Hryen-Ba, Xyour Hryen-Xy, Toheppu /[l:xopaano, Pemu Baiienkyp. OgHomarosble mMetoabl Jpmuta-bBupkxoda-Teiisiopa, coxpansiiomue
CHJIBbHYI0 YCTOHYUBOCTD

Merox NpsIMBIX YacTO HCIONB3YETCs JUIS PEIICHUs 3aBUCAIIMX OT BPEMEHHM YPaBHEHMIl, 3allMCaHHBIX B KOHCepBaTHUBHOW (opme. IIpocTpaHcTBeHHAs
JIICKPETU3AIHs TAKUX yPaBHEHUH IIPUBOJUT K CHCTEMe OOBIKHOBEHHEIX T hepeHHanbHbIX ypaBHeHui. [Ipeamnonaraercs, 9To AUCKPETU3ALHS 110 BPEMEHHU C
MOMOILBI0 MeTozia Dilliepa IepBoro mopsiaka U Meroaa Teiyopa BTOPOro MOpsiKa COXPaHSAIOT CBOMCTBO cuibHOW ycroitunBoct (CCCY) st nocTaTouHo
MajIoro Iara mo BpeMeHH, KOTOPBIil ompernessercst ¢ moMolupio yeiosus Kypanra-Opuapukca-Jlesu. Lens MeronoB Dpmuta-bupkxoda-Teiinopa BeICOKOro
MOPAZIKA, COXPAHSIOMUX CBOMCTBO CHJIBHOM YCTOMYMBOCTH, 3aKJIIOYAeTCSl B JOCTIDKCHHH BBICOKOTO IOPSAKA TOYHOCTH IIO BPEMEHH C HCIHOIb30BAHHEM
MoauduumpoBanHoro ycnosus Kypanra-®puapukca-JleBu, kotopoe xapakrepusyercs KoddduuuenrtoMm cuibHoil ycroiunBoctu (KCY). AHanus MeTonoB B
CTaThbe OTrPaHUYCH SBHBIMH MHOTOIIArOBBIMH MeTogamu Opmuta - bupkxoda - Teiinopa ¢ HeoTpuuatenbHbIMH KO()(GUIMEHTAMHM C HCHOIB30BAHHEM
BBIYUCICHHS (YHKIMII B TOYKax, JIeXamUX BHE ceTkH. C IIOMOIIbIO KOMIIBIOTEPHOrO IIOMCKAa HaM yjanoch HaiiTH Heckonbko HOBeIX CCCY MmeromoB ¢
nocrarouno xopoummmu CCCY koaddunuentamu. [Tomydennsie Meronsl umerot Oospiune 3HadeHuss CCCY kodGHUIMEHTOB 0 CPaBHEHUIO C W3BECTHBHIMHU
METOZIaMH TOTO K€ MOPsJKA C TeM JKe YHCIIOM IIaroB. B craThe Takxke MpesIokeH HOBbIH OAHOMIArOBEIN MeTox Opmura - bupkxoda — Teiinopa nopsaka 5 ¢
HEOTPULATENIbHBIMH K0 (PUIMEHTAMH, YTO HO3BOJIIET HOCTPOUTh HOBBIe opHomarossie CCCY MeToabl BBICOKOTO MOPSAKA.
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